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Preface to the second edition

It is now a decade since the publication of the first edition of this book. Despite
the large number of research papers devoted to the subject during this period of
time, the basic principles and their applications that are addressed in the book
remain valid and hence the original text has been mostly left unchanged. And
yet a major development did occur soon after the book first appeared in print:
the “solar neutrino problem’ that had puzzled physicists and astrophysicists for
almost four decades finally found its solution, which indeed necessitated new
physics. However, the new physics belongs to the theory of elementary particles,
which must now account for neutrino masses, rather than to the theory of stars.
Also worth mentioning is a major recent discovery that finally provides support
to the theory proposed about four decades ago regarding the end of very massive
stars in powerful supernova explosions triggered by pair-production instability:
SN2006gy, the first observed candidate for such a mechanism. Thus the section
on solar neutrinos is now complete and that on supernovae expanded.

Stellar evolution calculations have made great progress in recent years, fol-
lowing the rapid development of computational means: increasingly faster CPUs
and greater memory volumes. Nevertheless, I have made use of new results only
when they provide better illustration for points raised in text. For the most part, old
results are still valid and this long-term validity is worth emphasizing; the theory
of stellar structure and evolution, with all its complexity, is a well-established
physical theory.

The text was expanded to include two new chapters on topics that were
not addressed in the first edition: mass loss and interacting binary stars. Both
are complicated subjects, some aspects of which are still not well understood,
similarly to star formation. Although this may justify their exclusion from a basic
textbook on stellar structure and evolution theory, an exposition of the theory
would not be complete without some reference to them. Each one deserves a full
textbook by itself, and in fact books have been devoted to each in the last decade,
not to mention older texts dealing with these subjects. In the new chapters I have

xi



xii

Preface to the second edition

touched upon them briefly enough to adapt the treatment to the general level and
scope of this book, but also in sufficient detail to arouse interest and enable a
basic understanding of where the problems lie.

[ have also added an appendix that explains and develops more rigorously the
concept of degeneracy pressure in an attempt to dispel some confusion related
to the applicability of complete degeneracy, which was the only form developed
in the early edition: is the omission of temperature an assumption or a justified
result? Another, minor, addition is a concise discussion of the mixing-length
treatment of convection. Finally, | have included a few more exercises, which
are mostly of the same nature and serve the same purpose as the older ones: to
elucidate points made in the text or provide additional information.

While [ am still grateful to those who have helped, supported and encouraged
me during the writing of the original version of this book, it is with new pleasure
and gratitude that [ thank those who have commented on it since, who have used
the book in their classes and have helped to improve it. Among them are Nuria
Calvet, Aparna Venkatesan, Allan Walstad, Werner Dappen, Nicolay Samus, Bill
Herbst, Phil Armitage, Silvia Rossi and Barry Davids, and my long-time friends
Mike Shara, Mario Livio and Oded Regev. Special thanks are due to Robert Smith
for pointing out a number of inaccuracies and for making important suggestions.



Preface to the first edition

For over ten years | have been teaching an introductory course in astrophysics
for undergraduate students in their second or third year of physics or planetary
sciences studies. In each of these classes, I have witnessed the growing interest
and enthusiasm building up from the beginning of the course toward its end.

It is not surprising that astrophysics is considered interesting; the field is
continually gaining in popularity and acclaim due to the development of very
sophisticated telescopes and to the frequent space missions, which seem to bring
the universe closer and make it more accessible. But students of physics have an
additional reason of their own for this interest. The first years of undergraduate
studies create the impression that physics is made up of several distinct disciplines,
which appear to have little in common: mechanics, electromagnetism, thermo-
dynamics and atomic physics, each dealing with a separate class of phenomena.
Astrophysics — in its narrowest sense, as the physics of stars — presents a unique
opportunity for teachers to demonstrate and for students to discover that complex
structures and processes do occur in Nature, for the understanding of which all
the different branches of physics must be invoked and combined. Therefore, a
course devoted to the physics of stars should perhaps be compulsory, rather than
elective. during the second or third year of physics undergraduate studies. The
present book may serve as a guide or textbook for such a course.

Books on astrophysics fall mostly into two categories: on the one hand,
extensive introductions to the field covering all its branches, from planets (o
galaxies and cosmology, quite often including an introduction to the main fields
of physics as well: and on the other hand, specialized books, often including up
to date results of ongoing studies. The former are aimed at readers who have not
yet received any real training in physics, the latter, at graduate students who are
specializing in astronomy or astrophysics. The present book is aimed at students
who fall between these extremes: undergraduates who have acquired a basic
mathematical background and have been introduced to the basic laws of physics
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during the first two or three semesters of studies, but have no prior knowledge of
astronomy.

The purpose of this book is to satisty the eagerness to comprehend the realm
of stars, by focusing on fundamental principles. The students are made to under-
stand, rather than become familiar with, the different types of stars and their
evolutionary trends. As far as possible, | have refrained from burdening the reader
with astronomical concepts and details, in an attempt to make the text suitable
for students of physics who do not necessarily intend to pursue astrophysics any
further. Thus, odd as it may seem, there is no mention of concepts that are so famil-
iar to astronomers, such as magnitude, colour index, spectral class and so forth.
Equally odd may appear the use of ST units, which is still alien to astrophysics, but
has become common, in fact mandatory, in physics studies. I have complied with
this demand, despite my conviction that, perhaps surprisingly, astrophysicists still
think in terms of cgs units. (One hardly comes across stellar opacities expressed
in square metres per kilogram, or densities in kilograms per metre cubed.) As is
customary in textbooks, exercises are scattered throughout the book and solutions
are provided in an appendix.

The theory of stellar evolution is developed in a methodical manner. The
student is led step by step from the formulation of the problem to its solution
on a path that appears very natural, even obvious at times. [ have tried to avoid
the widely adopted alternative of following the progress of a star’s evolution,
enumerating the different phases with their inherent physical aspects. I find the
logical, rather than the chronological, method the best way of presenting this
theory, the way any other established theory is usually presented. When each
chapter of a scientific book relies on the preceding one and leads to the next,
there is hope of arousing in the reader sufficient curiosity for reading on. The
fascinating history of the theory of stellar structure and evolution is sometimes
alluded to in ‘Notes’ and quotations.

The first chapter introduces the subject of stellar evolution, as it arises from
observations: the problem is defined and the basic assumptions (axioms) are laid
down. The following six chapters are essentially theoretical: the second formulates
the problem mathematically by introducing the equations of stellar evolution;
the third summarizes briefly the basic physical laws involved in the study of
stellar structure, serving for reference later on. Chapters 4, 5 and 6 — dealing with
nucleosynthesis in stars, simple stellar models and stability — build up to Chapter 7,
which is the heart of this book. Combining the material of Chapters 3—6, it presents
a general, almost schematic picture of the evolution of stars in all its aspects.
From my experience, this picture remains imprinted in the students’ minds long
after the details have faded away. Chapter 8 is, in a way, a recapitulation of the
previous chapter from a different angle: the story of stellar evolution is retold,
filling in many details, as it emerges from numerical computations. Emphasis
is now put on comparison with observations, thereby closing the circuit opened
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XV

in Chapter 1. The next chapter deals with special objects: supernovae and their
remnants, pulsars, black holes (very briefly) and other radiation sources. Finally,
Chapter 10 touche$ on the global picture of the stellar evolution cycle, from the
galactic point of view.

I have tried to give proper credit where it was due, but occasionally T may
have failed or erred. I apologize for any such failure or error, my only defence
being that it was not intentional. 1 have refrained from referring to original papers
in the text, in order not to interfere with fluency. A selection of references (by no
means complete) is given in the bibliography.

Enthusiasm toward a subject of study is instigated not only by the subject
itself, but quite often by the teacher. In this respect [ was lucky to have been
introduced to astrophysics by Giora Shaviv and I hope to have carried on some of
his passion to my own students. Computing and numerical modeling, on which
the subject matter of this book relies, are not merely a skill but a true art of unique
beauty and elegance. For having introduced me to this art long ago and for having
been a constant source of encouragement and advice during the writing of this
book, I am grateful to my husband (and former teacher) Attay Kovetz. I would
like to express my gratitude and appreciation to Leon Mestel for a very careful
and thorough reading of the original manuscript. This book has tremendously
benefited from his countless observations, comments and suggestions. Special
thanks are due to Michal Semo and her team at the Desktop Publishing unit of Tel
Aviv University for their skilful and painstaking graphics work, not to mention
their endless patience and cheerfulness. Above all, I am grateful to my son Ely
for gracefully bearing with a busy and preoccupied mother during the rather
demanding years of adolescence.



CHOQOSE SOMETHING LIKE A STAR
by Robert Frost

O Star, (the fairest one in sight),
We grant your loftiness the right
To some obscurity of cloud —

It would not do to say of night,
Since dark is what brings out your light.
Some mystery becomes the proud.
But to be wholly taciturn

In your reserve is not allowed.

Say something to us we can learn
By heart and when alone repeat.
Say something! And it says ‘I burn’.
But say with what degree of heat.
Talk Fahrenheit, talk Centigrade.
Use language we can comprehend.
Tell us what elements you blend.

It gives us strangely little aid,

But does tell something in the end.



Observational background and
basic assumptions

1. What is a star?

A star can be defined as a body that satisfies two conditions: (a) it is bound by
self-gravity; (b) it radiates energy supplied by an internal source. From the first
condition it follows that the shape of such a body must be spherical, for gravity
is a spherically symmetric force field. Or, it might be spheroidal, if axisymmetric
forces are also present. The source of radiation is usually nuclear energy released
by fusion reactions that take place in stellar interiors, and sometimes gravita-
tional potential energy released in contraction or collapse. By this definition,
a planet, for example, is not a star. in spite of its stellar appearance, because
it shines (mostly) by reflection of solar radiation. Nor can a comet be consid-
ered a star, although in early Chinese and Japanese records comets belonged
with the ‘guest stars” — those stars that appeared suddenly in the sky where
none had previously been observed. Comets, like planets, shine by reflection of
solar radiation and, moreover, their masses are too small for self-gravity to be of
importance.

A direct implication of the definition is that stars must evolve: as they release
energy produced internally, changes necessarily occur in their structure or com-
position, or both. This is precisely the meaning of evolution. From the above
definition we may also infer that the death of a star can occur in two ways:
violation of the first condition — self-gravity — meaning breakup of the star and
scattering of its material into interstellar space, or violation of the second condi-
tion — internally supplied radiation of energy — that could result from exhaustion
of the nuclear fuel. In the latter case, the star fades slowly away, while it gradually
cools off, radiating the energy accumulated during earlier phases of evolution.
Eventually, it will become extinct, disappearing from the field of view of even
the most powerful telescopes. This is what we call a dead star. We shall see
that most stars end their /ives by a combination of these two processes: partial
breakup (or shedding of matter) and extinction. As to the birth of a star, this is



I Observations and assumptions

a complex process, which presents many problems that are still under intensive
investigation. We shall deal with this phase only briefly, mainly by pointing out
the circumstances under which it is expected to occur.

We shall therefore start pursuing the evolution of a star from the earliest
time when both conditions of the definition have been fulfilled, and we shall stop
when at least one condition has ceased to be satisfied, completely and irreversibly.
Finally, we shall consider the life cycle of stellar populations and the effect of
stellar evolution on the evolution of galaxies within which stars reside. Galaxies
are large systems of stars (up to 10'! or so), which also contain interstellar clouds
of gas and dust. Many of the stars in a galaxy are aggregated in clusters, the
largest among them containing more than 10° stars. The object of reference in
stellar physics is, naturally, the Sun, and in galactic physics, the Galaxy to which
it belongs, also known as the Milky Way galaxy.

1.2 What can we learn from observations?

Astrophysics (the physics of stars) does not lend itself to experimental study, as do
the other fields of physical science. We cannot devise and conduct experiments in
order to test and validate theories or hypotheses. Validation of a theory is achieved
by accumulating observational evidence that supports it and its predictions or
inferences. The evidence is derived from events that have occurred in the past and
are completely beyond our control. The task is rather similar to that of a detective.
As a rule of thumb, a theory is accepted as valid (or at least highly probable) if
it withstands two radically different and independent observational tests, and of
course, so long as no contradictory evidence has been found.

The information we can gather from an individual star is quite restricted. The
primary characteristic that can be measured is the apparent brightness, which
is the amount of radiation from the star falling per unit time on unit area of a
collector (usually, a telescope). This radiation flux, which we shall denote I,
is not, however, an intrinsic property of the observed star, for it depends on the
distance of the star from the observer. The stellar property is the luminosity L,
defined as the amount of energy radiated per unit time — the power of the stellar
engine. Since L is also the amount of energy crossing, per unit time, a spherical
surface area at the distance d of the observer from the star, the measured apparent
brightness is

L= & (1.1)

obs — 4}_{({2- d
and L may be inferred from 7, if d is known. The luminosity of a star is usually
expressed relative to that of the Sun, the solar luminosiry Lo = 3.85 x 10°°J s~

Stellar luminosities range between less than 107 Land over 107 L.



1.2 What can we learn from observations?

to distant stars
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Figure 1.1 Sketch of the parallax method for measuring distances to stars.

Note: The only direct method of determining distances to stars (and other celestial
bodies) is based on the old concept of parallax - the angle between the lines of sight
of a star from two different positions of the observer. The lines of sight and the line
connecting the observer’s positions form a triangle, with the star at the apex. as shown
in Figure 1.1. The larger the distance to the object, the wider the baseline required for
obtaining a discernible parallax: for objects within the solar system distant points on Earth
suffice; for stars, a much larger baseline is needed. This is provided by the Earth’s orbit
around the Sun, yielding a maximal baseline of ~3 x 10!' m, twice the Earth-Sun distance
a(= 1 AU). Thus, the stellar parallax is obtained by determining a star’s position relative
to very distant, fixed stars, at an interval of half a year. Even so. the triangle obtained
is very nearly isosceles, with almost right base angles, while the parallax p, defined as
half the apex angle, is less than 1” (the largest known stellar parallax is that of Proxima
Centauri—the star closest to our Sun, p = 0".76). Consequently. to a good approximation,
d 7 a/p. Based on this method, distances of up to about 500 light-years may be directly
measured. (One light-year, 9.46 x 10'° m, is the distance travelled in one year at the
speed of light.) A common astronomical unit for measuring distances, called parsec, is
based on the parallax method: as its name indicates, it is the distance corresponding to a
parallax of 1”, amounting to about 3 light-years. Recently, the number of stars for which
we have accurate distances has grown a hundredfold as a result of the activity of the
satellite specially designed for this task, Hipparcos (High Precision Parallax Collecting
Satellite). named after the greatest astronomer of antiquity, Hipparchus of Nicea (second
century BC), who measured the celestial positions and brightnesses of almost a thousand
stars and produced the first star catalogue. The satellite Hipparcos, which operated during
1989-93, gathered data on more than a million nearby stars. But on the astronomical scale,
distances that can be directly measured are quite small and hence indirect methods have
to be devised, some of which are based on the theory of stellar structure and evolution, as

we shall see in Chapter 9.



| Observations and assumptions

The surface temperature of a star may be obtained from the general shape of
its spectrum, the continuum, which is very similar to that of a blackbody. The
effective temperature of a star T, is thus defined as the temperature of a blackbody
that would emit the same radiation flux. It provides a good approximation to the
temperature of the star’s outermost layer, called the photosphere, where the bulk
of the emitted radiation originates. If R is the stellar radius. the surface flux is
L /47 R?, and hence:

T = e (1.2)
efl A7 Rg 2 i

where o is the Stefan-Boltzmann constant. Thus
L =47 R T4 (1437

The surface temperatures of stars range between a few thousand to a few hundred
thousand degrees Kelvin (K), the wavelength of maximum radiation A, shifting,
according to Wien’s law

Jomax I = constant, (1.4)

from infra-red to soft X-rays. The effective temperature of the Sun is 5780 K. We
should bear in mind, however, that conclusions regarding internal temperatures
cannot be drawn from surface temperatures without a theory.

The chemical composition, too, can be inferred from the spectrum. Each
chemical element has its characteristic set of spectral lines. These lines can
be observed in the light received from stars, superimposed upon the continuous
spectrum, either as emission lines, when the intensity is enhanced. or as absorption
lines. when it is diminished. The elements that make up the photosphere of a
star, which emits the observed radiation, may thus be identified in the stellar
spectrum. But since the photosphere is very thin, the deduced composition is
not representative of the bulk, opaque interior of the star. Most of the chemical
elements were found to be present in the solar spectrum. In fact the existence
of the element helium was first suggested by spectral lines from the Sun (in the
1860s); its name is derived from ‘helios’, the Greek word for Sun.

Under certain conditions, the mass of a star that is a member of a binary
system can be calculated, based on spectral line shifts, as we shall show in
Chapter 11. Very seldom, in eclipsing binary systems, may the radius of a star
be directly derived; it can, however, be estimated from the independently derived
luminosity (when possible) and effective temperature using Equation (1.3). Stellar
masses and radii are measured in units of the solar mass. M., = 1.99 x 10" kg,
and the solar radius, R- = 6.96 x 10®m. The mass range is quite narrow —
between ~(0.1M and a few tens M. stellar radii vary typically between less
than 0.01 R, to more than 1000R . Much more compact stars exist, though, with
radii of a few tens of kilometres.



1.2 What can we learn from observations?

Besides being sparse, the information one can gather is confined to a very
brief moment in a star’s life. even if observations are carried on for hours or
years, or, hypothetically, hundreds of years. To illustrate this point, let us compare
the life span of a star to that of a human being: uninterrupted observation of
a star since, say. the discovery of the telescope some 400 years ago, would be
tantamount to watching a person for about 3 minutes! Obviously, it would be
impossible to learn anything (directly) about the evolution of the star from such
a fleeting observation. The body of data available to the astrophysicist consists of
accumulated momentary information on a very large number of stars, at different
evolutionary stages. From these data. the astrophysicist is required to form a
scenario describing the evolution of a single star.

Imagine, for comparison, an explorer who has never seen human beings,
trying to figure out the nature and evolutionary course of these creatures. based
solely on a large sample of photographs of many different humans chosen at
random. The explorer will find that humans differ in many properties, such as
height, colour of skin, etc., and will note, for example, that the height of the
majority varies within a narrow range around a mean of, say. 1.75 m, and only
the height of a small minority is significantly below this mean. These findings
may be interpreted in two ways: (a) humans are intrinsically different, the tall
ones being more numerous than the short ones: (b) humans are similar to one
another, but their properties change in the course of their lives, their height
either increasing or decreasing with age (one would not be able to tell which).
[n the latter case, based on the hypothesis that humans evolve. it may also be
inferred that individual human beings are tall for a longer part of their lives
than they are short. It might even be possible to calculate the rate of change
of the human height from the relative number of individuals in different height
ranges.

In a similar manner, if we find that a certain property is common to a great
number of stars, we may infer — on the basis of the evolution hypothesis — that
such a property prevails in stars for long periods of time. By the same token. rarely
observed phenomena might not be rare events. but simply short-lived ones. At
the same time, the possibility of actually rare phenomena cannot be entirely ruled
out. This is a sample of the problems one would have to face if the understanding
of stars and their evolution were to rest entirely on observation.

As the information available for any given star is so limited, the theory of
stellar evolution is not meant to describe in detail the structure and expected
evolutionary course of any individual star (with the exception of the Sun).
Its purpose is rather to construct a general model that explains the large var-
iety of stellar types. as well as the relations between different stellar proper-
ties revealed by observations (such as the correlation between luminosity and
surface temperature, or between luminosity and mass, which we shall shortly
encounter).
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I.3 Basic assumptions

Guided by the observational evidence, we may add several fundamental assump-
tions (or axioms) to the general definition of a star, on which to base the theory
of stellar structure and evolution.

Isolation

Regarding its structure and evolution, a single star may be considered isolated in
empty space, although it is invariably a member of a large group — a galaxy —
or even a denser group within a galaxy — a stellar cluster. (We exclude from the
present discussion binary stars — a pair of stars that form a bound system that we
shall address in Chapter 11.) Consequently, the initial conditions will exclusively
determine the course of a star’s evolution. Thus the evolutionary process of a star
(metaphorically termed /ife) differs from that of live creatures, the latter being
influenced to a large extent by interaction with their environment. To better grasp
the isolation of stars, consider the star closest to our Sun (Proxima Centauri),
which is at a distance of 4.3 light-years. This distance is larger than the solar
diameter by a factor of 3 x 107. Such a situation would be similar to nearest
neighbours on Earth being separated by a distance 3 x 107 times their height,
which roughly amounts to 50000 km. This is four times the Earth diameter or
one seventh of the distance to the Moon. We would call this isolation! Both the
gravitational field and the radiation flux, which vary in proportion to 1/d?, are
diminished by a factor of at least 1/(3 x 107)* ~ 10~ from one star to another.

Uniform initial composition

A star is born with a given mass and a given, presumably homogeneous, com-
position. The latter depends on the time of formation and on the location within
the galaxy where the star is formed. The composition of stars has been a question
of intense debate for a long time. It turned out, finally, that most of the material
of a newly formed star, about 70% of its mass, consists of hydrogen. The second
most important element is helium, amounting to 25-30% of the mass, and there
are traces of heavier elements, of which the most abundant are oxygen, carbon
and nitrogen (in that order), known collectively as the CNO group. In the Sun, for
example, for every 10000 hydrogen atoms, there are about 1000 helium atoms,
8 oxygen atoms, almost 4 carbon atoms, one atom of nitrogen, one of neon and
less than one atom of each of the other species. The composition of stellar material
is usually described by the mass fractions of different elements, the mass of each
element per unit mass of material. It is common to denote the mass fraction of
hydrogen by X. that of helium by Y, and the total mass fraction of all the other
elements by Z, sothat X + Y + 7 = 1.
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Exercise 1.1: Calculate the mass fractions of hydrogen, helium, carbon, oxygen,
nitrogen and neon in the Sun.

Thus, since both hydrogen and helium, the predominant stellar components,
are found in the gas phase unless the temperature is extremely low or the density
(pressure) extremely high, we may quite safely deduce that stars are made of
gas. We shall return to this point later on, when we gain more insight into stellar
interiors.

With very few exceptions, the abundances of the chemical elements, as derived
from stellar spectra, are remarkably similar. Moreover, they are very similar to
those prevailing in the interstellar medium. As stars are born in interstellar clouds.
and the composition of their surface layers is expected to be the least affected by
evolutionary processes, it may be concluded that there is little difference in the
initial composition of stars. The largest differences occur for the abundances of
the heavy elements, which vary among different stars between less than 0.001 to a
few per cent of the entire stellar mass. But differences in the initial abundances of
these elements are of secondary importance to stellar evolution. For simplicity, we
shall ignore differences in the initial composition of stars. In numerical examples
we shall generally adopt the solar composition. The fate of a star will then be
solely dependent upon its initial mass M.

Historical Note: The first to show that the Sun’s atmosphere is dominated by hydro-
gen was Cecilia Payne in her doctoral dissertation completed in 1925, Not only did she
show that the most abundant elements were hydrogen and helium, but she also suggested
that the relative abundances of the heavier elements were roughly constant throughout the
galaxy, thus indicating the homogeneity of the universe. These findings followed from
Saha’s equation (see Section 3.6), then new, according to which, the strength of spectral
lines depends on physical conditions as well as on elemental abundances. These conclu-
sions, very much opposed to the common wisdom of the time, were largely ignored. It
was only a few years later, when, corroborated by further evidence, the prevalence of
hydrogen and helium in the Sun’s atmosphere was convincingly argued by Henry Norris
Russell, whose fame will become apparent shortly.

A doctoral degree awarded to a woman was extremely unusual in those days. In her
autobiography, Cecilia Payne-Gaposchkin writes ‘One serious obstacle existed: there was
no advanced degree in astronomy, and I should have to be accepted as a candidate by
the Department of Physics. The redoubtable Chairman of that department was Theodore
Lyman, and Shapley [Harlow Shapley, her mentor] reported to me that he refused to
accept a woman candidate.” In the end she became the first person to earn a doctorate in
astronomy from Harvard University.



| Observations and assumptions

Spherical symmetry

Departure from spherical symmetry may be caused by rotation or by the star’s
own magnetic field (since by assuming isolation, we have excluded all possible
external force fields). In the overwhelming majority of cases, the energy associated
with these factors is much smaller than the gravitational binding energy. We know,
for example, that the period of revolution of the Sun around its axis is about 27
days. so that its angular velocity is @ ~ 2.5 x 107°s~'. The spin velocity of more
distant stars can be deduced from the broadening of spectral lines caused by the
Doppler effect. The kinetic energy of rotation relative to the gravitational binding
energy is of the order:

Ma? R? ' R? -5
_— = — ~ 2 x 1077,
GM-/R GM

where G is the constant of gravitation. (This is also the ratio of the centrifugal
acceleration to the gravitational acceleration at the equator.)

The magnetic fields of stars similar to the Sun range from a few thousandths
to a few tenths of a tesla. The larger ones may be directly deduced from split
spectral lines caused by the Zeeman effect, whose separation can be measured.
The energy density associated with a magnetic field B is B?/2j1. while the
gravitational energy density is of the order of GM?/R*; for the Sun, even taking
B =0.1T (typical of sunspots, but larger than the average magnetic field), we
have

Bzg'u[] B*R*

. =~ 107"
G;W*/R4 ;1.(}(_1:4"!4“

Compact stars tend to have higher magnetic fields, but their small radii (large
binding energies) compensate for them. Hence. magnetic effects on the structure
of a star can usually be ignored.

Neglecting deviations from spherical symmetry, the physical properties within
a star change only with the radial distance » from the centre and are uniform over
a spherical surface of radius r. The spatial variable » may be replaced by the mass
m enclosed in a sphere of radius r, as shown in Figure 1.2. The transformation
between these variables is given in terms of the density p:

mir) = f 4.-7;‘1,00')1:!;'
0
or. in differential form,
dm = pu‘lm‘zdr. (1.5)

The advantage of using m instead of r in calculations of the changing stellar
structure is that its range of variation is bounded, 0 < m < M, whereas the radius
may change by several orders of magnitude in the course of evolution of a star.
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Figure 1.2 The relationship between space variables r and m in spherical symmetry.

Exercise 1.2: In a star of mass M, the density decreases from the centre to the
surface as a function of radial distance r, according to

p=s|1-(3)]

where p, is a given constant and R is the star’s radius. (a) Find m(r). (b) Derive
the relation between M and R. (¢) Shqw that the average density of the star (total
mass divided by total volume) is 0.4 ..

1.4 The H-R diagram: a tool for testing stellar evolution

As we have seen, the two most fundamental properties of a star that can be inferred
from observation are the luminosity L and the effective temperature Ty It is only
natural that a possible correlation between them be sought. This was initiated
independently by two astronomers at about the same time: Ejnar Hertzsprung in
1911 and Henry Norris Russell in 1913. Hence the diagram whose axes are the
(decreasing) surface temperature (or related properties) and the luminosity (or
related properties) bears their names, being known as the H-R diagram. Each
observed star is represented by a point in such a diagram, an example of which
is given in Figure 1.3. The results depend to some extent on the criterion used
for choosing the sample of stars, for example, stars within a limited volume in
the solar neighbourhood. or members of a given star cluster, or stars of apparent
brightness greater than a prescribed limit, etc. The question we are interested in
is whether something can be learned from this diagram regarding the evolution
of stars.

It is immediately obvious from the examination of any H-R diagram that only
certain combinations of L and T values are possible (a priori there is nothing
to impose such a constraint): most points are found to lie along a thin strip that
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Figure 1.3 The H-R diagram of stars in the neighbourhood of the Sun.

runs diagonally through the (log Te, log L) plane. This strip is called the main
sequence and the corresponding stars are known as main-sequence stars.

Another populated area of the diagram is found to the right and above the
main sequence: it represents stars that are brighter than main-sequence stars of
same Ty, or of lower T.y for the same L, meaning that their spectrum is shifted
toward longer wavelengths and their colour is reddish. A higher L and lower Ty
implies, according to Equation (1.3), a large radius. Such stars are therefore called
red giants. Their radii may attain several hundred solar radii and even more. If the
Sun were to become a red giant, it would engulf the Earth and reach beyond Mars.

Another region of the (log 7., log L) plane that is relatively rich in points
is located at the lower left corner: low luminosities and high effective tempera-
tures. Stars that fall in this region have a small radius and a bluish-white colour;
accordingly, they are named white dwarfs. White dwarf radii are of the order of
the Earth’s, although their masses are close to the Sun’s. The typical densities of
such stars are therefore tremendous; one cubic centimetre of white dwarf material
would weigh more than a ton on Earth.

There are points outside these three main regions and there are conspicuously
empty spots within densely populated areas of the diagram, but we shall ignore
them for the moment and concentrate on the three main ones. What, if anything,
can we learn from them? We recall that, in view of our basic assumptions, stars
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may differ from one another only in their initial mass and their age. We can
therefore interpret the H-R diagram in two different ways:

1. The scatter of points is due to the different ages of the stars. The implied
assumption in this case is that the stars were formed at different times, and
hence there are ‘old” stars and ‘young’ stars. According to this hypothesis
the evolution of a star can be traced in the H-R diagram by some line,
with the time elapsed from the formation of the star being the changing
parameter along it. Looking at a large sample of stars, each one is caught
at a different age — hence the scatter of points in the diagram.

2. The properties of a star, in particular its luminosity and surface temper-
ature, depend strongly upon its mass, the only distinguishing parameter
at birth. Thus, different points in the diagram represent different stellar
masses.

This is the same dilemma our earlier explorer of the human race was faced
with: are the observed differences inherent or evolutionary? The explorer would
have been able to choose the correct explanation if sets of snapshots of humans of
the same age, for example, pupils of different school grades, were supplied. The
explorer would have immediately concluded that height is determined by age,
whereas skin-colour is an innate property. Similarly, the astrophysicist is aided
by H-R diagrams of star clusters. Stars within a cluster are formed more or less
simultaneously. by fragmentation of a large gas cloud (as will be explained in
Section 12.2). Images of star clusters are shown in Figure 1.4. Examples of H-R
diagrams of such clusters are given in Figure 1.5. We note that the main sequence
ends at different luminosities for each cluster: in one case it extends up to very
high luminosities: in another case it is shorter, but at the same time there appear
some red giants. which were absent in the first cluster; in yet another one, the
main sequence is shorter still, and red giants are numerous.

Generally, as the main sequence is depleted, the red giant and white dwarf
branches are enriched. The lower part of the main sequence is always present
and equally populated. allowing for observational constraints. We may therefore
conclude that being on or outside the main sequence is determined by age, whereas
the location of a star along the main sequence is determined by its initial mass.

We are still unable to trace the evolutionary trajectory, whether toward or
away from the main sequence, so long as the cluster ages are not determined;
but the second inference can be tested. We may choose main-sequence stars with
known masses and look for a correlation between their masses and luminosities.
This is shown in Figure 1.6, which demonstrates that indeed there is a power-law
dependence of a main-sequence star’s luminosity upon its mass:

Lo M,
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Figure 1.4 Stellar clusters: (a) the young open (amorphous shape) Pleiades cluster; (b) the
old globular cluster 47 Tucanae (copyright Anglo-Australian Observatory/Royal Obser-
vatory Edinburgh, photographs by D. Malin).

with v ranging between ~3 and ~5 over most of the mass range. As the Sun is a
main-sequence star, the relation can be calibrated to read

== (51 1' (1.6
L=\ ) .0)

Do stars leave the main sequence to become red giants? Do they later turn
into white dwarfs? Or, do some stars become red giants and others white dwarfs?
Why are there always — in all H-R diagrams — lower main-sequence stars? Why
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Figure 1.5 The H-R diagram of star clusters: (a) the Pleiades cluster (adapted from
H. L. Johnson & W. W. Morgan (1953), Astrophys. J., 117); (b) the Hyades cluster
(adapted from H. L. Johnson (1952), Astrophys. J.. 116); (¢) the globular cluster M3
(adapted from H. L. Johnson & A. R. Sandage (1956), Astrophys. J., 124).

are some changes in the stellar structure so rapid as to leave a blatant gap in the
H-R diagram? Observation alone is incapable of providing answers to all these
questions. We must resort to theory, and use the observations that have guided
us so far, in particular the H-R diagram. as a test. Here Martin Schwarzschild’s
words come to mind:
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Figure 1.6 The mass-luminosity relation for main-sequence stars. Data from O. Yu.
Malkov (2007), Mon. Not. Roy. Astron. Soc., 382, based on detached main-sequence
eclipsing binaries (triangles), E. A. Vitrichenko, D. K. Nadyozhin and T. L. Razinkova
(2007), Astron. Lett., 33 (squares) and from the compilation by O. Yu. Malkov, A. E.
Piskunov and D. A. Shpil’kina (1997), Astron. Astrophys., 320 (dots).

If silﬁplc perfect laws uniquely rule the universe, should not pure thought be
capable of uncovering this perfect set of laws without having to lean on the
crutches of tediously assembled observations? True, the laws to be discovered
may be perfect, but the human brain is not. Left on its own, it is prone to stray, as
many past examples sadly prove. In fact, we have missed few chances to err until
new data freshly gleaned from nature set us right again for the next steps. Thus
pillars rather than crutches are the observations on which we base our theories;
and for the theory of stellar evolution these pillars must be there before we can
get far on the right track.

Martin Schwarzschild: Structure and Evolution of the Stars, 1958

Our aim throughout most of the following chapters will be to develop a theory of
the stellar structure and evolution based on the laws of physics. This should ulti-
mately lead to a theoretical H-R diagram. to be confronted with the observational
one.
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We have learned a star to be a radiating gascous sphere, made predominantly of
hydrogen and helium. Radiation may be regarded as a photon gas, each ‘particle’
carrying a quantum of energy hv, proportional to the frequency v of the associated
clectromagnetic wave, and a momentum Av/c, where h is Planck’s constant and
¢ is the speed of light. This mixture of gases that makes up a star is governed by
frequent collisions between its particles, ions, electrons and photons alike. This
is how Sir Arthur Eddington describes The Inside of a Star:

... Try to picture the tumult! Dishevelled atoms tear along at 50 miles a second
with only a few tatters left of their elaborate cloaks of electrons torn from them in
the scrimmage. The lost electrons are speeding a hundred times faster to find new
resting-places. Look out! there is nearly a collision as an electron approaches
an atomic nucleus; but putting on speed it sweeps round it in a sharp curve. A
thousand narrow shaves happen to the electron in 10~'" of a second: sometimes
there is a slide-slip at the curve, but the electron still goes on with increased
or decreased energy. Then comes a worse slip than usual; the electron is fairly
caught and attached to an atom. and its career of freedom is at an end. But only
for an instant. Barely has the atom arranged the new scalp on its girdle when a
quantum of acther waves (photon) runs into it. With a great explosion the electron
is off again for further adventures. Elsewhere two of the atoms are meeting full
tilt and rebounding, with further disaster to their scanty remains of vesture. . . .
And what is the result of all this bustle? Very little. Unless we have in mind
an extremely long stretch of time the general state ol the star remains steady.
Sir Arthur S. Eddington: The Internal Constitution of the Stars, 1926

Frequent collisions lead to a state of thermodynamic equilibrium, which is char-
acterized by a temperature, indicative of the energy distribution of the particles.
For example, a free ideal gas in thermodynamic equilibrium is described by a
Maxwellian velocity (kinetic energy) distribution.

15



2 The equations of stellar evolution

2.1 Local thermodynamic equilibrium

When the average distance travelled by particles between collisions — the mean

free path — is much smaller than the dimensions of the system, thermodynamic

equilibrium is achieved locally, and the system may assume different temperatures
at different points. It is thus described by a temperature distribution. If, moreover,
the time elapsed between collisions — the mean free time — is much shorter than the
timescale for change of macroscopic properties, then thermodynamic equilibrium
is secured, but the temperature distribution may change with time. Such is the
situation in stars.

Equilibrium between matter and radiation can be achieved as well, by “col-
lisions” (interactions) between mass particles and photons. In this case the radia-
tion becomes a blackbody radiation, where the energy distribution of the photons
is described by the Planck function, and the temperatures of gas and radiation are
the same. As we shall see in more detail in the next chapter, the average mean
free path of photons in stellar interiors is many orders of magnitude smaller than
typical stellar dimensions. Needless to say, the corresponding mean free time of
photons is vanishingly small. Consequently, the gas and the radiation may be
assumed in thermodynamic equilibrium locally, that is, the gas temperature is the
same as the radiation temperature at each point (although the temperature of a star
is neither uniform nor constant). This means that the radiation in stellar interiors is
very nearly blackbody radiation, described by the Planck function corresponding
to the local unigue temperature. Such a state is known as local thermodynamic
equilibrium (LTE). It should be stressed that radiation and matter are not always in
a state of equilibrium. For example, the solar radiation passing through the Earth’s
atmosphere does not reach equilibrium with the gas: the radiation temperature is
the effective temperature of the Sun, about 6000 K, while the gas temperature,
around 300 K. is more than 20 times lower. Similar situations occur in gaseous
nebulae that are illuminated by stars embedded in them. There are also mixtures
involving more than two temperatures; for example, in an ionized gas, the tem-
peratures of the electrons, the ions and the photons may all differ from each other.
Such is the situation in the solar wind — the flux of particles, mainly protons and
electrons, emanating from the Sun. In this case. the characteristic temperatures
of the two gases — about 10° K for the protons, and almost twice as much for the
electrons — are higher than that of the radiation (6000 K).

The assumption of LTE constitutes a great simplification, for it enables the
calculation of all thermodynamic properties in terms of the temperature, the
density and the composition, as they change from the stellar centre to the surface.
Thus the structure of a star of given mass M is uniquely determined at any given
time ¢, if the density p. the temperature 7" and the composition — the mass fractions
of all the constituents — are known at each point within it. By ‘point” we mean
any value of the independent space variable chosen (r or m), which refers to a
spherical surface around the centre. The temperature, density and composition
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Figure 2.1 Spherical shell within a star and the heat flow into and out of it.

change not only with distance from the centre of the star, but also with time. Hence
the evolution of a star composed of n different elements is described by the n + 2
functions, p(m.r), T(m,t) and the mass fractions X;(m. ), where 1 <i < n,
of two independent variables, time and space. A set of n + 2 equations is thus
required, of which these functions are the solutions.

We thus invoke the basic conservation laws that apply to any physical system:
conservation of mass, momentum, angular momentum and energy. As we have
assumed a star to be a nonrotating system, the angular momentum is uniformly
zero at all times. (Nevertheless, the global conservation of angular momentum
will be invoked later on to explain special features of peculiar stars.) Conservation
of mass is implicitly included in the relation between dm and dr. Only two

conservation laws remain to be applied, for energy and momentum, which together

with the equations for the rate of change of abundance for each species will form
the set of equations of stellar evolution.

2.2 The energy equation

The first law of thermodynamics, or the principle of conservation of energy, states
that the internal ehergy of a system may be changed by two forms of energy trans-
fer: heat and work. Heat may be added or extracted, and work may be done on the
system, or performed by the system, and involves a change in its volume — expan-
sion or contraction. Consider a small element of mass dm within a star, over which
the temperature, density and composition may be taken as approximately con-
stant. In view of the spherical symmetry assumed, such an element may be chosen
as a thin spherical shell between radii » and r + dr — as shown in Figure 2.1 -
so that its volume is dV = 47 r’dr and

dm = pdV = pamridr (2.1)

(see Equation (1.5)). Let « be the internal energy per unit mass and P the pressure.
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We denote by §f a change that occurs in the value of any quantity f within the
mass element over a small period of time §r (a Lagrangian rather than Eulerian
change). Then, if 6 Q is the amount of heat absorbed (§ Q > 0)oremitted (§Q < 0)
by the mass element and W is the work done on it during the time interval 8¢,
the change in the internal energy, according to the first law, is given by:

Sudm) = dmdéu =50 + W, (2.2)

where we have used the conservation of mass in assuming dm to be constant. The
work may be expressed as

W = —PsdV = —P§ (ﬂ{h?i) =—PS (l) dm. (2.3)
dm 0
We note that compression means shrinking of the element’s volume, or 6dV < 0,
and hence entails an addition of energy, while expansion (5dV = 0) is achieved
at the expense of the element’s own energy.

The sources of heat of the mass element are: (a) the release of nuclear energy,
if available, and (b) the balance of the heat fluxes streaming into the element and
out of it. The rate of nuclear energy release per unit mass is denoted by ¢ and the
heat flowing perpendicularly through a spherical surface by F(m). Thus F has the
dimension of power (not to be confused with the strict definition of a heat flux —
power per unit area), and obviously F(M) = L. Accordingly,

80 = qgdmét + F(m)dt — F(m + dm)ét.

But F(m 4+ dm) = F(m)+ (0 F /om)dm and hence

oF
8Q =g — — |dmét. (2.4)
am
Substituting Equations (2.3) and (2.4) into Equation (2.2), we may write the
latter as
| oF
dmébu + P§ (—) dm = (q - -—) dmér, (2.5
P am
and 1in the limit §1 — 0 we obtain
, [N oF
u+ P —) =qg—-—, (2.6)
0 dm

where we have used the notation f for the temporal (partial) derivative af/ar of
a function f (the notation introduced by Newton).
In thermal equilibrium, when temporal derivatives vanish, we have
dF

g=—. 2.7)
dm
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Figure 2.2 Cylindrical mass element within a star.

Integrating over the mass.

M M
f gdm :f dF =L, (2.8)
0 0

for the heat flow must vanish at the centre to avoid singularity. The left-hand side
is the total power supplied in the star by nuclear processes, which is commonly
denoted by Ly, the nuclear luminosity,

M
Esvieic Ef gdm, (2.9)
0

and thus thermal equilibrium implies that energy is radiated away by the star at
the same rate as it is produced in its interior, L = L.

2.3 The equation of motion

Newton's second law of mechanics, or the equation of motion, states that the net
force acting on a body of fixed mass imparts to it an acceleration that is equal
to the force divided by the mass. This is the momentum conservation law for a
body of fixed mass. Consider a small cylindrical volume element within a star,
with an axis of length dr in the radial direction, between radii r and r 4 dr, and
a cross-sectional area d S, as shown in Figure 2.2. If the (approximately uniform)
density within the element is p, its mass Am is given by

Am = pdrdSs. (2.10)

The forces acting on this element are of two kinds: (a) the gravitational force.
exerted by the mass of the sphere interior to r (the net gravitational force exerted
by the spherical mass shell exterior to r vanishes) and (b) forces resulting from
the pressure exerted by the gas surrounding the element. The gravitational force
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is radial and directed toward the centre of the star. Due to the spherical symmetry
assumed, the pressure forces acting perpendicularly to the side of the cylindrical
element are balanced and only the pressure forces acting perpendicularly to its

. . : i % a’ oy
top and bottom remain to be considered. Denoting by # the acceleration 8-r/d¢-
of the element, we may write the equation of motion in the form

- GmAm _
FrAm=————+4+ P(r)dS — P(r+dr)dS. (2.11)
#2

But P(r +dr) = P(r)+ (d P/dr)dr and hence

i GmAm 9P Am
FAm = ———— — ——,
e ar p
where we have substituted Am from Equation (2.10). We may now divide by Am
to obtain

. Gm loP
F=——— (2.12)
r= p ar

If m is chosen as the independent space variable rather than r and the transfor-
mation dr = dm /(47 r’p) is used, Equation (2.12) becomes
Gm SaP

— —dr-—. (2.13)
r- am

r=

When accelerations are negligible, Equations (2.12) and (2.13) describe a state of
hydrostatic equilibrium, with gravitational and pressure forces exactly in balance:

dr Gm
—=—p — (2.14)
dr rs

or
dP B Gm (2.15)
dm  4mxr¥ -

As the right-hand side of Equation (2.14) or (2.15) is always negative, hydrostatic
equilibrium implies that the pressure decreases outward. The pressure gradient
vanishes at the centre. since on the right-hand side of Equation (2.14) m/r?> tends
to zero with r.

We may estimate the pressure at the centre of a star in hydrostatic equilibrium
by integrating Equation (2.15) from the centre to the surface of the star,

M Gmdm
P(M)— P(0) = —] _ (2.16)

o Admrd

On the left-hand side we are left with the central pressure P. = P(0), since at the
surface the pressure practically vanishes, P(M) = (). On the right-hand side we
may replace r by the stellar radius R = r, to obtain a lower limit for the central
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The pressure at the centre of the Sun exceeds 450 million atmospheres!

Exercise 2.1: For a star of mass M and radius R, find the central pressure and
check the validity of inequality (2.18) for the following cases: (a) a uniform
density and (b) a density profile as in Exercise 1.2.

Exercise 2.2: Suppose that the greatest density in a star is p. at the centre and
let P, be the corresponding pressure. Show that

P. < (47)'°0.347 GM* 7.

2.4 The virial theorem

An important consequence of hydrostatic equilibrium is a link that it establishes
between gravitational potential energy and internal energy (or Kinetic energy in
a system of free particles). Multiplying the equation of hydrostatic equilibrium
(2.15) by the volume V = %m‘} and integrating over the whole star, we obtain

PiR) M G ]
[ VdP = —%f e (2.19)
J0 o

r

The integral on the right-hand side of Equation (2.19) is none other than the
gravitational potential energy of the star, that is, the energy required to assemble
the star by bringing matter from infinity,

P /M Gm dm . (2.20)
0

r

The left-hand side of Equation (2.19) can be integrated by parts,

P(R) VI(R) '
f VdP =[PV — f PdV. (2:21)
0 0



22

2 The equations of stellar evolution

The first term on the right-hand side vanishes, since at the centre V = 0 and at
the surface P = 0. Combining Equations (2.19)-(2.21), we finally obtain

VIR)
-3 [ PdV =, (2.22)
Jo
or, since dV = dm/p,
M P
- 3[ —dm = Q. (2.23)
0o P

This is the general, global form of the virial theorem, which will prove extremely
valuable in many later discussions. A similar relation, applicable to part of the
star, may be obtained by carrying the integration of Equation (2.19) up to a radius
R, < R:

M,
BV, —f —dm=1Q,. (2.24)
0 P 3
Here. €2, is the gravitational potential energy of the sphere whose boundary is at
R, which is unaffected by the shell outside it (between R, and R), while P, is the
pressure at R, exerted by the weight of the overlying shell.

Consider the particular case of an ideal gas of density p and temperature T
(to be treated in more detail in the next chapter): let the mass of a gas particle be
myg. The gas pressure is then given by P = (p/m,)kT, where k is the Boltzmann
constant. The kinetic energy per particle is 2k7 and since for an ideal gas the
internal energy is the kinetic energy of its paurlicles, the internal energy per unit
mass 1s

3
U= -
2m

b
~

3.P (2.25)
S ys 2,2

it}

Combining Equation (2.25) with the virial theorem (2.23), we have J‘E)M udm =
—%Q‘ The integral on the left-hand side is simply the total internal energy U and
hence

U=-la. (2.26)

We can use this result to estimate the average internal temperature of a star
(assuming that stellar material behaves as an ideal gas — an assumption that will
be justified later on). The gravitational potential energy, Equation (2.20), of a star
of mass M and radius R is given by

(2.27)

where « is a constant of the order of unity. determined by the distribution of
matter within the star, that is, by the density profile. By the virial theorem, we
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have on the one hand U = %UEGA’F/R; on the other hand, from Equation (2.25),

M
3kT 3k -
U :/ ——dm=-—TM, (2.28)
0 2my 2my
where T is the temperature averaged over the stellar mass. Combining the two
results, we obtain
- amGM
[ s =

= —. 2:29
3 ik R 15:22)

Substituting the average density g = 3M /47 R? in Equation (2.29), we obtain
T o« M* 53 meaning that between two stars of the same mass, the denser one
is also the hotter.

Exercise 2.3: For a star of mass M and radius R, find the value of « in the
expression for the gravitational potential energy for two cases: (a) a uniform
density and (b) a density profile as in Exercise 1.2.

Taking & = ; and assuming the gas to be atomic hydrogen, we find that the

average temperature of a star 1s

_ M Ra
T ~ 4 x 10° ( > ) (?) K. (2.30)
M

We note that 7 is much higher than the surface temperature 7. (as obtained
from observations), implying that internal temperatures must reach still higher

values. At temperatures of millions of degrees Kelvin, hydrogen and helium
are completely ionized, and even heavier elements are found in gaseous, highly
~ionized form. Stellar material is therefore a plasma, a mixture of ions — nuclei
stripped of almost all their electrons — and free electrons.

2.5 The total energy of a star
We start by integrating the energy equation (2.6) over the entire star:

M M 15
f twdm + f P(—) dm = Ly, — L. (2.31)
0 0 P

Since the variables r and m are independent, the order of differentiation and
integration may be interchanged. Hence the first term on the left-hand side is

M d M ;
f twdm = —f wdm=U. (2.32)
0 dt Jo
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Now
1y AV AV
2 = |2 = — (2.33)
o) 0m dm

V = dmrir (2.34)

and

[ntegrating by parts the second term on the left-hand side of Equation (2.31), we
obtain

M 9 1;: foons M . aP
P—idm =[PV]y - drrr—dm, (2.35)
i dm Jo dm
and since at the centre V vanishes with r and at the surface P vanishes, we finally
have
. M., 8P _
U — 4xrr—dm = Ly, — L. (2.36)
0 dm

We turn now to the equation of motion and integrate it. too, over the entire
star, after multiplying by r:

M M M -
G . 0P
f rrdm = - f ﬁi‘ dm —f drr—dm. (2.37)
0 o 0 dm

As the total kinetic energy of the star is given by

M
K:[ Yi2dm. (2.38)
0
the integral on the left-hand side of Equation (2.37) is
mo Moy s d M s .
Frdm = —(5r7)dm = — =r-dm = K. (2.39)
0 i dt = dt 0 =

The first term on the right-hand side of Equation (2.37) is

o 4 Iy d (M Gmdm :
— Gm—dm = Gm|—-)dm=— = —Q. (2.40)
0 - J0

7 r dr Jy r

Thus Equation (2.37) reads

L Mo o BP
K+Q= —f dar-r—dm. (2.41)
0 L

dm

Combining Equations (2.36) and (2.41). we have
U4+K+Q=Ly—-L, (2.42)

where the left-hand side is the rate of change of the total stellar energy, that is,
E=U+K+ %,

E =Ly —L. (2.43)
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If a star is in thermal equilibrium, it follows that £ = 0 and the energy is
constant. If, in addition, the star is in hydrostatic equilibrium, I vanishes. In this
case U and 2 are related by the virial theorem, and hence either of them determines
the total energy of the star. Consequently, each one of them is conserved, not only
their sum. For example, a star in thermal and hydrostatic equilibrium cannot cool
throughout and expand (although cooling decreases the energy and expansion
increases it); it must conserve the internal (thermal) energy and the gravitational
potential energy separately. Another, apparently puzzling, conclusion is that a star
in hydrostatic equilibrium has a negative heat capacity, meaning that it becomes
hotter upon losing energy! This follows again from the virial theorem: for an ideal
gas, we have

E=U+Q=4{Q=-U (2.44)

and in the general case the right-hand side is multiplied by a constant of the order
of unity. Hence if E < 0, then U, and with it (by Equation (2.28)) the average
temperature of the star, must increase. At the same time, the star must contract.
(We shall see shortly that contraction does not necessarily imply violation of
hydrostatic equilibrium, so that the last argument is not contradictory.) In fact,
the gravitational potential energy released in contraction supplies both the energy
that is lost (radiated) and the thermal energy that causes the temperature to rise —
in equal amounts in the case of an ideal gas.

Exercise 2.4: Assuming that a star of mass M is devoid of nuclear energy sources,
find the rate of contraction of its radius, if it maintains a constant luminosity L.

2.6 The equations governing composition changes

As we have seen that stellar material is composed of free electrons and (almost)
entirely bare, chemically unbound nuclei. composition changes — if any — cannot
be of a chemical nature. The only possible changes in the abundance of the
constituents can occur by transformations of one element into another, that is, by
nuclear reactions — interactions between nuclei.

The atomic nucleus is made of protons and neutrons, collectively called
nucleons, which belong to the class of heavy particles named baryons (*baryon’
meaning ‘heavy one’ in Greek). The proton has a positive electric charge of
unity (in units of the elementary charge e); the neutron has zero charge. These
particles may therefore be characterized by two numbers, baryon number A and
charge Z, (1, +1) for the proton and (1. 0) for the neutron. Electrons, like protons,
are charged particles. Their baryon number is 0, meaning that electrons are not
heavy particles (indeed, the electron mass is almost 2000 times smaller than the



26

2 The equations of stellar evolution

proton mass). Associated with the electrons are the neutrinos, of baryon number
0 (the neutrino mass 1is still controversial, although it is no longer thought to be
zero) and charge 0. Electrons and neutrinos belong to a class of particles called
leptons (‘light ones’ in Greek). For each particle, relativistic quantum mechanics
postulates the existence of an antiparticle, for which the signs of baryon or lepton
number and charge are reversed. The best known antiparticle is the positron, the
electron’s antiparticle.

Protons and neutrons are bound together in the atomic nucleus by a force of
attraction called the strong nuclear force. This is a short-range force, independent
of charge, that surpasses the repulsive Coulomb force between protons at nuclear
length scales — a few fermis (1 fermi = 10~ m). Another force that can act on
protons and neutrons is the weak force, whose range is estimated to be still shorter
(<1077 m). The weak interaction is responsible for the conversion of protons
into neutrons (or vice versa). In a nuclear reaction (interaction by means of the
strong or the weak force) the charge as well as the baryon and lepton numbers are
conserved. Hence in a weak interaction, an electron or a positron must be involved
in order to conserve charge, and a neutrino or antineutrino, so as to conserve the
lepton number. Conservation of lepton number means equal numbers of leptons
and antileptons; hence a positron (antilepton) will be accompanied by a neutrino
and an electron by an antineutrino.

If the bulk density in some part of a star is p and the partial density of the ith
nuclear species is p;, the mass fraction of this species is given by

¥ 2 (2.45)
0

and the number density — number of nuclei per unit volume — is given by the
partial density divided by the mass of one nucleus. The mass of an atomic nucleus
is slightly less than the sum of masses of its constituent protons and neutrons as
free particles. However, to a good approximation we may write

Pi
Aimy

where my is the atomic mass unit representing the mass of a (bound) nucleon,

(2.46)

niy =

usually defined as a twelfth of a carbon nucleus mass. Despite the notation, my
is slightly different both from the proton mass and from the mass of a hydrogen
atom. Combining Equations (2.45) and (2.46), we obtain the relations

X' A{
ng=—— and X; =n;—my. (2.47)

my A; 0
The number of nuclei in a given volume may change as a result of nuclear
reactions that create it and others that destroy it. The creation or destruction of a
nucleus takes place by fusion of lighter nuclei or by breakup of a heavier nucleus
and may involve capture and release of light particles, such as positrons and
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electrons, neutrinos (and antineutrinos) and energetic photons. Specific nuclear
reactions will be considered in Chapter 4. A general way of describing a nuclear
reaction is by two different nuclei combining to produce two other nuclei. Since
the nucleus of any element is uniquely defined by the two integers A, and Z;, we
denote the reactants by the symbols 7(A;, Z;) and J(A;. Z;), and the products
by the symbols K(A;, Z;) and L(A;, Z;). A nuclear reaction can proceed in
either direction (similarly to chemical reactions and ionization-recombination
processes), depending on the temperature (kinetic energy) and density of the
particles, and can therefore be described symbolically by

subject to two conservation laws:

A + AJ' = A + A, (2.49)
Z + ZJ- =Z, + Z. (2.50)

It positrons or electrons are also involved, they must be taken into account as
well: for them A = 0 and Z = £1 and conservation of lepton number must be
obeyed. Therefore, any three of the four nuclei involved in the reaction uniquely
determine the fourth. The reaction rate, say from left to right. can be identified by
three indices: two for the reactants and one for one of the products.

Let us now attempt to evaluate the rate at which nuclei of type [ are destroyed
by reactions of type (2.48) with the help of a simplified picture. Consider a unit vol-
ume and assume that each / nucleus within it has a cross-sectional area ¢, meaning
that any J nucleus striking this arca will cause a reaction to occur. Assume further
that the relative velocity of 1 nuclei with respect to J nuclei is v, so that / nuclei
may be considered as targets at rest. while J nuclei flow toward them at velocity
v. The effective target area is therefore n; ¢; the number of particles crossing a unit
area per unit time is n ;v. Hence the number of reactions that occur per unit time in
this unit volume is n;n jgv or n;n; R, where R;;; = cv — having the dimension
of volume divided by time — is called the reaction rate. In the case of particles
of one kind, say /, interacting with each other, the product n;n; is replaced by
%nf. The velocity of gas particles in the star is the thermal velocity — this is
why nuclear reactions occurring in stars are called thermonuclear reactions —
and the cross-section depends on the properties of the reacting nuclei (such as
their charges) as well as on the properties of the products.

We may now write the rate of change of the ith element’s abundance resulting
from all possible nuclear reactions, both destructive and constructive, in the form

i Hiky
ni=—n; ) (1+ 3,-_;}]—’11’—7 Rije + Y ——— Ru, (@51
5

)
Jok +oy Lk
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where §;; has its usual meaning: for j # i, §;; = 0. while for j =, §;; = 1 (the
Kronecker delta). We note that two particles of type i are destroved when j =i,
hence the factor (1 + §;;) in the first term on the right-hand side of Equation (2.51).
Using Equation (2.47), we obtain the rate of change of the mass fraction:

X; X1 Xi Rui
S B R 252
A my Z ! Z AL A1+ 8y ( ;

and similar equalions for the other mass fractions. For simplicity, we may define
a composition vector by X = (X, ..., X,,) so that the set of equations describ-

ing composition changes may be symbolically written as one equation with n
components, one for ecach element,

X =15, T, X). (2.53)

In nuclear equilibrium, when X; = 0, the mass fractions X; are readily obtained
from the set of equations f; = 0.

2.7 The set of evolution equations

The set of non-linear partial differential equations describing the evolutionary
course of the internal structure of a star is:

Gm S0P ‘
F=—— —dar-—,
re dm
LA JF 2 5,
i ,u(._) g 2L (2.54)
| o) dm

together with the time-independent relation (1.5). As it stands, the set is not
complete; besides the structure functions — p(m. 1), T(m. t), and X;(m. 1) — that
form the set of unknowns, it contains additional functions: (a) P and u, (b) F
and (c) ¢ and f, which have to be supplied in terms of the unknowns. To this
purpose, we shall have to invoke different branches of physics: thermodynamics
and statistical mechanics in case (a); atomic physics and the theory of radiation

transfer in case (b); and nuclear and elementary particle physics in case (c¢).
This is, in fact, what distinguishes astrophysics from other physical disciplines.
Astrophysics does not deal with a special, distinct class of effects and processes, as
do the basic fields of physics. Nuclear physics, for example, deals exclusively with
the atomic nucleus: there are many ramifications to this field of research, such as
nuclear forces, nuclear structure and nuclear reactions, but they are all intimately
connected. Nuclear physics has very little to do, say, with hydrodynamics, the
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study of the motion of continuous media. By contrast, astrophysics deals with
complex phenomena, which involve processes of many different kinds. It has to
lean, therefore, on all the branches of physics, and this makes for its special beauty.
The theory of the structure and evolution of stars presents a unique opportunity
to bring separate, seemingly unconnected physical theories under one roof. In the
next chapter we shall interrupt our pursuit of the evolutionary course of stars, in
order to extract from different physical theories the information that will enable
us to resume it.

Finally, in order for the set of differential equations to be solved, boundary
and initial conditions have to be supplied. The two space derivatives require
two boundary conditions and the n + 3 time derivatives require n 4 3 initial
distributions of physical properties. The boundary conditions are straightforward:
P(M. 1) =0 and. in order to avoid a singularity at the centre, £(0,¢) = 0. The
initial conditions could be p(m.0), T(m.0), F(m.0) and X;(m, 0), or related
functions. Here, it seems, we run into serious difficulties: as mentioned before,
star formation is still a subject of study. The initial state of a star is, therefore,
rather obscure. Fortunately, as we shall see shortly, this problem can be overcome,
or more precisely, avoided,

2.8 The characteristic timescales of stellar evolution

The evolution of a star is described by the three time-dependent Equations (2.54),
cach dealing with a different type of change: the first involves dynamical or
structural changes. the second describes thermal changes and the third deals with
nuclear processes leading to changes in composition (and in the rest-mass energy).
Each change. or process. has its characteristic timescale r, which can be defined
as the ratio of the quantity (or physical property) ¢ that is changed by the process
and the rate of change of this quantity:

T=-—. (2.55)
¢
The simplest example would be of a motion, whose duration — or characteristic
timescale — is given by distance divided by velocity. Obviously, a rapid process
(large ¢) has a short timescale and vice versa. It is instructive to estimate and
compare the timescales of the different processes that occur in stars.

The dynamical timescale
We can envisage a considerable change in the structure of a spherically symmetric
star as a change in its characteristic dimension, the radius R: hence in this case
we may take ¢p = R. As gravity is the binding force of a star, the typical rate of
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change of R would be the characteristic velocity in a gravitational field: the free-
fall or escape velocity ve. = +/2GM/R; hence ¢ = /2G M /R. The dynamical
timescale may therefore be estimated by

R [ R

Tgyp ~ — = ;
™ e~ VoM

(2.56)

or, in terms of the average density p = 3M /47 R*, neglecting factors of the order
of unity.
1 L
Tdyn =~ Tﬁ (2.57)
There are many ways to obtain the dynamical timescale, but they all lead to the
same result, within factors of the order of unity. The dynamical timescale of the
Sun is about 1000 s (roughly a quarter of an hour), and generally:

[ R\ (M,
Tavn == 1000,/ (—-—) (-—) S. (2.58)
: \'I R; J'w

The dynamical timescale is extremely short, many orders of magnitude shorter
than typical stellar ages. The estimated age of the Sun, for example, is 4.6 billion
years, or ~1.5 x 10", about 10"74y,. What is the meaning of this result? A
dynamical process occurs in a star whenever the gravitational force is not balanced
by the pressure forces (see Equation (2.12)). Such a situation can develop either
into contraction, if there is insufficient pressure to counteract gravity, or into
expansion, if the pressure is too high. It can end either in a catastrophic event —
collapse or explosion — or in restoration of hydrostatic equilibrium, when the
forces are again in balance. Either of these end states will be achieved within
a period of time of the order of the dynamical timescale. This leads us to the
following conclusions:

1. If astar cannot recover from a dynamical process (by restoring hydrostatic
equilibrium), the ensuing collapse — or explosion - should be observable
in its entirety. Indeed, such events have been known to occur: they are
called supernovae. We shall return to them in Chapter 10.

Rapid changes that are sometimes observed in stars may indicate that
dynamical processes are taking place, but on a smaller scale, not involving
the entire star. From the timescale of such changes — usually oscillations

2

with a characteristic period — we may roughly estimate the average density
of the star. The Sun has been observed to oscillate with a period of minutes.
Oscillations with periods of a few tens of seconds indicate that the star
should be a compact one, such as a white dwarf.

3. Asarule, stars may be assumed to be in a state of hydrostatic equilibrium
throughout. Any perturbation of this state is immediately quenched. This
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does not mean, of course, that stars are static during their entire life
span, but rather that they evolve quasi-statically, constantly adjusting their
internal structure so as to maintain dynamical balance. Consequently, the
left-hand side of Equation (2.12) may be assumed to vanish, and the virial
theorem (Section 2.4) may be assumed to hold at all times. This means
that the gravitational potential energy and the thermal energy of the star
each follows the behaviour of the total energy.

The thermal timescale

Thermal processes affect the internal energy of the star; hence in this case we
may take ¢ = U. By the virial theorem (which, as we have seen, is applicable),
U ~ GM?/R. The characteristic rate of change of U is the rate at which energy
is radiated away by the star; thus we may set ¢ = L. The thermal timescale may
be therefore estimated by

U GM-

T — — = 1 2.59
th 3 RL ( )

For the Sun, 7, & 10" s, or about 30 million years, and generally

4

is{ M\ (Ro Lo :
T~ 107 | — — S. (2.60)
M) \rRJ\L

The thermal timescale is many orders of magnitude longer than the dynamical
timescale, but it still constitutes only a small fraction — about 1% or less — of the
lifespan of a star. Thus, although we would not be able to observe the development
of a thermal process in a star (in fact, we have no way of knowing whether any
observed star is in thermal equilibrium or not), we may assume that throughout
most of its life a star is in a state of thermal equilibrium. If a star maintains
both thermal and hydrostatic equilibrium during an evolutionary phase, its total
energy is conserved (or changes very slowly) during that phase, and by the virial
theorem, the gravitational potential energy and the thermal energy, separately, are
conserved. Thus, if contraction occurs (quasi-statically) in some part of the star,
it follows that other parts should expand so as to conserve Q. Similarly, if the
temperature rises in some place, it should decrease in another, so as to keep U
constant. Later on we shall make use of such arguments.

The thermal timescale may be interpreted as the time it would take a star to
emit its entire reserve of thermal energy upon contracting (as we have shown in
Section 2.5), provided it maintains a constant luminosity. This was, in fact, the way
William Thomson (better known as Lord Kelvin) and, independently, Hermann
von Helmbholtz estimated the Sun’s age more than a century ago, and for this
reason, the thermal timescale is often called the Kelvin-Helmholtz timescale.
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Historical Note: Kelvin's (1862) estimate imposed an upper limit on the age of the
Earth, which was in marked conflict with the new theory put forward by Charles Darwin
(in 1859). This theory required that geological time be much longer, so as to account for
the slow evolution of countless species of plants and animals (living and fossil) by natural
selection. A long and intense debate ensued between the two eminent scientists. To the
end Darwin remained convinced that, in time, physicists would change their minds. Harsh
criticism of Kelvin’s estimate came toward the end of the nineteenth century from the
geologist Thomas C. Chamberlin:

Is present knowledge relative to the behaviour of matter under such extraordinary
conditions as obtain in the interior of the sun sufficiently exhaustive to warrant
the assertion that no unrecognized sources of heat reside there? What the internal
constituents of the atoms may be is yet an open question. It is not improbable
that they are complex organizations and the seats of _euormous-energies.

T. C. Chamberlin: Annual Reporr of the Smithsonian Institution, 1899

And two decades later Eddington, addressing the same issue, predicted that the source of
energy in stars should be ‘subatomic’:

Only the inertia of tradition keeps the contraction hypothesis alive — or rather,
not alive, but an unburied corpse ... :

A star is drawing on some vast reservoir of energy by means unknown to
us. This reservoir can scarcely be other than the subatomic energy which, it
is known, exists abundantly in all matter ... There is sufficient in the Sun to
maintain its output of heat for 15 billion years . .. '

If, indeed., the subatomic energy in the stars is being freely used to maintain
their great furnaces, it seems to bring a little nearer to fulfillment our dream of
controiling this latent power for the well-being of the human race — or for its
suicide. ' ' '

Sir Arthur S. Eddington: Observatory 43, 1920

Finally, after about ten more years, the controversy was settled (in Darwin’s favour!) by
quantum and nuclear physics, which solved the puzzle of the energy source of stars.

The nuclear timescale

The quantity that is changed by nuclear processes, besides abundances, is a (small)
fraction of the rest-mass energy given by Einstein’s famous relation E = mc”.
This fraction, which may be turned into other forms of energy, constitutes the
nuclear potential energy. Hence we may take ¢ = & M ¢?, where ¢ can be estimated
by the typical binding energy of a nucleon divided by the nucleon’s rest-mass
energy. which amounts to a few 107, The rate of change of the nuclear potential
energy is, obviously, the nuclear luminosity L. and since we are allowed to
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assume thermal equilibrium, we may take ¢ = Ly = L. Hence

eMc?
Tnue =~ - (26] )
ik
or, using solar units,
2 M "L~
Tove ~ 84,5 x 109 [ (vg_ (2.62)
A'Il‘f;’;j. L

For the Sun, this is many times its age; in fact, 7, is larger than the estimated
age of the universe. An immediate conclusion that emerges is that stars seem (o
have actually consumed only a small fraction of their available nuclear energy.
meaning that only a fraction of the stellar mass has changed its initial composition.
Another is that, generally, nuclear equilibrium is not to be expected.

To summarize our results,

Tdyn < Ty K Thue- (263)

Consequently, it is the rates of nuclear processes that determine the pace of
stellar evolution, throughout which the star may be assumed to maintain thermal
and hydrostatic equilibrium at each stage. The set of evolution equations (2.54)
reduces to

dP Gm

dm — amrt |
dF (2.64)
dm =&

X =f(p, T.X).

This is a considerable simplification of the original set. In particular. we need
not know the initial structure of the star in order to be able to trace its evolution.
All we need to know is the initial composition. which we shall assume to be
homogeneously distributed throughout the star, and this is precisely what we do
know reasonably well. Our task of investigating the evolution of stars now divides
into two different parts, or two main questions: (a) What is the sequence of nuclear
processes that take place in stellar interiors? (b) Given the composition, what is
the structure — distribution of temperature and density — of a star in hydrostatic
and thermal equilibrium? Clearly, these questions cannot be separated: nuclear
processes depend on temperature and density. and the structure of a star depends
on its composition. But they can be answered in turn and the answers may then
be combined into a comprehensive picture of stellar evolution.

We shall address the first question in Chapter 4 and the second in Chapters 5
and 6. The next chapter, dealing in a general manner with the physics of stellar
interiors, may be skipped by readers who are familiar with the physics of gaseous
systems and of radiation.



Elementary physics of gas and
radiation in stellar interiors

As a star consists of a mixture of ions, electrons and photons, the physics of stellar
interiors must deal with (a) the properties of gaseous systems, (b) radiation and
(c) the interaction between gas and radiation. The latter may take many different
forms: absorption, resulting in excitation or ionization; emission, resulting in
de-excitation or recombination; and scattering. In order not to stray too far from
our main theme, we shall only consider processes and properties that are simple
enough to understand without requiring an extended physical background, and
yet sufficient for providing some insight into the general behaviour of stars.
The full-scale processes are incorporated in calculations of stellar structure and
evolution, performed on powerful computers by means of extended numerical
codes that include enormous amounts of information. These, however, should be
regarded as computational laboratories, meant to reproduce, or simulate, rather
than explain, the behaviour of stars. Our purpose is to outline the basic principles
of stellar evolution and we are therefore entitled to some simplification. Eddington
defends this right quite forcefully:

I conceive that the chief aim of the physicist in discussing a theoretical problem
is to obtain ‘insight’ — to see which of the numerous factors are particularly
concerned in any effect and how they work together to give it. For this purpose
a legitimate approximation is not just an unavoidable evil; it is a discernment
that certain factors — certain complications of the problem — do not contribute
appreciably to the result. We satisfy ourselves that they may be left aside; and
the mechanism stands out more clearly, freed from these irrelevancies. This
discernment is only a continuation of a task begun by the physicist before the
mathematical premises of the problem could be stated; for in any natural problem
the actual conditions are of extreme complexity and the first step is to select those
which have an essential influence on the result — in short, to get hold of the right
end of the stick. The correct use of this insight. whether before or after the

mathematical problem has been formulated, is a faculty to be cultivated, not a

34
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vicious propensity to be hidden from the public eye. Needless to say the physicist
must if challenged be prepared to defend the use of his discernment; but unless
the defence involves some subtle point of ditficulty it may well be left until the
challenge is made.

Sir Arthur S. Eddington: The Internal Constitution of the Stars. 19206

3.1 The equation of state

A relation between the pressure exerted by a system of particles of known com-
position and the ambient temperature and density, P = P(p, T, X), is called an
equation of state.

In previous sections we have repeatedly assumed the stellar gas to be an ideal
gas, which implies a mixture of free, noninteracting particles (a perfect gas).
The time has come to justify this assumption. At the temperatures prevailing in
stars, gases are ionized, and Coulomb interactions can be expected to occur. We
shall show that the energy involved in such interactions is small compared with
the kinetic (thermal) energy of the particles. For an average density p and a gas
particle mass Amy, the mean interparticle distance is

T (A'i*”)m = (4__””"*!)“”;{. 3.1)
p M

where p has been expressed in terms of stellar mass M and radius R. If the particle
charge is Ze (e denoting the electron charge). the typical Coulomb energy per
particle may be estimated as

1 222
€ R — .

3.2
471'8[) d ( )

The kinetic energy (per particle) is of the order k7" and hence, after substituting
T from Equation (2.29),
€c | Z2e%

T e i A AR
KT dmey A*B3m"GM?3

—_—
[
o
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ignoring factors of the order of unity. For Z =1, A=1 and M =M, this
ratio is about 1% and, to this accuracy, Coulomb interactions may therefore be
neglected. For higher Z, we have A ~ 22, and the ratio (3.3), which varies as
2213 remains well below unity even for a composition of pure iron. We should
note, however, that ec/kT = 1 for mass M < 107° M. Although stars do not
belong to this dangerous zone, planets do: the mass of Jupiter is roughly 107 M.
Consequently, the structure of planets cannot be described by a mixture of free
gases; more complicated equations of state must be invoked. Since ec/kT > 1

characterizes solids, we may conclude that the smaller a planet’s mass, the closer

to a solid is its structure.
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Figure 3.1 Beam of particles impinging on a hypothetical surface, making an angle ¢
with the normal to the surface.

A general theorem enables the calculation of the pressure of a free particle
system by means of an integral known as the pressure integral:

o0
P = %] vpn(p)dp, (3.4)
0

where v is the particle velocity, p its momentum, and n(p)dp is the number
of particles per unit volume with momenta within the interval (p, p +dp). The
proof of this theorem is as follows: Consider a surface (real or imaginary) within
the system of particles. The pressure on this surface results from the momentum
imparted by particles colliding elastically with it. The momentum transferred by
an incident particle is twice the momentum component normal to the surface

Ap =2pcosh. (3.5)

Consider a beam of particles impinging on the surface at a velocity v making an
angle # with the normal to the surface (as shown in Figure 3.1). Let n(8, p)d6 dp
be the number density of particles with momenta in the range (p, p + dp) and
directions within a cone (#, # + d#). Since the particle distribution is isotropic,
the number of particles within any solid angle dw is proportional to the solid
angle, or

ne.p)déddp do 2msinfdd |
—_—— = = = ifif dh. (3.6)
n(p)dp 4 4 -
The number of particles from this beam striking the surface in a time interval
61 is given by the number density multiplied by the volume vér d S cos . where

d 5§ is the area of incidence of the beam on the surface. Hence the momentum
transferred to the surface by these particles is given by

Spy =n(6, p)dddpvstdS cost Ap. (3.7)
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The contribution of these particles to the pressure — the momentum transferred per
unit time per unit surface area — is therefore given by Equation (3.7), combined
with Equations (3.5) and (3.6), after dividing by §1d S:

dP = % sin@ di n(pydp vcosd2pcost = vpn(p) dpcos’Osinfdd  (3.8)

and the total pressure is obtained by integrating over all angles of incidence
(0 =@ = m/2)and all momenta. Since

w2 1
f cos’ @ sind df = [ cos’Bdcosh = —L (3.9)
0 0 .

the proof is completed. Obviously, the pressure of a mixture of free, noninteracting
particles of different species will be given by the sum of the pressures exerted
by each species separately. This will include the radiation pressure, which is the
pressure exerted by photons. Consequently, in stars, P will be the sum of three
different terms: Py for the ions, P, for the electrons and P4 for the photons, the
first two constituting the total gas pressure,

— PI + Pc + Pmd = ous s P{'ad- (310)

[t is customary to define a parameter 3 as the fraction of the pressure contributed
by the gas; thus

Pgél.‘i:)ﬁp (F)!H)
P]'utl = {I g ﬁ)P (312)

3.2 The ion pressure

The equation of state for an ideal ion gas is the well-known relation
Py =mkT, (3.13)

where 1y is the number of ions per unit volume. This relation is obtained by apply-
ing the theorem just proven to a free particle gas in thermodynamic equilibrium,
which is characterized by a Maxwellian velocity distribution:
n|4,-'rp3d;) el _
wpdp = —— i TR, (3.14)
(2mmk 1) 2

Using relations (2.47), we obtain the total number of ions in a unit volume by
summing over all the ion species i:

m:Zn;:Z%j—i. (3.15)

!
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The mean atomic mass of stellar material s is defined by

N 3 % (3.16)
wo A N
so that
Hipm— (3.17)
LTy
and j¢; may be approximated by
RV ARk Sk (3.18)
i 4 (A

where (A} is the average atomic mass of the heavy elements (clements other than
hydrogen and helium, sometimes referred to as metals). For the Sun, for example,
X =0.707, ¥ =0.274, and (A) =~ 20: whence p; = 1.29. The ratio k/my is
usually known as the ideal gas constant

) k

R=— (3.19)

myy
Substituting Equations (3.17) and (3.19) into Equation (3.13), we finally obtain
R

P = —pT. (3.20)
H

3.3 The electron pressure

If the electrons constitute an ideal gas, the equation of state is, as Equation (3.13)
above,

P = kT (3.21)

where n, is the number of (free) electrons per unit volume. Here we shall make
a simplifying assumption by taking the atoms to be completely ionized. This
1s certainly correct for the main stellar constituents, hydrogen and helium, at
temperatures exceeding 10° K. The assumption is obviously incorrect for stellar
photospheres, but we are mainly concerned with the interior. With this assumption,
the total number of electrons per unit volume is

ne = Z Zin; = P, Z X,-%. (3.22)

My

We define ;! as the average number of free electrons per nucleon,

] Z
— =Y x5 (3.23)
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leading to

By = = (3.24)

HelllH

In terms of the mass fractions X and Y, we have

I 1 Z
Z_X+§Y+(1—X—Yj<j>, (3.25)

where (£ is the average value for metals, which may be approximated reasonably
i g ) pp ¥

well by % Hence

I
— = %(1 + X), (3.26)
which for the Sun amounts to 1, &~ 1.17 and for hydrogen-depleted stars, to
Je = 2. The electron pressure is thus given by
R
Bl e 5T (3.27)
He

Combining Equations (3.20) and (3.27), we obtain the total gas pressure

1 ] R
Poas = P+ P = (_‘F_)'R;(’T = —pT, (3.28)
Hi e M
where
1 ] |
— Ei— — (3.29)
28 M1 He

yielding u = 0.61 for the solar composition. Note that for hydrogen, the contribu-
tions of ions and electrons to the gas pressure are equal; for all heavier elements,
the electron pressure is higher than the ion pressure (twice as high for helium, for
example).

The assumptions explicitly made so far were (a) lack of interactions between
gas particles, and (b) complete ionization. Other assumptions were, however,
implicitly included when adopting the classical physics approach, ignoring quan-
tum and relativistic effects. But the conditions of stellar interiors are such that
these effects cannot always be neglected.

According to quantum mechanics, the simultaneous position and momentum
of an electron (or any other particle) cannot be known more precisely than allowed
by the Heisenberg uncertainry principle. More specifically, if a particle’s location
is known to be within a volume element AV and its momentum is within an
element A’ p in the three-dimensional momentum space, then AV and A?p are
constrained by the condition

AVA p = b, (3.30)
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Consider now an ideal electron gas of temperature 7' the temperature deter-
mines the distribution of momenta according to Equation (3.14). In particular,
the average momentum (or velocity) is uniquely determined by 7. Imagine now
that the gas is compressed. The volume occupied by each particle. AV o< p~',
decreases. As long as the temperature is sufficiently high (and, with it, the aver-
age velocity, or momentum). so that compression (decrease of AV) does not
lead to the violation of Heisenberg's principle, we should be allowed to ignore
quantum effects. Eventually, however, the density may become high (AV low)
enough for the range of momenta dictated by the uncertainty principle to exceed
the momentum corresponding to the gas temperature. Practically, this means that
the electron pressure must be higher than that inferred from the temperature. In
order to estimate the electron pressure under these conditions, we have to take
account of another quantum mechanics principle, the Pauli exclusion principle,
which postulates that no two electrons can occupy the same guantum stare. that
is. have the same momentum and the same spin. Since an electron can have two
spin states (up and down), this means that each element of phase space — location
and momentum space — can be occupied by two electrons at most. The pressure
generated by electrons that are forced into higher momentum states as their den-
sity increases is called degeneracy pressure. A state of complete degeneracy is
obtained when all the available momentum states are occupied up to a maximum
momentum value. In this case AV A¥p is minimal and condition (3.30) becomes
an equality. Such an ideal situation can only be achieved at zero temperature,
but it constitutes a good approximation to states of high degeneracy and has the
advantage of enabling a straightforward calculation of the pressure. Therefore,
although the transition from a Maxwellian to a completely degenerate momen-
tum distribution occurs gradually, we shall discuss only the extreme situations.
A more detailed treatment of the degenerate equation of state may be found in
Appendix B.

Applying the Heisenberg and Pauli principles to a completely degenerate
isotropic electron gas yields the momentum distribution — the number of electrons
with momenta in the interval (p. p + dp) per unit volume:

2

"
- = j-’-’l-:rpzdp, P < po. (3.31)

ne(p)dp = T

. . . . " Py .
The maximal momentum pg can be obtained by integrating, n, = 0“ ne(p)dp,
and reversing the relation between n, and py:

33\
=\ : (3.32)

T

We may now use Theorem (3.4), substituting Equation (3.31), taking v = p/me,
where m. is the electron mass, and carrying the integral up to py, to obtain the
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degeneracy pressure of an electron gas

347

5 8T . h? ( N ] ( o VP2 (
edles— T e = = = | 3
el 15m.h? Po 20m. \ o m?{-"-‘ His

where we have used relation (3.24) for ;.. We note that the degeneracy pressure
is inversely proportional to the particle (electron) mass. Hence, although the argu-
ments presented for electrons could be equally applied to protons and neutrons, as
they are nearly 2000 times more massive than electrons. quantum effects become
important in their case under much more extreme conditions (much higher den-

d
(7%}
s
—

sities for a given temperature, and much lower temperatures for a given density),
and may usually be ignored. We also note that, in spite of the high densities
characteristic of degenerate matter, the particles may be still considered free,
since the particle energy, of the order of p;/2me., is still higher than the Coulomb
energy ec.

Exercise 3.1: Find the condition that the electron number density . must satisfy,
for a degenerate electron gas to be considered perfect.

Inserting the numerical values of constants in Equation (3.33), we obtain

A\ /3
Priss = K| (i) . (3.34)

He

where K| = 1.00 x 10" m*kg=%3s7 [1.00 x 10" em* g=%/* s72]. For a compo-
sition devoid of hydrogen (and not very rich in extremely heavy elements), p, =~ 2

and hence the degeneracy pressure (3.33) is simply given by
Pojing = K1p™?, (3.35)

where K is a constant. This relation will be often used in future discussions.

If the electron density is increased further, the maximal momentum in a
completely degenerate electron gas grows larger. Eventually, a density is reached
such that the velocity pg/m. approaches the speed of light. The electrons now
constitute a relativistic degenerate gas, for which the simple relation between
momentum and velocity p = muv no longer holds and has to be replaced by the
relativistic kinematics relation. Here again, for simplicity, we shall only consider
the extreme case in which the velocity is very close to ¢. Replacing v by ¢ in the
pressure integral (3.4), we obtain by the same procedure as before

Poyge =€ (i)l b (ﬁ v (3.36)
e.r—deg 3 7 m:{;_,._,' e Fs B

for the pressure exerted by a completely degenerate relativistic electron gas in
the limit v — ¢. The transition between relations (3.33) and (3.36) is a smooth
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function of v/c or p/mec, which we shall not address here (but see Appendix B).
Inserting the numerical values of constants in Equation (3.36), we obtain

(p 4/3
B ae=Ki =] (3.37)
"\ e

where K) = 1.24 x 10" m kg "*s7! [1.24 x 10 em? g3 s7!] and finally,
for a fixed value of .,

Per deg = ij;l";}‘ (3.38)

where K> is another constant.

We should keep in mind that relations (3.35) and (3.38) for the pressure were
obtained on the assumption of vanishing temperature and hence. naturally, the
pressure is only a function of density (for a given composition). It is true, however,
that even in the case of incomplete — or partial — degeneracy, the temperature
plays a far smaller role than in the case of an ideal (nondegenerate) gas. Thus as
a crude approximation, the degeneracy pressure may be considered as insensitive
to temperature. The approximation is good provided kT is only a fraction of the
kinetic energy of a particle with the highest momentum py(n,). A more accurate
treatment of degeneracy pressure may be found in Appendix B.

3.4 The radiation pressure

Radiation pressure is due to photons that transfer momentum to gas particles
whenever they are absorbed or scattered. In thermodynamic equilibrium the pho-
ton distribution is isotropic and the number of photons with frequencies in the
range (v. v + dv) is given by the Planck (blackbody distribution) function

87v?  dv
A(dy = ———— (3.39)
e oeir —1
The pressure is then readily obtained from Equation (3.4):
( [ hv { oid
Pad = 3 c—n(v)dv = zaT", (3.40)
3 ), ” :
where « is the radiation constant
8r°k* 4o 7.5
= ——F— = —. o
T e ¢

Although the expression for radiation pressure was easily derived from the
pressure integral, the concept deserves further (intuitive) explanation. Imagine a
collimated beam of photons striking an atom. Each photon is absorbed, thereby
exciting the atom. which consequently returns to its original state by emitting
a photon. The direction of the emitted photon is random, the initial direction
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of the absorbed one having been ‘forgotten’. Each such interaction involves an
exchange of momentum. By absorbing the photon, the atom gains momentum in
the direction of the photon beam. When it emits a photon, the atom recoils in
the direction opposite to that of the emitted photon. After a long series of such
interactions, the random changes of momentum due to emission cancel out and
the net change in the atom’s momentum is in the direction of the photon beam, as
if material pressure has been exerted on it in that direction.

3.5 The internal energy of gas and radiation

The specific energy (energy per unit mass) of a perfect gas, which is due to the
kinetic energy € of the motion of the individual particles, is generally given by

I 00
"= —f n(ple(p)dp, (3.42)
P Jo

where the integral represents the energy density (energy per unit volume). For a
classical gas, € = }J2/2}'Hgi for a relativistic gas

’ Pl
e=mgc” [ |1 + —= =il (3.43)

which tends to p*/2m, in the limit p < mgc. Performing the integral for a simple
classical ideal gas. we obtain for the energy density the well-known result 2nk T,
which is equivalent to 5 P. The specific energy is therefore
3 ID_‘_‘.ZL\'

2 p

For a classical completely degenerate electron gas we obtain the specific energy

(3.44)

Ugys =

by integrating Equation (3.42) up to the highest momentum pq and the result is
identical with that obtained for the classical ideal gas — Equation (3.44). For the
relativistic completely degenerate case we obtain by the same procedure

P_‘:T_Zl.\'

Uggs = 3 ; (3.45)
0

The energy density of radiation is given by

o0
f hvn(v)dv = aT?, (3.46)
0
where the integral is the same as in Equation (3.40), the specific energy being
I® Pr,
e e B (3.47)

=
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Exercise 3.2: Assuming a uniform value of 8 throughout the star and defining
U= f(t!gas + ttaq)dm, show that the virial theorem (2.23) leads to

Palac iy
2 2—-8
for a classical (nonrelativistic) gas. Note in particular the limits 8 — 1 and
B — 0. If the star contracts, maintaining the same uniform £, which fraction of
the gravitational potential energy released is radiated away and which fraction is
turned into heat?

3.6 The adiabatic exponent

Thermodynamic processes of a special kind, which will be of interest in later
discussions, are those occurring in a system without exchange of heat with the
environment. Such processes are called adiabatic. From the first law of thermo-
dynamics (mentioned in Section 2.2) it follows that adiabatic processes satisfy
the condition
1 : :
du+ Pd (—) = 0. (3.48)
Jel
In the previous section we have seen — at least for simple systems — that the
specific energy u is always proportional to P /p. We may therefore write

U= qbﬁ. (3.49)
p

which, by differentiating and substituting into Equation (3.48), leads to
1
P

Accordingly, the dependence of the pressure on density is described by a power
law

dPd ( ) +-;Dlu'!’ + Pd (l) = (¢ + 1)Pd (l) —|—d)ldP =0. (3.50)
P P o o

Piocin™ (3.51)

The power (d In P/d In p) is called the adiabatic exponent, denoted y,: the pro-
portionality factor (to be denoted K,) is determined by the properties of the
system (it is a direct function of the entropy). In conclusion, adiabatic processes
are characterized by the law

P =K,p". (3.52)

It is easily seen that for the systems we have considered. the value of y, 15 5/3
in the case of a nonrelativistic ideal gas or a completely degenerate electron gas,
and 4/3 in the case of a relativistic degenerate electron gas or of pure radiation.
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Intermediate values will obtain for mixtures, such as gas and radiation, and for
nonextreme cases, such as a moderately relativistic degenerate electron gas.

So far we have considered gases of a fixed number of particles: either (almost)
fully ionized, as in the deep stellar interior, or (almost) fully recombined, as in
the outer layers of a cool stellar atmosphere. When ionization takes place and
the number of particles changes with the other physical properties, the adiabatic
exponent changes too. Since this will prove to be of particular importance to the
stability of stars, it deserves some discussion. We shall only consider the very
simple case of a singly ionized pure gas (rather than a mixture of gases), say.
hydrogen. Hence we have to deal with three different types of particles: neutral
atoms, whose number density we denote by 5y, ions of number density n,, and
free electrons of number density n. (obviously, n. = n ). The pressure exerted
by the gas is proportional to ny + 1. + n., while the mass density is proportional
to ny + n.. The degree of ionization is defined by

Bomm g (3.53)
Hgy + Hy

The densities of ions and neutrals are related by Saha’s equation (after Meghnad
Saha, who derived it in 1920)

n ”L‘ " 3T IET
e B ik Ty et (3.54)

2
3

nn T

where g is a constant and y is the ionization potential (the energy required to
create an ion by removing an electron from an atom). In terms of the degree of
ionization, we have

P=(l4+x)nyg+n)kT = (1 +x)RpT, (3.55)

and Saha’s equation becomes
X2 | Qrm ) 2kTY? _,
- et et/ (3.56)
l—x* A P
In the case of a partially ionized gas, the specific energy has an additional term,
xno/p = yn./l(ny+ ny)myl = yx/my, which is due to the available potential
energy of ionization. Thus

e (3.57)

P X
P my

3
U= -
2

replaces Equation (3.49). Using Equations (3.55) and (3.56) to express the degree
of 1onization as a function of pressure and density x = x(P, p), differentiating
Equation (3.57), and substituting into Equation (3.48) yields

3 /1 3 | X 0x X 0x I
~|—=)dP+Pd\— |+ ——dP+ ——dp+Pd|—-|=0.
2 \p 2 o my o P my dp 0

(3.

n

8)
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Figure 3.2 Radiation flux passing through a slab.
Multiplying by p/ P and assembling terms, we have

3+ X P (éi.x dPpP 5 0 (J_r d_p_o
2 kT \l1+x/\8P/, | P 2 kT \14x/\8p/)p]lp

(3.59)

from which, after not inconsiderable manipulation, y,(x) may be calculated:

54 (3+4) x1—x

3+[3+ G+ &) ]ra-n

yalx) = (3.60)

In the limit x = 0 or x = 1, we obtain y, = 5/3, as belore; the minimum value
is obtained for x = 0.5; it is 1.63 for y/kT =1, for example, and 1.21 for
X/ kT =10.

3.7 Radiative transfer

Consider a slab of thickness dr and density p between parallel surfaces A and
B of unit area, as shown in Figure 3.2. A radiation flux H (energy per unit area
per unit time) incident on A emerges at B after losing an amount  H, which
has been absorbed by the slab (in reality, the slab may also emit radiation, which
would have to be taken into account). Obviously, the amount of absorbed radiation
should be proportional to the incident flux and to the amount of material, that
is, to the density of absorbing (scattering) particles and to the length of the path
travelled by the photons, and hence to their product Hpdr. We may therefore
Wr1Le:

dH = —«Hpdr, (3.61)
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where the minus sign indicates that the flux has been diminished, and « is the
proportionality factor. called the opacity coefficient, determined by the properties
of the material the slab is made of, such as composition, density and temperature.

A dimensionless quantity, 7, may be defined by dt = —kpdr; called oprical
depth, itis a measure of the transparency of a medium to radiation. The minus sign
appears because radial distance is measured positively outwards, while depth is
measured positively inwards. An opaque medium has a large optical depth, which
may be due to a large physical depth, a high opacity, or a high density, or to
a combination of these factors. A transparent medium, which lets through most
of the radiation crossing it, has a low optical depth. Integrating Equation (3.61)
inwards, we thus obtain

H(r) = Hpe 170 (3.62)

for the radiation flux at a distance r from a source Hy. By definition, 1y > 7(r),
sothat H(r) < Hy. The characteristic absorption length, (kp) ', may be regarded
as the mean free path of a photon.

In a star, the concept of optical depth serves to define the photosphere. Being
a gaseous sphere, a star does not have a well-defined surface; the stellar radius is,
by definition, the radius of the surface where T = T.;. To find this surface, we
recall that the bulk of stellar radiation is emitted from the region lying above R,
which is the photosphere: hence the optical depth of the photosphere, [,f —kpdr,
must be of the order of unity. The condition ],:,\’ xpdr = 1 may be regarded as a
definition of R, the exact value of the photospheric optical depth being determined
by a detailed treatment of radiative transfer and its inherent assumptions and
approximations.

Exercise 3.3: Show that the equation of hydmstatic equilibrium may be written
as . '
ar &
dr ;
where g is the local gravitational ac_:cele_ra:.ign.f{Tﬁis form is useful in models of
stellar atmospheres.) Use this form to evaluate the pféssu_re at R and estimate the
ratio between the centre and surface _presSu:r'es of a star. For simplicity, assume
an average constant opacity for the photosphere.

As photons of different frequencies interact differently with matter, the opacity
coefficient is also a function of the frequency (or wavelength) of the radiation and
the foregoing discussion applies strictly only to monochromatic radiation. It is,
however, possible to define an average opacity, independent of wavelength (see
Appendix A). The most important interactions between stellar matter (of high
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temperature) and radiation are those involving electrons (rather than the much
heavier nuclei). These are of several types.

1. Electron scattering — the scattering of a photon by a free electron. In
the classical case, known as Thomson scattering (after J. J. Thomson),
the photon’s energy (that is. frequency) remains unchanged. In the less
common, relativistic case, known as Compton scattering. the photon’s
energy changes.

2. Free-free absorption — the absorption of a photon by a free electron, which
makes a transition to a higher energy state by briefly interacting with a
nucleus or an ion. The inverse process, leading to the emission of a photon,
is known as bremsstrahlung.

3. Bound-free absorption — which is another name for photoionization — the
removal of an electron from an atom (or ion) caused by the absorption of
a photon. The inverse process is radiative recombination.

4. Bound-bound absorption — the excitation of an atom due to the transition
of a bound electron to a higher energy state by the absorption of a photon.
The atom is then de-excited either spontaneously or by collision with
another particle, whereby a photon is emitted.

In the deep stellar interiors, where temperatures are very high, the first two
processes are dominant, simply because there are very few bound electrons,
the material being almost completely ionized. Furthermore. the energy of most
photons in the Planck distribution is of the order of keV, whereas the separation
energy of atomic levels is only a few tens eV. Hence most photons interacting with
bound electrons would set them free. Thus bound-bound (and even bound-free)
transitions have extremely low probabilities, interactions occurring predominantly
between photons and free electrons.

Opacity coefficients may be measured or — for conditions typical of stellar
interiors — calculated, taking into account all the possible interactions between
different elements and photons of different frequencies. This is a tedious task
that requires an enormous amount of calculation. When it has been performed,
the results are usually approximated by relatively simple formulae in the form of
power laws in density and temperature for a given composition:

K = iop®T?. (3.63)

The opacity resulting from electron scattering is temperature and density inde-
pendent (a = b = 0); it is given by

Kes,0) 5

e Theso(1 + X), (3.64)

Key =
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Figure 3.3 Opacity coefficients (in units of cm” g~') for a solar composition as a func-
tion of temperature for different density values; the numbers beside each curve are
log p(g em™) (data from C. A. Iglesias & F. J. Rogers (1996), Astrophys. J. 464).

where ke 0 = 0.04m? kg™ (0.4cm? g !). The opacity resulting from free-free
absorption, first derived by Hendrik A. Kramers, is well approximated by a power

law of the form (3.63), withe = 1 and b = —7/2, known as the Kramers opacity
law,
. Kt'r_c:(Z:’)p T2 & Lo 1+ X](Zz>p 7712 (3.65)
Lt ) (sl ~ L g = 2 3 6
fi e VA 3 K€ 1
where complete ionization is assumed and ( )= ¥ X-% The constant kg

has the value 7.5 x 10" m> kg2 K"/? (7.5 x I(]“(,m g 2 K'?)with an accuracy
of about 20%. Electron scattering and free-free opacities are both due to the free
electrons: both coefficients, k. and kg, are thus proportional to the electron
number density and hence to p; ' (see Equation (3.24)). Opacity coefficients for
solar composition material are given, as an example, in Figure 3.3; note that above
a few 10" K they may indeed be quite accurately represented by power laws.
The average opacity of stellar material (of solar composition) is of the order
of 0.1 m* kg~ (1 em? g '), and since the average density is of the order of 1000
kem (1 gem™?), the mean free path of photons in the interior of a star is about
0.01'm (1 cm). The temperature drop over such a radial distance within a star is
about 0.001 K (estimated as T/R). This is why the radiation in stellar interiors is
so close to that of a blackbody. But blackbody radiation is also isotropic: what,
then, is the meaning of a radiation flux from the interior of the star to the surface
(the function F in Equation (2.6))7 It turns out that the minute deviation from
isotropy is sufficient for the transfer of energy that results in the stellar luminosity.
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To calculate the radiative flux we shall adopt a simple approach due to Edding-
ton. The absorption of radiation energy by the slab just considered also involves
a corresponding amount of momentum: the momentum absorbed by the slab per
unittime is [d H|/c. The rate of increase of the momentum must be equal to the net
force applied to the slab by the radiation field (Newton’s second law). This force
is simply the difference of the radiation pressures exerted on the surfaces A, say
atr,and B, at ¥ + dr (see Figure 3.2): Pq(r) — Pog(r +dr) = —(d Prya/dr)dr.
Consequently,

H Kp 55 dF )rald

(3.66)

o dr
and since the radiation may be assumed to be blackbody radiation, the pressure
is given by Equation (3.40) and

dacT?dT

H = .
3cp dr

(3.67)

A rigorous derivation of this equation, leading to the correct evaluation of the
average opacity, is given in Appendix A. To obtain the total flux F crossing a
spherical surface of radius r, we multiply H by the surface arca 47 r?:

,4acTdT y
F = —dmxr- —. (3.68)
3kp dr
We may invert this relation to obtain the temperature gradient in terms of the flux:
dT 3 kp F
oW B8 . W (3.69)
dr dac T3 4mr?
or, using m as the independent space variable,
T 3 « i
= = i (3.70)

dm ~ dac T3 (dur2)?

We have now gathered sufficient information on the physics of stellar interiors
to allow us to pursue the investigation of stellar evolution.



Nuclear processes that take
place in stars

The evolution — continuous change — of stars is due to their sustained emission of
radiation originating from an internal source. The energy source that supplies the
luminosity of stars during most of their lifetimes is nuclear fusion, which turns a
small fraction of the rest mass into energy. Although this was only realized at the
beginning of the twentieth century, with Einstein’s formula E = mc?, the concept
of conversion of matter into light dates back to Newton, at the beginning of the
eighteenth century.

The changing of bodies into light, and light into bodies, is very conformable to
the course of Nature, which seems delighted with transmutations.
Isaac Newton: Opricks, 1704

The formalism by which nuclear reactions are incorporated into the stellar evo-
lution theory was given in Section 2.6. The purpose of the present chapter is to
examine in more detail the nuclear processes that are bound to take place in stars
and the energy each of them can supply.

4.1 The binding energy of the atomic nucleus

The energy released or absorbed in a nuclear reaction being a fraction of the
rest-mass energy of the particles involved, mass is not strictly conserved: the
total mass of the products differs slightly from the total mass of the reactants,
the difference depending on the binding energies of the interacting nuclei. As we
have seen in Section 2.6, the general description of a nuclear reaction is of the
form (2.48),

1A, Z)+ J(Aj, 2)) = K(A, 20 + LIAL 2.

51
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Denoting by Q;;; the amount of energy released in this reaction, and by M; the
mass of a nucleus of type /., we have

Qijx = M + M — My — M2, (4.1)

neglecting the small masses of possible light particles that may be involved. Using
the mass unit myy, we may write Equation (4.1) as

Ok = l(M; — Aimy) + (M — Ajmy) — (My — Agmp) — (M; — Amy)]c?
+ (Ar + A,‘ — A, = A; }m”{':. (4.2)

where the second term on the right-hand side vanishes, by conservation of baryon
number, Equation (2.49). The difference

AM) = (M; — Aimy)e? (4.3)

(whether positive or negative) is called mass excess, despite its being a measure
of energy. Mass excesses are listed in tables of nuclear data in units of MeV
(I MeV = 10° eV = 1.6021772 x 10~"% J). We note that mass-excess values
depend on the atomic mass unit employed. but Q;;;, which involves differences
of mass excesscs. 1s independent of the (arbitrary) mass unit.

We may now calculate the total rate of energy release at a given point in a star:
since the number of reactions of type (2.48) that occur per unit volume per unit
time 1s n;n ;R (if 1 = J, n;n; should be replaced by %nf). the energy released
by such reactions per unit volume per unit time is ;1 ; R;jx Q. Summing over
all nuclear reactions that can occur at that point, and dividing by p to obtain the
rate of energy released per unit mass, we have

0 I X X .

&= m,zl UZ& 146 A A Kiji Qi L
for the term that appears on the right-hand side of the energy equation (2.6). In
reality, the available energy (to be turned into heat) may be less. If neutrinos are
produced by the nuclear reactions (or by other processes), their energy is lost to
the star, which is transparent to neutrinos. These ‘particles’ leave the star without
undergoing collisions and sharing their energy with the medium. Therefore, the
net rate of energy release is gy — ¢y, where gy, is given by Equation (4.4) and
¢, is the neutrino energy lost per unit mass per unit time.

Neutrinos are not only produced in nuclear reactions involving electrons and
positrons, but also in interactions similar to those of an electron with the radiation
field (photons), in which a change in the electron’s momentum occurs. Simply,
the emerging photon is sometimes — usually extremely seldom — replaced by a
neutrino-antineutrino pair. Thus photoneutrinos are produced when a photon is
scattered by an electron, replacing the outgoing photon. The annihilation of an
electron-positron pair (discussed in Section 4.9), which normally results in the



4.2 Nuclear reaction rates

53

creation of two photons, may produce a neutrino-antineutrino pair instead, with
a probability of about 10~!". Bremsstrahlung photons, emitted when an electron
is decelerated by the Coulomb field of a nucleus or an ion (see Section 3.7),
may also be replaced by a neutrino-antineutrino pair. Finally, a photon may itself
decay into a neutrino-antineutrino pair, when the radiation field is affected by the
electromagnetic field of the stellar plasma. The role of the electron is replaced
in this case by a virtual particle called plasmon — essentially, a quantized plasma
wave. All these processes become important either at very high densities or at
very high temperatures (or both). Then, due to the transparency of stellar material
to neutrinos (the mean free path of stellar neutrinos is about 10”R.!), they may
cause efficient local cooling.

The energy released in a nuclear reaction Q;;; is a measure of the difference
between the binding energies of the reactants and the products. The total binding
energy of a nucleus is, of course, a function of the number of nucleons; but
even the binding energy per nucleon differs from element to element, or among
isotopes of the same chemical element (nuclei with the same Z, but different .A).
This implies that some nuclear structures are more stable than others. There are
also unstable nuclei that spontaneously decay by emitting light particles such
as electrons (8~ decay) or positrons (81 decay) — these are called radioactive
isotopes; and there are excited nuclei, in a high-energy state, that emit energetic
photons, thereby becoming more strongly bound. The nuclear-shell model, similar
in many respects to the electron-shell model of the atom, explains these properties.

For our purposes, the important result is the variation of binding energy
per nucleon with baryon number A, shown in Figure 4.1, relative to the free
proton — the hydrogen nucleus. The general trend is an increase of the binding
energy per nucleon with atomic mass up to iron (A = 56) and a slow monotonic
decline beyond iron. The steep rise of the binding energy from hydrogen, through
deuterium and “He, to *He implies that fusion of hydrogen into helium should
release a large amount of energy per nucleon (unit mass), considerably larger
than that released in. say. fusion of helium into carbon. Energy may be gained
by fusion of light nuclei into heavier ones up to iron and. to a lesser extent, by
breakup, or fission of heavy nuclei into lighter ones down to iron. In a different
context, we recognize the first process as the basic mechanism of the H-bomb,
and the second. as the mechanism of the A-bomb. Another important fact related
to the binding energy of atomic nuclei is that there are no stable configurations for
A = 5 and for A = 8; *He is more tightly bound than its immediate neighbours.

4.2 Nuclear reaction rates

In Section 2.6 we have seen that the rate of a nuclear reaction is essentially
the product of the cross-sectional area of a (target) nucleus and the relative



54

4 Nuclear processes that take place in stars

; ‘He
! 5Be
|I 120
[ G,
Ll 18, [ "8 ap
i 8] ! y 208pp,
I | |
Ll S ! | 238
| ..n}/. “HHM‘
] - e
i b i -
_ ! fusion 3 N
-g h" 15510Nn
= |\
4] | 1
o |
‘dj 1
£ |
> |
2 ;
g 5L
a
(=]
ok
5
=
@

p SHe

p o

"H
Atomic weight

Figure 4.1 Variation of the binding energy per nucleon with baryon number.

velocity of the interacting gas particles. For the latter, we may simply assume a
Maxwellian velocity distribution (Equation (3.14)): this means that the probability
of the velocity of a particle of mass m, being within an interval dv around a
velocity v would be proportional to exp(—mv”/2kT'), decreasing with increasing
v. Since, in reality. the target nuclei are not at rest (as assumed, for simplicity, in
Section 2.6) and as v is the relative velocity of the interacting particles I and J, m,
is their reduced mass [mg ;mg ;/(my; + mg ;)]. The cross-sectional term ¢ in the
product presents a more difficult problem: in order to induce a nuclear reaction,
nuclei have to come within a distance comparable to the range of the strong force.
Since they are positively charged. to do so they must overcome the Coulomb
repulsive force, which tends to separate them. This force imposes an effective
barrier at a separation distance d, where the kinetic energy of the particles equals
the electric potential energy.

1 Z,: Z_l,'(’z

dmeg %mg p?

d= (4.5)

For average stellar temperatures (as derived in Section 2.4), the thermal velocities
are such that the Coulomb barrier is set at a distance which is almost three orders
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Figure 4.2 Schematic representation of the Coulomb barrier — the repulsive potential
encountered by nucleus in motion relative to another — and the short-range negative
potential well that is due to the nuclear force. The height of the barrier and the depth of

the well depend on the nuclear charge (atomic number).

of magnitude larger than the typical range of the strong nuclear force! This
is illustrated schematically in Figure 4.2. In other words, the kinetic (thermal)
energy of the gas in stellar interiors is of the order of keV, while the height of the
Coulomb barrier at nuclear distances is of the order of MeV.

We can now understand why, during the first quarter of the twentieth century,
it was thought impossible for such interactions to take place in stars: simply, stars
appeared not to be sufficiently hot. The solution to this puzzle was provided by
quantum mechanics. A rigorous explanation is beyond the scope of this text; suf-
fice it to say that, according to quantum mechanics, there is a finite (nonvanishing)
probability for a particle to penetrate the Coulomb barrier, as if a ‘tunnel” existed
to carry it through. This quantum effect, discovered by George Gamow in 1928
in connection with radioactivity, is indeed called ‘tunnelling’. It was applied to
energy generation in stars by Robert Atkinson and Fritz Houtermans in 1929,
soon after its discovery.

The penetration probability, as calculated by Gamow, and with it the nuclear
cross-section, is proportional to exp(—m Z; Z_,-ez/s{}h v), thus increasing with v. In
conclusion, the product exp(—m Z; Z_,—ez/enfzv)cxp(—mgv:/Zk T), where the first
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exponent increases and the second decreases with increasing v. has a maximum
known as the Gamow peak. To calculate the reaction rate, we would have to
integrate the product over all velocity values. It can be shown that the value of
the integral, and with it the reaction rate, is proportional to the maximum of the
product, which occurs for

v = (w2 Z;e°kT /eohmy)' > (4.6)
Hence the reaction rate
{kr)_-s,.-q 3 ITZJ-ZJ;(’Z)N; (,ing)l_-'.'%
v X REERAK e, | T £
: 1732 eoh kT

increases with increasing temperature and decreases with increasing charges of the
interacting particles. Fusion of heavier and heavier nuclei would therefore require
higher and higher temperatures. Reactions of a special type, called resonant
reactions, interfere with this monotonic trend. They occur when the energy of
the interacting particles corresponds to an energy level of the compound nucleus
(! + J). which is formed for a very brief period of time, before decaying into
the reaction products K and L. In this case the reaction cross-section has a very
sharp peak at the resonant energy, several orders of magnitude higher than the
cross-sections at neighbouring energies.

The typical timescale of a nuclear reaction is inversely proportional to the
reaction rate. For example, the characteristic time of destruction of type / nuclei
by collisions with type J nuclei, leading to reactions of the form (2.48), would
be given by

1
5= (n; R:’jk) .

The extremely high sensitivity of nuclear reaction rates to temperature leads
to the concept of ‘ignition” of a nuclear fuel: each reaction (or nuclear process)
has a typical narrow temperature range over which its rate increases by orders
of magnitude. from negligible values to very significant ones. Around this range,
the temperature dependence of the reaction rate may be well approximated by a
power law (with a high power) and an ignition or threshold temperature may be
defined. Hence, by Equation (4.4), we should characteristically have ¢ oc p7", or

q = qopT". (4.7)

The process of creation of new nuclear species by fusion reactions is called
nucleosynthesis. And since the kinetic energy of particles is that of their thermal
motion, the reactions between them are called thermonuclear, as mentioned in
Section 2.6. The simple chain of arguments presented here may be misleading;
nuclear reaction rates involve quite complicated calculations, taking into account
the particular structure (energy states) of the interacting nuclei. A detailed account
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of the physics of nuclear reactions may be found in Donald Clayton’s classic book,
Principles of Stellar Evolution and Nucleosynthesis, first published in 1968.

4.3 Hydrogen burning I: the p — p chain

The most abundant element in newly born stars is hydrogen. with Z = 1.
Fusion of hydrogen into the next element, helium, with Z = 2, would require
an encounter of three or four protons — hydrogen nuclei — within a distance of
the order of fermis. The probability of such a multiple encounter is vanishingly
small. Thus the process by which hydrogen is, eventually, turned into helium does
not happen at once but gradually, through a chain of reactions, each involving the
close encounter of only two particles. The first link of this chain should obviously
be fusion of two protons (by the nuclear force — the strong interaction). The result-
ing particle would be, however, unstable and it would immediately disintegrate
back into two separate protons. The way out of this impasse was found by Hans
Bethe in 1939: during the close encounter of two protons, the weak interaction
may convert one proton into a neutron, thus forming a heavier, stable isotope of
hydrogen, deuterium:

p+p—"D+e +v.

We note that all three conservation laws are obeyed — baryon number, lepton
number and charge. Then deuterium captures a proton to form the lighter helium
isotope, *He:

D+ p - He +y,

where y indicates the emission of an energetic photon, which will soon be
absorbed, and whose energy will be shared by neighbouring particles. The chain
now ramifies: one branch following the encounter of two *He isotopes, and the
other, the encounter of a *He isotope with a *He one;

*He + *He — “He + 2p,
or
‘He 4+ *He — "Be + V.

The first branch marks the end of a chain — called the p — p1 chain — that
turns six protons into a *He nucleus (also known as an & particle), returning two
protons, as illustrated in Figure 4.3. The second branch ramifies again, defining the
p — pll and the p — p Il chains shown in Figure 4.3. The p — p 11 chain proceeds
with the capture of an electron by the beryllium nucleus, accompanied by the
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Figure 4.3 The nuclear reactions of the p — p 1, 1 and III chains.

emission of a neutrino:
Be4+e = "Lit1
and the subsequent capture of another proton, to form fwo *He nuclei:
"Li+ p — 2*He.

The p — pIII chain results from the capture by 'Be of a proton, instead of an
electron:

Be+p— *B+y.

The radioactive boron isotope ®B decays into *Be, which is highly unstable and
immediately breaks into two *He nuclei:

B — "Be+ et + v
*Be — 2 “He.

This completes the p — p chain, whose three branches operate simultaneously.
The relative importance of these chains, that is, the branching ratios, depend
upon the conditions of hydrogen burning: temperature, density and abundances
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of the elements involved. For example, for X = Y, the transition from p — plto
p — p 1l occurs gradually between temperatures of 1.3 x 107K and 2 x 10" K;
above 3 x 107K the p — p Il chain dominates. However, at such high temper-
atures, a different hydrogen-burning process may favourably compete with the
p — p chains, as we shall see shortly.

The energy released in the formation of an « particle by fusion of four protons
is essentially given by the difference of the mass excesses of four protons and one
« particle,

Qp—p = 4AM('H) — AM(*He) = 26.73MeV,

according to the atomic mass table. Since any reaction chain that accomplishes
this task must also turn two protons into neutrons, two neutrinos are emitted,
which carry energy away from the reaction site. (In fact, it is these neutrinos that
bear direct testimony to the occurrence of nuclear reactions in the interiors of
stars, which would be otherwise unobservable. We shall return to this point in
Section 9.3, when we discuss solar neutrinos.) The amounts of energy carried
by the neutrinos vary for the different reaction chains: from 0.26 MeV for the
creation of deuterium, to 7.2 MeV for the boron decay. Since the p — p III chain,
which includes the boron decay, has a small probability (branching ratio), 26 MeV
are liberated on the average for each helium nucleus assembled, which, translated
into energy per unit mass, yields 6 x 10 Jkg ' (6 x 10" erg ¢71).

Finally, the rate of energy release is determined by the slowest reaction in the
chain, which is the first one, with a typical timescale of almost 10! yr. It may be
approximated by a power law in temperature with an exponent ranging from less
than 4 and up to ~6. Roughly, we may assume

G X pi, (4.8)

Not only does the p — p chain require the lowest temperature among fusion
processes, but it also exhibits the weakest temperature sensitivity.

4.4 Hydrogen burning Il: the CNO bi-cycle

We have seen in Chapter 1 that a small percentage of the initial composition of
any star consists of carbon, nitrogen and oxygen (CNO) nuclei. These nuclei may
induce a chain of reactions that transform hydrogen into helium, in which they
themselves act similarly to catalysts in chemical reactions: they are destroyed
and reformed in a cyclic process. The process, which is accordingly named
the CNO cycle, was suggested by Bethe and, independently, by Carl-Friedrich
von Weizsacker, in 1938. The reactions involved are shown schematically in
Figure 4.4. We note that here, too, as in the case of the p — p chain, the process
may ramify, with the two different branches forming a bi-cycle. Each of the
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Hydrogen burning
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Figure 4.4 The nuclear reactions of the CNO bi-cycle.

two closed chains that form the CNO bi-cycle involves six reactions resulting
in the production of one *He nucleus: four proton captures and two A7 decays
accompanied by the emission of neutrinos per chain. They are listed below, in

parallel.

BC + 1H— BN+ ¢
BN - BC+ef+v
B =0 lH - MN—l—]/
SN + t” s I50+}/
150 = BN 4 e 4+ v

15N+ IH—> IZC _l_-il_le

HN o s B0 4y
B = BNgetgp

"N + 'H- "%0+y
160 + 'TH— "F 4y
"F - "0 +et +v

"0 + "H — "N + “He

We note that the number (total abundance) of CNO (and F) nuclei taking
part in the process is constant in time; the relative abundances of the species
depend upon the conditions of burning. mainly the prevailing temperature. The
burning rate — as in any chain of reactions — is determined by the slowest reaction
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in the chain. In this context, it is important to note that, while § decays are
independent of external conditions, capture reactions are extremely sensitive to
temperature. Hence a very wide range of burning rates is to be expected, but only
so long as capture reactions proceed more slowly than 8 decays. At the extremely
high temperatures for which the situation is reversed, f decays would act as a
bottleneck to the nuclear reaction sequence, regardless of temperature. This may
occur in explosive hydrogen burning (see Section 11.6).

The energy released in the formation of a *He nucleus by the CNO cycle is
~25 MeV, after subtracting the energy carried away by the neutrinos. The temper-
ature dependence of the energy generation rate ¢ may be roughly approximated
by a steep power law

gqoeno < pT b (4.9)

Thus, both processes of hydrogen burning — the main source of stellar
energy — were brought to light at about the same time, and Bethe played a crucial
role in both. Many vears later, in 1967, he was awarded the Nobel Prize for
Physics for his contribution to the understanding of energy production in stars.

4.5 Helium burning: the triple-o reaction

As in the case of hydrogen burning, the simplest and most obvious nuclear
reaction in a helium gas should be fusion of two helium nuclei (« particles).
But we have seen in Section 4.1 that there exists no stable nuclear configuration
with A = 8 (regardless of Z). Two helium nuclei may be fused into a beryllium
isotope

*He + *He = ®Be,

but the *Be lifetime is only 2.6 x 107'°s! The solution to this new problem was
provided by Edwin Salpeter in 1952. Short as the *Be lifetime may seem, it is
nevertheless longer than the mean collision (scattering) time of « particles at
temperatures of the order of 10® K. Therefore, even at the seemingly negligi-
ble *Be abundance of one in 107 particles, there is a nonvanishing probability
that an « particle will collide with a *Be nucleus before it decays, to produce
carbon:

8Be + ‘He — *C.

Fred Hoyle realized shortly afterwards that the small probability of an « capture
by a beryllium nucleus would be greatly enhanced if the carbon nucleus had an
energy level close to the combined energies of the reacting *Be and *He nuclei.
The reaction would then be a relatively fast resonant reaction. Remarkably, such a
resonant energy level of '>C (at 7.65 MeV) was subsequently found experimentally
in the Kellogg Radiation Laboratory at the California Institute of Technology. The
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excited '*C nucleus decays back into three « particles with high probability, but
with a nonnegligible probability it decays to its ground state, emitting an energetic
photon (y-decay).

Thus helium burning proceeds in a two-stage reaction that leads to the fusion
of three helium nuclei into '>C; hence the name of this reaction: triple-a (or 3a).
The energy released in such a reaction is easily calculated:

Q30 = 3AM(*He) — AM('°C) = 7.275MeV,

and, correspondingly. the energy generated per unit mass is 5.8 x 10'% J kg~
(5.8 x 10" erg g~ ). This is about one tenth of the energy generated by fusion
of hydrogen into helium! The rate of this process is determined by the second
reaction in the chain (which itself has two stages: a-capture and y-decay). It
is thus proportional to the *Be abundance, which itself varies as the square of
the helium abundance. Consequently, the energy generation rate depends on the
square of the density. Its temperature sensitivity is quite astounding:

g5 06 9oL P, (4.10)

When a sufficient number of carbon nuclei have accumulated by 3« reactions, it
seems reasonable that o captures by these nuclei. and possibly by their products,
could lead to the formation of heavier and heavier particles. In reality, it turns out
that the increasing Coulomb barrier renders the probability of such captures very
low compared with that of the 3« reaction, at least until the helium abundance
becomes small. Hence the only significant « capture reaction that takes place is

Beage-5 159,

The energy released by this reaction is 7.162 MeV, amounting to 4.3 x 10" J kg~
To summarize, the products of helium burning are carbon and oxygen, in relative
abundances which depend on temperature. The process is shown schematically
in Figure 4.5.

Note: It was the competition between the '>C + *He and the *Be + *He reactions that
led Hoyle to the prediction of the resonant energy level in the carbon nucleus. Already in
1946, with remarkable foresight, Hoyle had postulated that all nuclei (not only helium)
build up from lighter nuclei by fusion reactions that take place in the interior of stars.
Pursuing this idea, he considered the synthesis of elements from carbon to nickel, in
1953-1954, with the Salpeter process as starting point. He then showed that the observed
cosmic abundance ratios He:C:O could be made to fit the yields calculated for the
above reactions, if the *Be + *He reaction had a resonance corresponding to a level at
~7.7 MeV in the ">C nucleus. Otherwise, the inferred cosmic carbon abundance would
be too low. Eager to test this prediction, Hoyle even collaborated in the first attempts to
detect such a level experimentally.
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Figure 4.5 The triple-a process.

Exercise 4.1: Calculate the energy generated per unit mass, if helium burning
produces equal amounts (mass fractions) of carbon and oxygen.

4.6 Carbon and oxygen burning

Carbon burning — fusion of two carbon nuclei — requires temperatures above
5 x 10® K and oxygen burning, having to overcome a still higher Coulomb barrier,
occurs only at temperatures in excess of 107 K. Interactions of carbon and oxygen
nuclei need not be considered, for at the intermediate temperature required by the
intermediate Coulomb barrier, carbon nuclei are quickly exhausted by interacting
with themselves.

The processes of carbon and of oxygen burning are very similar: in both cases
a compound nucleus is produced, at an excited energy level, and it subsequently
decays. Several decay options are open, with different, temperature-dependent
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Figure 4.6 The nuclear reactions involved in carbon and in oxygen burning.

probabilities (branching ratios).

2C 4 12C = ¥Mg +y 160 4160 —» 32§ 4y
— PMg +n — 1S +n
— PNa+p — P4 p
— ®Ne 4+« — BSi+
— 100 + 2a — Mg 4 2«

The possible reaction channels are shown schematically in Figure 4.6.

On the average, 13 MeV are released for each '>C 4 '°C reaction and
about 16 MeV for each '°O + '°0 reaction, amounting to ~5.2 x 103 Jkg ! and
~4.8 x 10 Jkg !, respectively. These reactions entail production of light
particles, such as protons and helium nuclei, which are immediately captured
by the heavy nuclei present, because of the relatively low Coulomb barriers. Thus
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Table 4.1 Major nuclear-burning processes

Tinreshold Energy per

Nuclear fuel — Process (10" K) Products nucleon (Me V)
H pP=p ~4 He 6.55

H CNO 15 He 6.25

He 3u 100 C.0 0.61

3 C+C 600 0, Ne, Na, Mg 0.54

0 0+0 1000 Mg, S. P, Si ~0.3

Si Nuc. eq. 3000 Co, Fe, Ni <018

many different isotopes are created by secondary reactions, besides those primar-
ily produced by fusion of carbon or oxygen. The major nucleus formed by oxygen
burning is silicon (**Si), although other elements are also significantly abundant.

4.7 Silicon burning: nuclear statistical equilibrium

In principle, we may now assume by analogy that two silicon nuclei could fuse
to create iron, the most stable element — the end-product of the nuclear fusion
chain. In reality, however, the Coulomb barrier has become prohibitively large. At
temperatures above the oxygen burning range, but way below those that would be
required for silicon fusion, another type of nuclear process takes place. It involves
the interaction of massive particles with energetic photons, which are capable
of disintegrating nuclei, much as less energetic photons are capable of breaking
up atoms by tearing electrons away. The process, called photodisintegration. is
similar in many respects to photoionization of atoms, except that the binding force

is nuclear, instead of electric, and the emitted particles are light nuclei, instead of

electrons. As in the case ol ionization, reactions can proceed both ways and equi-
librium may be achieved, with relative abundances depending on the prevailing
physical conditions. The reaction '°0 + & = 2’Ne + y, for example, produces
neon at temperatures around 10” K, but reverses direction above 1.5 x 10” K. The
energy absorbed in the inverse reaction (photodisintegration) is supplied by the
radiation field.

Silicon disintegration occurs around 3 x 10 K; the light particles emitted
are recaptured by other silicon nuclei, building up an entire network of nuclear
reactions, with light particles exchanged between heavy nuclei. Although the
nuclear reactions tend to equilibrium, where direct and inverse reactions occur at
(almost) the same rate, the resulting state of nuclear statistical equilibrium is not
perfect: a leakage occurs toward the stable iron group nuclei (Fe, Co, Ni), which
resist photodisintegration until the temperature reaches ~7 x 10° K.

The major nuclear-burning processes that we have encountered and their
main characteristics are summarized in Table4.1. Their common feature is the



66

4 Nuclear processes that take place in stars

release of energy upon consumption of nuclear fuel. The amounts and the rates
of energy release vary, however, enormously. But nuclear processes that absorb
energy (from the radiation field) are also possible under conditions expected to
occur in stellar interiors. Their consequences may range from mild to catastrophic,
depending on the amount of absorbed energy and, especially, on the rate of energy
absorption. Such are the processes discussed in the following sections.

Exercise 4.2: Estimate the minimal stellar mass requlrcd for the central ignition of
the different nuclear fuels, according to the threshold temperarures of Table 4.1,
by assuming (a) a density profile as in Exercise 1.2; (b) solar composition; (c)
nondegeneracy.

4.8 Creation of heavy elements: the s- and r-processes

So far we have considered charged particle interactions, their rates being con-
trolled by the height of the Coulomb barrier and interactions of nuclei with
photons, which become efficient at high temperatures. Another type of interac-
tion becomes possible in the presence of free neutrons, which are produced during
carbon, oxygen and silicon burning. Neutron capture by relatively heavy nuclei
is not limited by the Coulomb barrier and can therefore proceed at relatively low
temperatures. The only obstacle in the way of neutron-capture reactions is the
scarcity of free neutrons.

Suppose a sufficient number density of neutrons is available. A chain of
reactions would then be triggered, with nuclei capturing more and more neutrons,
thus creating heavier and heavier isotopes of the same element:

IA, 2)+n— L(A+1, 2),
HA+1,2)+n— LA+2, 2),
LA+2,2)+n— L(A+3,2), etc.

So long as / is stable, the chain of neutron captures may continue, but eventually
a radioactive isotope should be formed. Such an isotope would subsequently
decay by emitting an electron (and an antineutrino), thus creating a new element

IN(A+N,Z)—> JA+N,Z+1)+e + 0.

If the new element is stable, it will resume the chain of neutron captures. Other-
wise, it may undergo a series of 87 decays:

JA+N,Z41)—= K(A+N, Z+4+2)+e + 7,
K(A+N,Z42)—=> LA+N, Z+3)+e +1, el
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until a stable nucleus of mass A + N and atomic number Z + M, say, is produced.
Either way, increasingly heavier elements and their stable isotopes are thereby
created.

In the process just described two types of reactions — neutron captures and
B~ decays — and two types of nuclei — stable and unstable — are involved. Stable
nuclei may, of course. undergo only neutron captures; for unstable ones both
tracks are open and the outcome depends on the timescales of the two processes.
The timescales of 8~ decays (or half-life times of S-unstable isotopes) are con-
stants — independent of prevailing physical conditions. Those of neutron captures
may change according to temperature and density. Hence neutron-capture reac-
tions may proceed more slowly or more rapidly than the competing 8 decays.
The resulting chains of reactions and products will be different in the former
case, called the s-process and in the latter, called the r-process (terms coined by
Margaret and Geoffrey Burbidge, William Fowler and Fred Hoyle in their seminal
paper of 1957). This is illustrated schematically in Figure 4.7, where the s-process
products are labelled s, those of the r-process are labelled r, and those which may
be produced by both are labelled s,r.

In the course of the main burning processes, the s- and r-processes operate
as secondary reactions and a wealth of nuclear species results, although the
abundances of elements heavier than iron are relatively small.

4.9 Pair production

We have already seen in this chapter many examples of transmutations of mass
into ‘light’: all the major burning stages release energy at the expense of a small
fraction (less than 1%) of the mass. But the reverse transmutation — of light into
mass — is also possible.

During the interaction with a nucleus, a photon may turn into an electron-
positron particle pair, provided its energy hv exceeds the rest-mass energy of the
particles, hv = 2m.c?. The presence of the nucleus is required for the simultane-
ous conservation of momentum and energy. The typical temperature at which the
condition for pair production is satisfied may be estimated by k7" ~ hv ~ 2m.c?,
yielding 7 ~ 1.2 x 10'"" K. However, even at temperatures 7' > 10° K, a large
number of photons — at the tail of the Planck distribution function (3.39) — are
already sufficiently energetic to produce electron-positron pairs. At the same time,
the inverse reaction — annihilation of electron-positron pairs into photon pairs —
tends to destroy the newly created positrons. As a result, the number of positrons
reaches equilibrium. Pair production, as photodisintegration, bears similarity to
the ionization process: an increase in temperature leads to an increase in the num-
ber of particles, at the expense of the photon energy: an increase in density has the
opposite effect. Thus, at a few times 10” K (depending on the electron density)
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Creation of heavy elements

v

N
s-process r-process
B G, v
5 H &y
R n.y) % 1)
slow rapid

Figure 4.7 Schematic representation of the s-process and the r-process, showing reac-
tion chains that involve neutron captures and §  decays, leading to the formation of
stable isotopes. Nuclei marked s, r or s, r are formed by one of the processes (respec-
tively), or by both (adapted from D. Clayton (1983). Principles of Stellar Evolution and
Nucleosynihesis, University of Chicago Press).

the number of positrons becomes a significant fraction of the number of electrons.
We note that having a lot of pairs at a temperature of a few 10” K (much less than
12 x 10? K) is similar to having a considerable fraction of, say, ionized hydrogen
at a few 10* K (much less than ~15 x 10* K. corresponding to x = 13.6eV).

4.10 Iron photodisintegration

If sufficiently high temperatures are achieved. even the stable iron nuclei do not
survive photodisintegration. They break into « particles and neutrons.

%Fe — 13*He + 4n,
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thus reversing almost entirely the nucleosynthesis process. Each reaction of this
kind absorbs about 124 MeV of energy.

Attemperatures above ~7 x 10” K, helium becomes more abundant than iron.
Atstll higher temperatures, helium itself is disintegrated by the energetic photons
into protons and neutrons. In conclusion, bound nuclei require temperatures above
afew 10° K in order to be created and below a few 10? K so as not to be destroyed.
This, as we shall see, is precisely the range of temperatures characteristic of stellar
interiors.



Equilibrium stellar
configurations — simple models

5.1 The stellar structure equations

The main conclusion of Chapter 2 was that the evolution of a star may be perceived
as a quasi-static process, in which the composition changes slowly, allowing the
star to maintain hydrostatic equilibrium and. generally, thermal equilibrium as
well. The chain of processes through which the composition gradually changes
has been described in the previous chapter. Our present task is to describe the
equilibrium structure of a star of a given composition (this chapter) and to find
whether the equilibrium is stable (next chapter). The (static) structure of a star is
obtained from the solution of the set of ditferential equations known as the stellar
structure equations, formulated in terms of either of the previously encountered
space variables, r or m:

dP B Gm dP B Gm 5.1)
dr g rl dm  4mrd o
dm _ 4y dr B ] (5.2)
ar 0P dm  4mrip '
dT 3 kp F dT 3« F .
B L Ay 5 s e s (5.3)
dr dac THdmr? dm dac T2 (dmr-)*

dF 5 dF

— =4nrpyg ——=i=g (5.4)
dr dm

where the first is the hydrostatic-equilibrium equation, the second is the con-
tinuity equation, the third is the radiative-transfer equation (provided radiative
diffusion constitutes the only means of energy transfer) and the fourth is the

70
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thermal-equilibrium equation, supplemented by the relations

R

P = ;pT + Pe + daT? (5.5)
g

Kk = Kkop'T" (5.6)

q = qop"T". (5.7)

Integration of these differential equations provides the profiles of four functions
throughout the star: 7, p, m (or r) and F, from which any other function of
interest may be derived. Four boundary conditions (integration constants) have to
be supplied. The three straightforward ones are at m =0, r =0 and F = 0; at
m =M (oratr = R), P = 0. A more complicated condition relates the emitted
radiation L = F(R) — or, equivalently, the effective temperature — to the temper-
ature obtained at some depth below the surface. Although this set of equations is
simpler by far than the set of evolution equations derived in Chapter 2, it does not
lend itself to simple, analytic solutions. The reason is threefold: first, the equa-
tions are highly nonlinear, particularly in view of the power-law relations (5.5) to
(5.7); secondly, they are coupled and have to be solved simultaneously; thirdly.
they constitute a two-point boundary value problem, which requires iterations
for its solution. And yet, a great deal of our understanding of stellar structure
dates back to the early decades of the twentieth century, when fast computers
were not only unavailable, but inconceivable. Eddington’s book, which we have
already mentioned, saw light in 1926; Subramanyan Chandrasekhar’s book An
Introduction to the Study of Stellar Structure, a cornerstone in the study of stars,
was first published in 1939.

Exercise 5.1: Derive the behaviour of m(r). P(r), F(r) and T (r) near the centre
of a star by Taylor expansion for given composition and physical properties at
r=0.p., P.and 7.

In what follows we shall see that insight into the structure of stars may be
gained both by analysing the equations, without actually solving them, and by
seeking simple solutions based on additional simplifying assumptions.

5.2 What is a simple stellar model?

A fundamental principle that enables a simple solution of the structure equations
is finding a property that changes moderately enough from the stellar centre to
the surface to allow us to regard it as uniform (independent of r or m). At first
sight, this demand appears rather strange, keeping in mind that the temperature,
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for example. is expected to change throughout a star by more than three orders of
magnitude (according to simple estimates) and the pressure by more than eleven!
However, properties can be found that do not change significantly with radial
distance. Many models, for example, assume the composition to be uniform. Is
such an assumption justified? It would be for a star which is thoroughly mixed
by convection (a process that we shall address shortly), or for a star composed
mainly of elements heavier than hydrogen, where the gas pressure is dominated
by electrons and hence depends on jt.. which is very nearly 2 regardless of the
detailed abundances. A homogeneous composition is also typical of young stars,
since the initial stellar composition is uniform.

Another principle that enables an analytic investigation of the behaviour of
stars is the representation of a star by its two extreme points — the centre and the
surface (the surface is, of course, not a point in the strict sense of the word, but all
points on the surface are identical by the spherical symmetry assumption). The
hidden implication is that properties change monotonically between these two
points. This is certainly correct for the pressure, from Equation (5.1), and also for
the temperature, by Equation (5.3), since from Equation (5.4), ' = 0. The latter
condition is not necessarily correct in the case of strong neutrino emission, which
may turn the net ¢ negative and may eventually lead to a temperature inversion.
But we shall disregard such complications.

As a further simplification, we may represent a star by only one of the extreme
points; the centre, for example. Assuming that both P and 7 decrease outward
(and so must p. otherwise we would encounter the unstable situation in which
heavy material lies on top of light material. resulting in a turnover), the centre
of a star is the hottest and densest place. There, therefore, the nuclear reactions
are fastest and since nuclear processes dictate the evolutionary pace, the centre
would be the most evolved part of the star. We should be able to learn a great deal
about the evolution of a star by considering its central point alone. This will be
the subject of Chapter 7. The surface of the star (the global stellar characteristics)
1s important from an entirely different point of view — it is the only “point” whose
model-derived properties can be directly compared with observations. In some
cases, global quantities and relations between them may be obtained, as we shall
see in Chapter 7, without solving the set of structure equations.

For now, we shall consider several simple models based on the principle of a
uniform property.

5.3 Polytropic models
The first pair of stellar structure equations, (5.1)—(5.2), is linked to the second

pair, (5.3)—(5.4). by the dependence of pressure on temperature. If the pressure
were only a function of density (and composition, of course), the first pair would
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be independent and could be solved separately, meaning that the hydrostatic
configuration would be independent of the flow of heat through it. Analytic
solutions of this form are now more than a century old.

Multiplying Equation (5.1) by r?/p and differentiating with respect to r we
have

d ( r*dP dm )
——)=-G—. (5.8)
dr \ p dr ) dr

Substituting Equation (5.2) on the right-hand side, we obtain

L-d {r*dP . =
——|— )= —4}'{0,0. {\3-9)
r-dr \ p dr

We now consider equations of state of the form

P=Kp", (5.10)

where K and y are constants, known as polvtropic equations of state. It is cus-
tomary to define the corresponding polytropic index, denoted by n, as

1
!

Thus the equation of state of a completely degenerate electron gas is polytropic,
with an index of 1.5 (y = 5/3) in the nonrelativistic case and 3 (y = 4/3) in the
extreme relativistic limit. An ideal gas, too, may be described by a polytropic
equation of state under certain conditions; we shall encounter such cases later
on. Substituting Equations (5.10)~(5.11) into (5.9), we obtain a second-order
differential equation:

— _— = —p. T
dnGn rdr p”.!'dr R ( )

m+uxld(r2@

The solution p(r) for 0 < r < R, called a polytrope, requires two boundary con-
ditions. These are p = 0 at the surface (r = R), which follows from P(R) = 0,
and dp/dr =0 at the centre (r =0), since hydrostatic equilibrium implies
dP/dr =0 there (see Section 2.3). Hence a polytrope is uniquely defined by
three parameters: K, n and R, and it enables the calculation of additional quan-
tities as functions of radius, such as the pressure, the mass or the gravitational
acceleration.

It is convenient to define a dimensionless variable # in the range 0 < 8 < |
by

I,

o= p0", (5.13)
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Figure 5.1 Normalized polytropes forn = 1.5and n = 3.

to obtain Equation (5.12) in a simpler form,

gerlls _7_(,-5_) Ty (5.14)
ArGp.” ] dr o

Obviously, the coefficient in square brackets on the left-hand side of Equation
(5.14) 1s a constant having the dimension of length squared,

K )
[("?—Jr-)—} = o, (5.15)
dr Gp.”

which can be used in order to replace r by a dimensionless variable &,
r = k. (5.16)

Substituting Equation (5.16) into Equation (5.14), we now obtain the well-known
Lane-Emden equation of index n,

li(d”’l E— (5.17)
E2de \° dg) o

subject to the boundary conditions: & = | and d6/d& = 0 at £ = 0. Equation
(5.17) can be integrated starting at & = (; forn = 5, the solutions (&) are found to
decrease monotonically and have a zero ata finite value & = &;, which corresponds
to the stellar radius,

R = af|. (3.18)

Examples of solutions (p/p. as a function of r/R), for n = 1.5 and n = 3, are
given in Figure 5.1. As shown, the structure of a polytrope depends only on n. A
polytrope of index 3 describes a star in which the mass is strongly concentrated
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Table 5.1 Polytropic constants

n D, M, R, B,
1.0 3290 314 304 0233
1.5 5.991 271 365 0206
2.0 11.40 2.41 435 0.185
2.5 23.41 219 536 0.170
3.0 54.18 202 690 0.157
35 152.9 1.89 954  0.145

at the centre, whereas a polytrope of index 1.5 describes a more even mass
distribution.
The total mass M of a polytropic star is given by

s €
M =f 437:‘2,(J(Ir:4ffof3;)L.j £20"dE. (5.19)
0 {}

From Equation (5.17) we have

: S d L db do g
M = —4dma p. — (&= | dt = —4nc’p. El (5.20)
0 dg dE

Exercise 5.2: Solve the Lane-Emden equation analytically for (a) n = 0 and
(b) n = 1 and find &, and M(R) in each case.

In later discussions we shall often resort to general relations between stellar
properties resulting from a polytropic equation of state. These follow easily from
Equation (5.20). Eliminating & between Equations (5.18) and (5.20), we obtain a
linear relation between the central density and the average density p.

M

"Iz p3
3R

pe=D,p=D , (59.21)

which is generally valid. Only the constant D, derives from the solution of
Equation (5.17) and depends on the value of n;

. 3({19) K o
n - E] ({E EI . o e s

Values of D, for various n can be found in Table 5.1.

Using Equation (5.20) again. but now eliminating p. with the aid of Equation
(5.15) and substituting « from Equation (5.18), we obtain a relation between the
stellar mass and radius, which may be expressed in terms of two constants, M,
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and R, in the form

N
I3
(%]

GM n—1 ( R )3—u B l(”+ |)KJ” ( )
M, R, - 4xG '

The values of the constants M, = —Eﬁ{dﬁ/u’é );, and R, =& vary with the
polytropic index n in the range from 1 to 10, as listed in Table 5.1. We note that
n = 3 is a special case: the mass becomes independent of radius and is uniquely
determined by K,

K 372
M =47 M, (—) ; (5.24)
TG

Thus for a given K, there is only one possible value for the mass of a star that
will satisty hydrostatic equilibrium. Another special case is n = 1, for which the
radius is independent of mass and is uniquely determined by K:

K \172
R =R, ( . (5:25)
2nG
Between these limiting values of n, | < n < 3, we have from Equation (5.23)
R ! (5.26)
M-t =

meaning that the radius decreases with increasing mass: the more massive the
star, the smaller (and hence denser) it becomes.

A final important relation is obtained between the central pressure and
the central density by substituting K from the mass-radius relation (5.23) in

Equation (5.10), P, = Kpi " whence

AwG)r (GMN\'T [ R\ " =
P{‘. — ﬂ ( ) (_ De n (52?)
n+ | jw” RH

Eliminating R between Equations (5.27) and (5.21), and assembling all n-
dependent coetficients into one constant B,,, reduces Equation (5.27) to

P = (4n) P B G M 5, (5.28)

The remarkable property of this relation is that it depends on the polytropic
equation of state only through the value of B, which, as we see from Table 5.1,
varies very slowly with n. It therefore constitutes an almost universal relation,
and as such it will be used in Chapter 7. Note that expression (5.28) for P, is
consistent with the upper limit derived in Exercise 2.2 (Section 2.3).

Exercise 5.3: For a given mass M and central pressure P, which polytrope yields
a bigger star: that of index 1.5 or that of index 3?
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Exercise 5.4: Capella is a binary star discovered in 1899, with a known orbital
period, which enables the determination of the mass and radius of the brighter
component: M = 8.3 x 10*°kg and R = 9.55 x 10° m. Assuming that the star
can be described by a polytrope of index 3, find the central pressure and the
central density. Check whether the central pressure satisfies inequality (2.18).

5.4 The Chandrasekhar mass

Stars that are so dense as to be dominated by the degeneracy pressure of the
electrons (discussed in Chapter 3) would be accurately described by a polytrope
of index n = 1.5, with K = K, of Equation (3.35). We know from observations
that such compact stars exist — they are the white dwarfs mentioned in Chapter 1,
which have masses comparable to the Sun’s, and radii not much larger than the
Earth’s. Their average density is thus higher than 105 kg m— (107 gcm™), about
five orders of magnitude higher than the average density of the Sun. We might
learn some more about these stars by investigating the properties of this particular
polytrope. From Equation (5.23), the relation between mass and radius becomes

Roc M, (5.29)
The density, therefore, increases as the square of the mass,
P X MR o M°. (5.30)

Imagine now a series of such degenerate gaseous spheres with higher and higher
masses. The radii will decrease along the series and the density will increase in
proportion to M*. Eventually. the density will become so high that the degenerate
electron gas will turn to be relativistic, departing from the simple n = 1.5 poly-
trope. As the density increases (the radius tending to zero), the correct equation
of state will approach the form (3.38), still a polytrope, but of index n = 3, with
K = K->. We have seen. however, that in such a case there is only one possible
solution for M, uniquely determined by K. Hence our series of degenerate gaseous
spheres in hydrostatic equilibrium ends at this limiting mass. The existence of
an upper limit to the mass of degenerate stars was first found by Chandrasekhar
in 1931 and hence the upper limit bears his name, Mcy,. About half a century
later, this work earned Chandrasekhar the 1983 Nobel Prize for Physics, which
he shared with Fowler (for their contributions to the understanding of stellar
evolution).
Substituting K> in Equation (5.24), we have
32

My 1.3 he " 5

P e (5.31)
4 Gmy,

Mcen =
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Figure 5.2 The mass-radius relation for white dwarfs (g, = 2).

Inserting the values of constants, we obtain
fw("h = 583!”1 2"l"f-(:\-‘ {532)

which yields for . = 2 a limiting mass of 1.46M,. The mass-radius relation for
white dwarfs is shown in Figure 5.2 for ¢, = 2 (He, C, O, ...). For g, = 2.15
(Fe), the limiting mass is 1.26M.,. In conclusion, hydrogen-poor compact stars,
where the pressure is supplied predominantly by the degenerate electron gas, can
have masses only up to the critical mass of 1.46 M. Indeed. no white dwarf is
known with a mass exceeding this value.

Exercise 5.5: Calculate the critical mass using relation (5.28) between central
pressure and central density; show that the numerical coefficient in Equatlon
(5.31) is equivalent to B; */1.5/32x.

5.5 The Eddington luminosity

So far we have dealt with the first two of the structure equations. We shall now
add the third, thus taking into account the temperature and the radiation pressure.,
Substituting the radiation pressure Py = %r? 7% in Equation (5.3) and dividing
Equation (5.3) by Equation (5.1), we obtain
Ao KF (5.33)
dpP dreGm
The result of this manipulation will be the derivation of an upper limit for the
stellar luminosity. Since P = Py + Pryg, and both Py, and P4 decrease outward
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(provided g = 0). it follows that sgn[d Pr,q]=sgn[d Pg,] and we obviously have
dPg/dP < 1,implying

kF < 4meGm. (5.34)

This inequality may be violated either in the case of a very large heat flux, which
may result from intense nuclear burning, or in the case of a very high opacity,
as encountered at the ionization temperatures of hydrogen or helium. In such
cases Equations (5.1) and (5.3) cannot simultaneously hold, and if we require
hydrostatic equilibrium, then heat transport must be described by a different
equation; that is, it must occur by a means other than radiative diffusion, which
has become inefficient. We know from everyday experience that near a strong
heat source, such as a stove, convective motions develop in the surrounding air,
which carry the heat efficiently and distribute it throughout the room. If the stove
is not very hot, it spreads heat by thermal radiation alone. The same phenomenon
occurs in stars — on appropriately larger scales. Stars transfer energy by radiation
alone under moderate conditions, in which case they are said to be in radiative
equilibrium and inequality (5.34) is satisfied, or by convection, under more severe
conditions, when the rate of heat generation becomes too rapid for radiation to
carry, or when ionization interferes too much with the radiative transfer. It may
also happen that some regions of a star are in radiative equilibrium and others are
not; the former are called radiative regions or zones, and the latter, convective
ones.

Exercise 5.6: Find the expression for the gas pressure gradient, assuming radiative
equilibrium, and its relation to inequality (5.34). '

Near the centre of a star, Equation (5.4) and F(0) = Oyield F/m — g.asm — 0,
where g. = g(m = 0); hence inequality (5.34) imposes a universal upper limit on
the central energy generation rate that can be accommodated by radiative energy
transfer:

dmeCG

e = (3.35)
The surface layer of a star is always radiative; applying inequality (5.34) for
m = M, we have
dncGM .
L < —. (5.36)
-

Violation of this condition then implies violation of hydrostatic equilibrium: mass
motions arise leading to a stellar wind. As pointed out by Eddington, the right-
hand side of inequality (5.36) represents a critical luminosity L., that cannot be
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surpassed; it is, therefore, also known as the Eddington luminosity Lggg:

drcGM L M Ke
e —19 A ks
Ly = R 3.2x 10 (W ) ( = )LU. (5.37)

M

where the opacity is expressed relative to the electron-scattering opacity .., which
is a constant (see Equation (3.64)). To summarize, radiative equilibrium requires

L < Lgad.

To show the possible implications of this result, we may indulge in some spec-
ulation. If we assume « = k. 1o be a reasonable approximation, Lgyy becomes
uniquely determined by M. We have seen in Chapter 1 that for a certain type of
stars. those of the main sequence, a correlation exists between the luminosity and
the mass. If the outer layers of such stars are in hydrostatic and radiative equilib-
rium, restriction (5.36) combined with the mass-luminosity relation imposes an
upper limit on the mass of main-sequence stars. We should then expect the main
sequence to have an upper end.

5.6 The standard model

After this brief digression, we proceed to derive the so-called standard model,
which is due to Eddington and is therefore also known as Eddington’s model.
We define a function i by

& < (5.38)
—im— 3.
m IM
and insert it into Equation (5.33), which becomes
dBui L

= K
dP dreGM

7. (5.39)

At the surface, n = I, and for stars that burn nuclear fuel mostly in a (small)
central core, thus maintaining an almost constant flux outside the core, 1y increases
inward, as m decreases. The opacity, on the other hand, usually increases from
the centre outward. If, from the centre outward, the increase in « is approximately
compensated by the decrease in 1, we may take their product to be constant.
This is the uniform property of the Eddington model (a controversial assumption,
which has been subject to severe criticism over the years). With

K1 = constant = (5.40)
where «; is the surface opacity, we have by integrating Equation (5.39)

KL

Pr;ld = —F
dameGM

(5.41)
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since the total pressure and the radiation pressure tend to zero at the surface. Thus
the constancy of xn implies a constant ratio of radiation pressure to total pressure
throughout the star: in other words, a constant f (see Equation (3.12)). We also
obtain

drceGM \
L= TU — B) = Lga(1 — B), (5.42)

meaning that the luminosity approaches the limiting value as the radiation pressure
becomes dominant (# — 0). Assuming the gas pressure to be given by the ideal
gas law, Equation (3.28), we have

T4 B Bog: R
- = _p_ —pT (5.43)
I -8y 1-=p B Bu
Combining the extreme left and extreme right expressions, we get
3R(1L -] |,
;& [7"( ﬁ)} o', (5.44)
app
and the equation of state may be written as
o IRY1 - )]
P = Kp* K = 7’6) . (5.45)
apt g

Since K is a constant, we have obtained a polytropic equation of state of index
3, which implies a unique relation between K and M, Equation (5.24) derived in
the previous section. Rearranging terms and inserting the values of constants, we
obtain

M\, _
1 — B =0.003 ( 7 ) Bl (5.46)

Mo
LA

a fourth order equation for (u*M). known as the Eddington quartic equation,
whose solution is given in Figure 5.3. The quartic equation is valid for a hypothet-
ically wide range of masses. We note, however. that only for a rather restricted
range does f differ significantly from unity (pure gas pressure) or from zero (pure
radiation pressure) and this range more or less coincides with the range of stellar
masses, as derived from observations. In Eddington’s own words:

We can imagine a physicist on a cloud-bound planet who has never heard tell
of the stars calculating the ratio of radiation pressure to gas pressure for a series
of globes of gas of various sizes, starting, say, with a globe of mass 10 gm.,
then 100 gm., 1000 gm., and so on, so that his nth globe contains 10" gm. [.. .]
Regarded as a tussle between matter and aether (gas pressure and radiation
pressure) the contest is overwhelmingly one-sided except between Nos. 33-35,

where we may expect something interesting to happen.
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Figure 5.3 Solution of the Eddington quartic equation.

What “happens’ is the stars.
We draw aside the veil of cloud beneath which our physicist has been

working and let him look up at the sky. There he will find a thousand million

globes of gas nearly all of mass between his 33rd and 35th globes — that is to

say, between 1 and 50 times the sun’s mass.

Sir Arthur S. Eddington: The Internal Constitution of the Stars, 1926

Exercise 5.7: The quartic equation may be written in terms of a mass M, that

is a combination of natural constants. (a) Find the expression for this mass and
calculate it. (b) Express the Chandrasekhar mass in terms of M,.

What can one learn about the evolution of stars based on this simple model?

1.

[§]

For stars of given composition (fixed ), B decreases as M increases,
meaning that radiation pressure becomes particularly important in massive
stars.
Inserting Equation (5.42) into (5.46), we obtain
L  4rncGM, M\’
= ——=20.00384M, n) (M ) . (5.47)

LQ B K.,L._?

)

This is close to a power-law relation between the luminosity and the
mass, similar to that obtained from observations of main-sequence stars.
In fact, the mass-luminosity relation derived by Eddington was at the
time a theoretical prediction, to be confirmed only later by observations.
Differences in composition, and hence in the value of g, may explain the
observed scatter of points in the (M, L) relation.
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3. Foragiven M and changing i —as along the evolutionary course of a star —
B decreases with increasing . Since nuclear reactions cause a gradual
increase in /¢, we should expect radiation pressure to play an increasingly
greater role, as a star gets older. With it, by Equation (5.42), the luminosity
should approach its limiting value. Could this mean that a star should lose
(eject) some of its mass in its late stages of evolution, compensating for
the rise in p, so as to prevent 8 from dropping too low? We may consider
this a first hint to the existence of stellar winds, which should intensify as
the luminosity approaches Lgyy.

We have formulated these conclusions very cautiously, for they derive from such
a simple model. So formulated, they are acceptable and they provide important
and easy to understand clues to the complex structure and evolution of stars.

Historical Note: The theoretical mass-luminosity relation (5.47) has two parameters:
the mean molecular weight and the opacity. Assuming one of them, one may derive the
other by comparing the relation with its observational counterpart. Eddington started by
assuming stars to be made of iron (or terrestrial material), which implied a value of i
slightly in excess of 2, considering the highly ionized state of stellar interiors. This led to
the estimate of an ‘astronomical opacity coefficient’, which exceeded by about a factor
of 10 the “theoretical opacity coefficient’ that had been calculated following the Kramers
theory. Although he was aware that including a considerable proportion of hydrogen in
the chemical composition of stars would resolve the discrepancy, this solution seemed
improbable at first, both to him and to others, and the alternative of seeking a correction to
the opacity coefficient was pursued for a time. However, around 1930 it became established
that in the atmospheres of the Sun, and the stars in general, hydrogen amounts to about
half the mass (see Section 1.3). The possibility of hydrogen floating to the surface of the
star was discarded; Eddington had already shown that diffusion in stars should proceed
negligibly slowly. Thus, in 1932, the prevalence of hydrogen in stellar interiors was finally
recognized by Eddington, and independently advocated by Bengt Stromgren, on the basis
of the mass-luminosity relation.

5.7 The point-source model

Models presented so far have considered the first three structure equations. This
chapter would not be complete without mentioning another group of relatively
simple models, which take account of the fourth equation, Equation (5.4), and
assume a power law for the opacity in the form (5.6). If the nuclear-energy source
of a star is confined to a very small central region, it may be considered a point-
source, so that g = 0 for r = 0. In this case, the equation of thermal equilibrium
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implies a constant energy flow (energy per unit time) throughout the star. Thus
F =constant = F(R)= L (5.48)

constitutes the basic assumption of the point-source models. Such models were
first investigated by Thomas Cowling. in 1930, and hence they are also known
as Cowling models. 1t 1s reasonable to assume a homogeneous composition for
point-source models. Expressing the opacity in terms of p and T as in Equation
(3.63). k = kyp“T", the set of equations to be solved reduces to

dpP Gm
e r:p (5.49)
dPrud o KUL rU{H—lTh (5 50)
dr ¢ 4mr? '
dm 5
E :43"”“',0. (551)

together with an equation of state for the gas, say Py, = (R/u)pT. This is by
no means a very simple or transparent model, but Equations (5.49)-(5.51) can
be integrated numerically for a given opacity law. A somewhat simpler and more
elegant version of the point-source model may be obtained if one further assumes
the opacity to be constant (¢ = b = 0). Equations (5.49) and (5.50) may then be
written as

(!(Pgus + Prud) _ (;.??i,()

—— (5.52)
dr re
IPI'IU. L
L. (5.53)
dr dmer-
and dividing them (as we did to obtain Equation (5.33)), we get
dP,. 4ncG -
e’ i m— 1, (5.54)
tPeij o
We now differentiate Equation (5.54) to obtain
d? Py d Py dreG dm _
3 - = T (5:55)
dpP;, dr Kkl dr

Inserting Equations (5.53) on the left-hand side and (5.51) on the right-hand side,
and rearranging terms, we finally have

il '64m3c2G\ _
— == ——)r". (5.56)
4 g K22
We may express p in terms of Py, and Py as follows:
_Bopant4 —1/4
P = ﬁ (%) Pi—'ilhprzld (SS?)
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and cast Equation (5.53) in the form

d l) = R (j - p-lpli# (5.58)
dPg \r, Ukl \a gas * rad - e i

Thus the original set of four equations has been reduced to a pair of differential
equations, (5.56) and (5.58). in three variables: Py, r and Pq (as the independent
one). With the introduction of appropriate dimensionless variables — x for P, y

for Py, and z for r~! —the equations to be solved become
d*y dz : _
—— =z =y~ Ix 4 (5.59)
dx? dx

The solutions y(x) and z(x) may be inverted to obtain Py, (r) and Pry(r), and
with them the temperature and density variation throughout the star. Even the
solution of this pair of equations is far from being straightforward (a detailed
analysis may be found in Chandrasekhar’s book, An introduction to the study
of stellar structure, 1939). Tt is interesting to note that the point-source model
yields a mass-luminosity relation whose slope, on logarithmic scales, is much
less steep for large masses than for small ones, which is in qualitative agreement
with observations (Figure 1.6). A tendency toward a steeper slope for low mass
stars 15 exhibited by the relation resulting from the standard model (Equation
(5.47)) as well. (The domain of very low-mass stars of Figure 1.6, where the
slope changes again, is not relevant here, for these stars cannot be treated by the
equations considered, as we shall see later.)

Note: We stress the mass-luminosity relation in particular, because of the primary role
it played at the early stage of the stellar-evolution theory, when a great deal of confusion
regarding the nuclear reactions responsible for energy generation still prevailed:

Our discussion has been based on the relation generally called the mass-
luminosity-relation. [.. . ] The relation however contains several unknowns, and
without certain assumptions with regard to some of them no definite results can
be reached. So far it is the only relation between the unknowns in question, which
it has been possible to establish. When our knowledge of the energy-generation in
the stars advances so that one more relation can be established, we shall probably

be able to give definite answers to the questions raised by the discussion.
Bengt Stromgren: On the Interpretation of the Hertzsprung-Russell-Diagram
in Zeitschrift fiir Astrophysik, 1933

and, a few years later,

The researches of the last two decades into the constitution of the stars have
resulted in considerable advance in the understanding of the physical processes
in stellar interiors. The chief success of the investigations is the establishing of
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a mass-luminosity relation. This relation has been obtained without reference to
the actual nuclear reactions that are the source of stellar energy, merely from
consideration of the mechanical and thermodynamical equilibrium of the star,
It follows therefore that exact knowledge of the rate of generation of subatomic
energy cannot overthrow the mass-luminosity relation, but may serve only to
place some restriction on the range of magnitude [luminosity] corresponding to

a given mass.
Fred Hoyle and Raymond A. Lyttleton: The Evolution of the Stars in
Proceedings of the Cambridge Philosophical Society, 1939

When nuclear energy generation in stars finally became understood, Cowling wrote in
retrospection:

With the advent of this new physical information, complete data for constructing

stellar models were for the first time available; it was like supplying the fourth
leg of a chair which so far had had only one back leg.

Thomas G. Cowling: The Development of the Theory of Stellar

Structure in Quarterly Journal of the Royal Astronomical Society, 1966

Models such as those briefly mentioned here were developed more than
70 years ago. long before computers became available. Since the advent of com-
puters they became rather obsolete, for the relatively simple computation involved
ceased to be a real advantage. They have been described here mainly for one pur-
pose: to demonstrate how complicated is the solution of the apparently simple set
of structure equations, even under the most extreme simplifying assumptions that
are still (barely) consistent with physical reality.



The stability of stars

In the previous chapter we have dealt with models of the stellar structure under
conditions of thermal and hydrostatic equilibrium. But in order to accomplish our
first task toward understanding the process of stellar evolution — the investigation
of equilibrium configurations — we must test the equilibrium configurations for
stability. The difference between stable and unstable equilibrium is illustrated
in Figure 6.1 by two balls: one on top of a dome and the other at the bottom
of a bowl. Obviously, the former is in an unstable equilibrium state, while the
latter is in a stable one. The way to prove (or test) this statement is also obvious
and it is generally applicable; it involves a small perturbation of the equilibrium
state. Imagine the ball to be slightly perturbed from its position, resulting in a
slight imbalance of the forces acting on it. In the first case, this would cause
the ball to slide down, running away from its original position. In the second
case, on the other hand, the perturbation will lead to small oscillations around
the equilibrium position, which friction will eventually dampen, the ball thus
returning to its original point. The small imbalance led to the restoration of equi-
librium by opposing the tendency of the perturbation. Thus a stable equilibrium
may be maintained indefinitely, while an unstable one must end in a runaway,
for random small perturbations are always to be expected in realistic physical
systems.

As stars preserve their properties for very long periods of time, we may guess
that their state of equilibrium is stable. But is it always? What is the mechanism
that renders it stable? Is this mechanism always operating? If not, what are the
conditions required for it to operate? We shall presently address these questions
for each of the two types of equilibrium of stellar configurations: thermal and
hydrostatic.

87
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Figure 6.1 Illustration of stable (left) and unstable (right) equilibrium states.
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6.1 Secular thermal stability

The total energy of a star in hydrostatic equilibrium is given by the sum of the
internal energy U and the gravitational potential energy €2, as we have seen in
Chapter 2. These are related by the virial theorem, Equation (2.23):

M p
3 —dm = —Q2.
Jooo P

In the case of an ideal gas with negligible radiation pressure, we have by Equation
(3.44)

U=-1iQ (6.1)
and consequently,
E=;0=-U. (6.2)

For an ideal gas and a nonnegligible radiation pressure, we have from Equations
(3.28), (3.40), (3.44) and (3.47)

P Pﬂna Pl'aLI R 3 a T;l
p p p I 3

2 |
= FUpay + FUrad-

Applying the virial theorem, we obtain
Ugu.\ == _%(Q + Uraa), (6.3)

where Uy, 1s the total internal energy of the gas and Uy,q 1s the total radiation
energy, whence

E= %(Q b Umd) = _Ugu:\'- (64)

The effect of radiation is to reduce the gravitational attraction; 2 + U,,q may thus
be regarded as an effective gravitational potential energy. In both cases the star
heats up upon contraction (| 2| increases and with it Uy, and hence the average
temperature) and cools upon expansion.

We have also seen that the rate of change of the energy is given by the
difference between the rate of nuclear energy production and the rate of emission
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of radiation:
=5 T, W (6.5)

A state of thermal equilibrium is obtained when these terms are in balance,
Ly = L, and hence the energy is constant (E =0). Suppose now that a small
perturbation causes a slight imbalance, so that L. exceeds L. By Equation (6.5),
the total energy will increase (E > (), and since E is negative, it means that
its absolute value will become smaller. Therefore, by Equation (6.2) or (6.4),
the average temperature will decrease. At the same time the star will expand,
the average density thus decreasing. As a result, the (average) rate of nuclear
reactions, which is proportional to positive powers of p and 7', will slow down
and L, will drop. The perturbation will be reversed and thermal equilibrium
will eventually be restored. This thermostat, provided by the virial theorem, is
the stabilizing mechanism by which stars are capable of maintaining thermal
equilibrium for such long times. Stars are said to be in a state of secular stability.

6.2 Cases of thermal instability

The crucial link in the chain of arguments leading to the conclusion of secular
stability was the dependence of the internal energy of the star on temperature,
more precisely, the negative heat capacity of stars. Only if a change in internal
energy involves a change in temperature that. in turn, affects the energy supply.
is the thermal stability secured.

Thermal instability of degenerate gases

We have seen that when the pressure is due mainly to the degenerate electron gas,
it is insensitive to temperature. The same applies to the internal energy of the gas
(as shown in Section 3.5), and hence although Equation (6.2) still holds (for a
nonrelativistic gas), a decrease in internal energy — resulting from a perturbation
Ly = L — will lead to expansion, but it will not entail a drop in temperature.
Since nuclear energy production is far more sensitive to temperature than to
density, the nuclear energy output will not diminish. Instead of a restoration of
thermal equilibrium, a runaway from equilibrium will ensue: the temperature will
continue to rise due to the enhanced nuclear energy release, this will cause the
nuclear energy generation to escalate, and so forth. Such an instability is called a
thermonuclear runaway. It is encountered whenever nuclear reactions ignite in a
degenerate gas, and it may result in an explosion. A catastrophic outcome may,
however, be avoided: the gas may, eventually, become sufficiently hot and diluted
to behave as an ideal gas, for which the stabilizing mechanism operates. We say
in this case that the degeneracy has been lifted. An entire class of stellar outbursts,
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known as novae, that we shall encounter in Chapter 11, constitute well known
examples of such thermonuclear runaways, which develop into explosions on the
surfaces of white dwarfs and are subsequently quenched.

The secular instability caused by temperature-sensitive nuclear reactions in
degenerate matter was first studied by Tsung-Dao Lee (in 1950) and Leon Mestel
(in 1952). In 1958 Evry Schatzman proposed that unstable burning on the surfaces
of white dwarfs may lead to recurrent ejection of gaseous shells. This avant-garde
suggestion, then barely supported by observations, became in time the very model
of nova outbursts (see Chapter 11).

To better understand the application of the stability criterion, consider a star
which burns nuclear fuel at its centre. In hydrostatic equilibrium, the central
pressure and density are related by

dP.  4dp.
P — 3 e

(6.6)

(see Equation (5.28)). The pressure, density and temperature are linked by the
equation of state, which may be written in general form as

dP. B dp. dT.

= b ; 6.7
P C Sl
where a and b are positive coefficients. Combining Equations (6.6) and (6.7), we
obtain
4 dpe dT,
( —a =bh ; (6.8)
3 Pe T,

So long as @ < 4/3, sgn[dp./p.| = sgnld T,/ T.]. and hence contraction (caused
by energy loss) is accompanied by heating, while expansion (caused by energy
gain) is accompanied by cooling, as required for stability. This is the case for
ideal gases, where @ = b = 1. For degenerate material, on the other hand, a = 4/3
and 0 < b < 1. Thus dp./p. and dT./ T, have opposite signs. This means that
expansion, which would result from an increase in internal energy, would be
accompanied by a (small) rise in temperature, that in turn would lead to a further
enhancement of L,,.. Such a situation is obviously unstable. But since the tem-
perature rises as the gas expands, the gas may gradually become ideal (in terms of
the coefficients a and b, the former decreasing and the latter increasing), in which
case stability will be restored. We note, in passing, that, generalizing Equation
(6.8), a degenerate star that loses energy is expected to contract and cool, unlike
an ideal gas one.

The thin shell instability

Consider a thin shell of mass Am, temperature 7', and density p within a star
of radius R, between a fixed inner boundary r( and an outer boundary r, so that
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its thickness is £ = r — ry << R. Assume nuclear reactions to take place in this
shell. If the shell is in thermal equilibrium, the rate of nuclear energy generation
is equal to the net rate of heat flowing out of the shell (see Equation (5.4)). If
the rate of energy generation exceeds the rate of heat flow, the shell will expand,
thus pushing outward the layers above it. Lifting of these layers will result in
a diminished pressure. In hydrostatic equilibrium, the pressure within the shell,
determined by the weight of the layers above it, varies as  ~* (see Equation (5.1));
hence

dP dr
— = =4—, (6.9)
P s
The shell’s mass is given by Am = 4rrl€p and therefore the density varies with
the shell’s thickness as
d de dr drr .
it i S W= Wi (6.10)
o £ ¢ rt
Substituting dr/r from Equation (6.9), we obtain a relation between the changes
in density and pressure of the form
dP £dp
T =422 6.11)
P rop
To obtain the resulting change in temperature, we use the equation of state in the
general form (6.7), leading to

¢ dp dT
(4_ —a) BE L i (6.12)

For thermal stability we require the expansion of the shell to result in a drop in
temperature, or, since b > 0,

4f = d. (6.13)
Obviously, for a sufficiently thin shell (¢/r — 0) the stability condition would
eventually be violated. If the shell is too thin, its temperature increases upon
expansion (even if the gas within it is an ideal gas), and this may lead to a
runaway. Thus with respect to nuclear energy generation, a thin shell behaves
much in the same way as a degenerate gas. The thermal instability of thin shells
was first pointed out by Martin Schwarzschild and Richard Harm in 1965.
Before we leave the subject of thermal stability (or lack thereof) a word of
caution would be in order. In all our foregoing discussions we have neglected
the possibility that a change in temperature might affect not only the energy
generation rate, but also the heat flux. Thus an increase in temperature, resulting
from L, < L, may not only lead to a higher L., but also to a higher L, and the
outcome Ly, > L — interpreted as thermal stability — might not be guaranteed.
Similarly, if a surplus of heat in a thin shell causes the temperature to rise, in spite
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of the shell’s expansion, this might enhance the rate of heat flow out of the shell
S0 as to prevent a runaway, even if the rate of nuclear energy generation increases.
As it happens, the heat flux is far less sensitive to temperature than is the rate of
nuclear energy generation. Hence, generally, changes in L or d F /dm may safely
be neglected compared with changes in L, or ¢ that are due to a temperature
perturbation, and our foregoing arguments remain valid.

6.3 Dynamical stability

Dynamical stability is related to motions of mass parcels in the star, that is, to
macroscopic motions; on the microscopic scale, the gas particles are always in
random, local motion. In hydrostatic equilibrium. no macroscopic motions occur;
more precisely. they occur imperceptibly slowly. In order to test the stability of
this equilibrium, we have to consider the response to small perturbations of the
balance between the gravitational attraction and the outward force exerted by the
pressure gradient. Since we deal with a spherically symmetric configuration, we
shall consider radial perturbations: compression or expansion. The basic question
is whether a temporary contraction will result in expansion toward the original
state or in further contraction, escalating in a runaway.

A rigorous treatment of dynamical perturbations within a star is far from
simple. But in order to illustrate the basic principles involved, a highly simplified
example should suffice. Consider a gaseous sphere of mass M, in hydrostatic
equilibrium. The pressure at any point r(m) is equal to the weight per unit area of
the layers between m and M, as obtained by integrating the equation of hydrostatic
equilibrium (5.1) and taking P(M) = (1

p fM Gmdm (6.14)
= —_— Y.
m 43{}‘4

The density at r(m) is given by Equation (5.2):

B 1 dm 6.15)
B= dr? dr’ '

Consider now a small, uniform, radial compression, so that the new radii are
everywhere obtained from the original ones by a small perturbation:

r'=r—er=r(l—-2¢). (6.16)

If &£ « 1, the binomial approximation

(1+e)' ~1+ne (6.17)
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can be used. The new densities will be

] dm dr ) _
= —— — =~ p(l +3). 6.18
drr(1 —g)? dr dr (1 —¢)} aLkF38) (6.18)

I

o

Assuming furthermore the contraction to be adiabatic (and neglecting radiation
pressure), we find that the new gas pressure will relate to the initial one as (p'/ p)"*,
where y, is the adiabatic exponent (introduced in Section 3.6):

P'sas = P(1 + 3e)* = P(1 4 3ey). (6.19)
Similarly, by Equation (6.14), the new hydrostatic pressure will relate to the initial
one as
; M Gmdm Ny
P|1=L me(l—l—éle). (6.20)

It is to be expected that after this perturbation the gaseous sphere will no longer be
in hydrostatic equilibrium, that is, P, . # P,. The condition required for restoring
equilibrium is in our case

P!gas = P!h~ (621)

so as to cause the sphere to expand back to its original state. Substituting Equations
(6.19) and (6.20) into Equation (6.21), we thus require

P(1 + 3y.8) > P(1 + 4e). (6.22)

Hence the condition for stable hydrostatic equilibrium, or in other words, the
condition for dynamical stability is
4

Va > 3 (6.23)

The same result obtains in the case of expansion, when ¢ < 0 and condition (6.21)
is reversed.

[t can be shown rigorously that a star in which y, > 4/3 everywhere is dynam-
ically stable (and neutrally stable, if y, = 4/3 everywhere). The case in which
Va < 4/3 somewhere requires further examination. Global dynamical instability
is obtained if the integral [(y, — 4/3)%(!.*?1 over the entire star is negative. Thus,
if y, = 4/3 in a sufficiently large core, where P/p is high, the star will become
unstable. If, however, y, =< 4/3 in the outer layers, where P/p is small, the star
as a whole need not become unstable.

Exercise 6.1: The equation of state for solid, self-gravitating bodies, such as
planets, must allow a finite density at the surface, where the pressure vanishes.
Neglecting effects of temperature, which are generally small, such equations of
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state are usually cast in the form

ro=s[(2) -]

where K is a constant, py is the surface density and y; > y,. Pass to normalized,

dimensionless variables y = P/ P, and x = p/p., where P, and p.. denote central
pressure and density, respectively, and show that

(a) Dynamical stability requires that either y;, y, > 4/3,0r 1, 1» < 4/3;
(b) In the latter case, the allowed ratio of central to surface density is limited.

6.4 Cases of dynamical instability

The question we have to ask is, “What are the stellar configurations that may
lead to violation of the stability criterion, that is, to y, < 4/3?7" We have already
encountered such cases in Section 3.5.

Relativistic-degenerate electron gas

For a relativistic-degenerate electron gas, y, tends to 4 /3. The instability expected
in the limit y, = 4/3 results in this case in the Chandrasekhar limiting mass
(derived in Section 5.4): the degeneracy pressure can sustain the gravitational
attraction only if the stellar mass is smaller than this limit. For a higher mass,
contraction will end in collapse.

Dominant radiation pressure

The second case for which y, tends to 4/3 (as shown in Section 3.6) is that of
a dominant radiation pressure, or in terms of the parameter g — introduced in
Section 3.1 — B — 0. In the limit 8 = 1 (ideal gas without radiation), y, = 5/3.
and hence an ideal gas would be dynamically stable under its own gravitational
field. As B decreases, y, decreases as well, tending to 4/3 in the limit 8 = 0 (pure
photon gas). Another way of showing that a radiation pressure dominated gas
tends to be dynamically unstable is by using the virial theorem. For pure radiation
P/p = taq/3 and hence by Equation (2.23)

M P
-Q= 3] —dm = U,y, (6.24)
0o P

meaning that the total energy of a star £ = Q + U vanishes; that is, the star
becomes unbound. We see, therefore, that the consequences of dynamical insta-
bility may differ.
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Exercise 6.2: Show that for an adiabatic process, stable hydrostatic equilibrium
corresponds to a minimum state of the total energy (E = U + Q).

lonization-type processes

Dynamical instability, or y, < 4/3, is also prone to occur in any system of parti-
cles in which the number of particles is not conserved, but changes with changing
physical conditions. lonization (Section 3.6) provides a typical example: a single
atom may produce two particles, an ion and an electron. by absorbing the right
amount of energy from a collision with another particle or with a photon. At the
same time the reverse reaction — recombination — occurs, which tends to dimin-
ish the number of particles. When the system is compressed. recombination is
enhanced, whereas if the volume is increased, ionization is favoured. Therefore,
the number of particles changes in inverse proportion to the density (Le Chate-
lier’s principle). The following simple argument is meant to provide an intuitive
explanation to the effect of this property on the value of y,. Consider two systems
of particles of volume V and pressure P: in one the number of particles N is con-
served, in the other it may change due to ionization-type reactions. We assume
an ideal gas and recall that the pressure is proportional to the number of particles
(regardless of their nature) and inversely proportional to the volume. Suppose now
that the volume is slightly compressed to V' < V. In the first system the pressure
would obviously increase, since N/ V' = N/ V. In the second system, however,
N would change as well, say, to N' < N. Hence the new ratio N'/ V" would
be smaller than in the first system, N’/ V' < N/V. Consequently, the pressure
would increase to a lesser extent, meaning that the dependence of the pressure on
volume (and hence, density) is weaker in the second system. This should translate
into a smaller value of y,, possibly smaller than 4/3. For a pure, singly ionized
gas, for example, according to Equation (3.60), y, < 4/3 between 5% and 95%
ionization (for x /kT = 10). Hence in a cool atmosphere, only an almost entirely
neutral or a completely ionized gas would be dynamically stable.

Exercise 6.3: Show that there is a Lntlcai tgmperatb?e above which partially
ionized hydrogen will always be dynamically stable, and find this temperature.

Since in stellar interiors temperatures are sufficiently high to ensure total
ionization — at least for the major components, hydrogen and helium — ionization
in itself is of no great consequence regarding the global stability of stars, for
va < 4/3 only in restricted zones, where P/p is small. We have encountered,
however, two other ionization-type processes, which occur at high temperatures:
iron photodisintegration (Section 4.10) and pair production (Section 4.9). We
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Figure 6.2 Illustration of Schwarzschild's criterion for stability against convection by a
mass element dm moving radially from point 1 to point 2 within a star.

shall see in the next chapter that both these processes drastically affect the course
of stellar evolution.

6.5 Convection

We have seen in Section 5.5 that the radiative energy flux through a star in
hydrostatic equilibrium is limited by the requirement

KkF <d4meGm,

which may be violated in cases of intense nuclear burning, when F = [ gdm
becomes exceedingly high, or when the opacity is very high. By Equation (5.3),
a high flux or a high opacity leads to a steep temperature gradient. However, the
temperature gradient may only increase up to a limit beyond which convection
occurs, involving cyclic macroscopic mass motion (but not a net mass flux) that
carries the bulk of the energy flux. When the total flux satisfies Equation (5.4),
(convective) thermal equilibrium is achieved. Thus convection may be regarded as
atype of dynamical instability, although it does not have disruptive consequences.
In fact, in spite of being a dynamic process, convection affects the structure of a
star only as an effective heat carrier and as a mixing mechanism. The condition
for the onset of convection (or the limiting temperature gradient) is determined
by a simple criterion, as was shown by Karl Schwarzschild in 1906.

The Schwarzschild criterion for stability against convection derives from
the following argument: Consider a mass element Am at some point within a
star, as shown in Figure 6.2. Denoting this point by 1, let the local values of
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Figure 6.3 Schematic density-pressure diagram, leading to the mathematical formulation

of Schwarzschild’s criterion for stability against convection.

density and pressure at 1 be p; and Py, respectively. Suppose the element moves
a small distance outward in the radial direction to point 2, where the density
is p> and the pressure is Ps>. Since the pressure in a star decreases outward,
P, < Py: that is, the surrounding pressure at point 2 will be lower than the
pressure within the mass element. The element will therefore expand until the
internal and external pressures are in balance. In view of the great difference
between dynamical and thermal timescales, it is reasonable to assume that no
heat exchange with the environment occurs while the mass element expands.
Hence the element undergoes an adiabatic change leading to a final density p.,
which is not necessarily equal to the density of its surroundings. If p. = pa,
the mass element will descend back toward its initial position. We regard such
a situation as stable, for any mass motion that may accidentally arise will be
damped. If, on the other hand, p, < p>, the element will continue its upward
motion (by the Archimedes buoyancy law). In this case, the system is unstable
against convection; that is, convective motion is prone to develop. The extent of
the convectively unstable region may be found by applying the same criterion for
increasingly more distant points. It is possible that a star be fully convective, all
the way from the centre to the photosphere.

To obtain a mathematical formulation of the convective stability condition, we
resort to the (p. P) diagram of Figure 6.3, where the starting point 1 — (p;, P}) —
is marked. As shown in Section 3.6, the dependence of pressure on density in
an adiabatic process is given by P = K,p". The curve labelled A represents
the adiabatic (P, p) relation passing through point 1, obtained from the physical
characteristics of the gas at that point. The curves labelled § and S’ represent
hypothetical stellar configurations: possible variations of the pressure with density
in the star in the neighbourhood of point 1. The slope of S is steeper and that of S’
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is shallower than the slope of A. The horizontal line P = P intersects each of the
curves A, S and §': the intersection with A corresponds to the density p, within the
mass element, while the intersections with § and S correspond to the density of
the surroundings in each case. If the stellar configuration is described by S, then
02 > py, meaning instability, whereas if S" describes the stellar configuration,
p5 < ps, indicating stability against convection. In conclusion, the condition for

stability is
1P P
(L) < (‘—) , (6.25)
(t’,O star dfo a

and multiplying both sides by p/ P, we have

p (dP
y=2 (_) <7 (6.26)
P (f,O star
[t is noteworthy that the general validity of this simple criterion was not proved by
rigorous mathematical methods until six decades after it came into use, in 1967,

by Shmuel Kaniel and Attay Kovetz.
For an ideal gas and negligible radiation pressure, the pressure is proportional
both to temperature and to density, whence
dP dp dT
— =4 (6.27)
P P T
for a given composition. Combining Equations (6.27) and (6.26), we obtain the
condition for convective stability in the form

P (dT g =
i (‘— it (6.28)
I \dp star Va

which may also be written as
ar Yva— 1\ T |dP
e () 55
recalling that the temperature and the pressure gradients are negative. We have thus

obtained the upper limit for the magnitude of the temperature gradient allowed
before convection sets in.

(6.29)

Star

6.6 Cases of convective instability

The criterion for convective stability that we have just derived is very general;
it may be equally applied to stellar interiors and, for example, to the Earth’s
atmosphere. But can we be more specific about the conditions that may lead to
convective instability in stars? In particular, how is restriction (5.34) connected
to the criterion of convective stability?



6.6 Cases of convective instability

99

We have seen in Section 3.6 that during ionization the adiabatic exponent is
lowered. Therefore, in regions of the star where the gas is partially ionized, the
condition for convective stability is more difficult to satisfy. At the same time
these regions may become dynamically unstable, if y, < 4/3.

Condition (6.28) may be generalized to include the effect of radiation pressure,
in which case y, = y.(p), but the adiabatic exponents that appear in conditions
(6.26) and (6.28) become different functions of 8. Both adiabatic exponents tend
to5/3 for B — landto4/3 for g — 0.

Exercise 6.4: Following the procedure of Section 3.6, derive the adiabatic expo-
nents in conditions (6.26) and (6.28) for an ideal gas and radiation, as functions
of B. Calculate their values for § = 0, % and 1.

If we now use the radiative diffusion equation (5.3) for the temperature gradient
and the hydrostatic equation (5.1) for the pressure gradient. we obtain the condition
for convective stability (6.29) in the form

kF < dmeGm [4 (y" — l) (1— ﬁ)]. (6.30)
]/Il

This is similar to condition (5.34), which imposed an upper limit on the product

k F', above which radiative equilibrium could no longer hold. We note that con-

dition (6.30) is stronger, since the term in square brackets on the right-hand side

is smaller than unity. Therefore convection arises before the upper limit for k F

(condition (5.34)) is reached. The two conditions converge as f tends to zero.

In the case of ionization, the high opacity and low adiabatic exponent combine
to induce convection. This effect is particularly important in the outer regions of
stars, where temperatures are sufficiently low for helium and hydrogen to be
only partially ionized. In stellar interiors, especially in zones of high temperature
where the opacity is constant, the dominant factor that may induce convection is
a high energy flux. Such a flux is expected to result from intense nuclear burning.
Assuming that the nuclear energy generation rate may be expressed as a power
law of the form (5.7), ¢ = qop™ T" with n >> m, it should be possible to translate
the condition on the intensity of nuclear burning into a limiting value for n. This
is by no means a simple task; it cannot be accomplished analytically but requires
solution of the stellar structure equations. The question of a limiting value for
n has already been addressed in the 1930s; for example, using relatively simple
models (more elaborate variants of the models described in Chapter 5), Cowling
obtained the following conditions: for a constant opacity, no convectively stable
configuration is possible if n exceeds a number lying between 3 and 4. while for
a Kramers opacity law (Section 3.7), no such solution is possible for n in excess
of about 8. In the early 1950s the problem was pursued and elaborated by Roger
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Tayler, with similar results. Generally, a high temperature sensitivity of the energy
generation rate is bound to trigger convection.

Condition (6.30) indicates that convection is more likely to occur when
besides « F being high, § is not too far from unity, meaning that gas pressure is
dominant. We have seen in Section 5.6 that, based on the simple standard model,
B is strongly related to the stellar mass, increasing with decreasing M. Hence,
we should not be surprised to find that convection is dominant in low-mass stars
burning nuclear fuel. When low-mass stars are sufficiently cold and dense for
degeneracy pressure to dominate, stability against convection is regained. This is
for two reasons: first, degenerate matter is highly conductive; that is, its effec-
tive opacity is very low, and second, no stable nuclear burning is possible under
degenerate conditions (Section 6.2 above), implying that such stars must be inert.
In conclusion, we should not expect convection to develop in the interiors of white
dwarfs.

Convective energy transport — the mixing-length method

When convective energy transport takes place, Equation (5.3) is no longer valid in
the sense that the flux appearing on the right-hand side is the radiation flux, which
now differs from the total flux F (of Equation (5.4)), amounting to only a small,
unknown fraction of F. Hence Equation (5.3) must be supplemented or replaced
by another one that takes account of convection. Since convective motions are
clearly not entirely radial. there are only approximate ways of estimating the con-
vective flux for spherical, one-dimensional stellar models. The most commonly
adopted method was first proposed by Ludwig Biermann in the 1930s, based on
the concept of mixing-length, which had been introduced by Ludwig Prandtl a
few years earlier, as the distance traversed by a mass element while conserving
its properties, before it blends with its surroundings. The arguments for esti-
mating the convective flux constitute what is known as the mixing-length theory
of convection, an approximate method for calculating convective transfer by an
appropriate parametrization. Since the mixing length, which we shall denote by
.. cannot be determined from first principles, it is taken as a free, adjustable
parameter.

In the case of convective transfer, the energy is transmitted by turbulent mass
motions. Consider a rising mass element at a radial distance r (mass m), where
the temperature is 7 and the density p. The basic assumption is that the mass
element travels a distance £ adiabatically, at some velocity v., until it reaches
pressure equilibrium with its surroundings and releases its surplus heat. We now
estimate the differences (8) between properties of the element and those of its
surroundings at the equilibrium stage: first, § P = 0. Next, the temperature surplus
is given by the difference between the change in temperature that has occurred
in the surroundings over the small distance {. and the corresponding adiabatic
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change that has occurred within the mass element itself,

‘ dT dT
ST = ( |— — [— ] £.. (6.31)
dr lsar bdr la
where
dT T fdInT\ dP )
S — (6.32)
drJ, P\dInPj dr
Using a similar form for the temperature gradient within the star, we have
i dInT dInT |l dP _
T =T - —i—l, (6.33)
dlnP . dinP ) | Pdr

where the term P /(d P/dr) on the right-hand side, with a minus sign, is the
pressure scale-height, which constitutes the characteristic local lengh-scale. Mea-
suring the mixing length in units of this length scale, a dimensionless parameter
« is defined, known as the mixing-length parameter,

/.

P/(—d

: = (6.34)
P/dr)  (P/gp)

which is the sole parameter of the model, typically a small number. Finally,
from Equation (6.27). the density deficit is related to the temperature surplus by
18p/p| = 18T/T|.

The mass element releases heat at constant pressure, hence the amount of
heat released per unit mass is cpd 7', where ¢p is the heat capacity, a function
of temperature and density, and pcpdT is the heat released per unit volume.
Multiplying by the velocity. we obtain the average rate of heating per unit area,
or the convective heat flux

o

H. = pv.cpdT. (6.35)

The convective velocity may be estimated by v, = /g€, where g’ is the accel-
eration, which, by the Archimedes buoyancy principle. is the local gravitational
acceleration g, reduced by the factor [6p/p|. Hence

ve = v/gldp/plle = VgI8T/ Tl = Va(P/p)8T/T], (6.36)

where we have used Equation (6.34) to eliminate g¢.. We note that \/P/p is the
thermal speed (which is of the order of the sound speed). Sometimes half this
velocity is assumed. but this is unimportant, since the uncertain factor may be
lumped into the free parameter «.

Combining Equations (6.35), (6.36), (6.33) and (6.34), we obtain

H Tfﬁf-(dmr) (me) e B
o =0T / ) =3 a’. x
PINTIP \amp ), \ampP),
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The total energy transported per unit time F is the sum of the radiative part, given
by Equation (3.68), and the convective part 47 R? H,. Thus in a convective zone,
Equation (5.3) that relates the temperature gradient to the energy flux is replaced
by a more complicated one.

Adiabaticity

We shall now show that within convective zones in stellar interiors the departure
from adiabaticity is very small. To obtain an order of magnitude estimate for the
superadiabaticity 7 /T. we replace H. by L/R*, p by M/R*. cpT by U/M,
and P/p by GM/R. and take @ = 1 in Equation (6.37), which yields, with
Equation (6.33),

ST\ L 1 _—

We recognize the first term of the product on the right-hand side as the reciprocal
of the thermal (Kelvin-Helmholtz) timescale (Equation (2.60)), of the order of
1055 s, and the second, as the dynamical timescale (Equation (2.56)), of the order
of 10°s. In conclusion

8T
il (T“-‘ ) ~ 1078, (6.39)

which clearly shows that in a convective zone the temperature gradient must be
very nearly adiabatic (y #= y,). Thus, instead of Equation (5.3), the temperature
gradient may be replaced by the adiabatic one in deep convective zones, to a
very good approximation. This approximation is not valid close to the stellar
surface, where P/p <« GM/R. We note, however, that assuming an adiabatic
temperature gradient leaves F undetermined throughout the convective zone. It is
precisely the tiny extent of superadiabaticity that determines the rate of convective
energy transport. This is reminiscent of the fact that it is the slight departure from
homogeneity in the radiation field that drives the radiative energy transport in
stellar interiors (see Appendix A).

Exercise 6.5: Assuming that a star of uniform « (opacity) and B has a convective
core, and no nuclear energy generation outside the core, show that the mass

fraction of this core is given by ﬁ

The assumption of adiabaticity leads to a polytropic equation of state. Now,
since dynamical stability requires y, > 4/3, and since y, is at most 5/3, a star in
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hydrostatic equilibrium must satisfy
4 5
3<nsy
which means that if the configuration of a star is to be approximately described
by a polytrope, the index n may only vary between 1.5 and 3.

(6.40)

6.7 Conclusion

To summarize the question of stability of equilibrium in a star (whether radiative
or convective) raised at the beginning of this chapter, let us say that stability
depends on the ability of the gas — particles and photons — at any given point to
sustain the weight of the overlying layers by means of the pressure it exerts, so as
to maintain exact balance despite possible perturbations. To this end, the pressure
must depend strongly enough both on temperature and on density. Sensitivity
to temperature is required in order to prevent thermonuclear runaways, and to
density — so as to avoid collapse. There are additional cases of instability in stars,
essentially resulting from violation of this principle, but since they occur in the
course of evolution when special interior configurations develop, we shall deal
with them as they arise.



The evolution of stars — a
schematic picture

Having answered the two basic questions posed at the end of Chapter 2, our
present task is to combine the knowledge acquired so far into a general pic-
ture of the evolution of stars. We recall that the timescale of stellar evolution
is set by the (slow) rate of consumption of the nuclear fuel. Now, the rate of
nuclear burning increases with density and rises steeply with temperature, and
the structure equations of a star show that both the temperature and the density
decrease from the centre outward. We may therefore conclude that the evolu-
tion of a star will be led by the central region (the stellar core), with the outer
parts lagging behind it. Changes in composition first occur in the core, and as
the core is gradually depleted of each nuclear fuel, the evolution of the star
progresses.

Thus insight may be gained into the evolutionary course of a star by con-
sidering the changes that occur at its centre. To obtain a simplified picture of
stellar evolution, we shall characterize a star by its central conditions and follow
the change of these conditions with time. We have seen that besides the com-
position, the temperature and density are the only properties required in order
to determine any other physical quantity. If we denote the central temperature
by 7. and the central density by p., the state of a star is defined at any given
time ¢ by a pair of values: 7.(¢) and p.(f). Consider now a diagram whose axes
are temperature and density. The pair [T.(1), p.(£)] corresponds to a point in
such a diagram. and the evolution of a star is therefore described by a series
of points, [T.(t1), p(t)]. [To(t2), pe(ta)]. [ To(ts). pe(ta)]. [To(ts). pelts)], ..., for
times t) <t <ty <1ly,..., which forms a parametric line [T.(1), p.(1)]. Since
the only property that distinguishes the evolutionary track of a star from that
of any other star of the same composition is its mass, we may expect to obtain
different lines in the (7, p) plane for different masses.

104
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Note: A study of the late stages of stellar evolution, based on homogeneous and
isentropic (uniform entropy or adiabatic structure) models, was performed by Gideon
Rakavy and Giora Shaviv in 1968. The progress in time was simulated by decreasing the
entropy s, and thus parametric lines [7.(s), p(s)] were obtained for different values of
the stellar mass. A beautiful general picture of the end states of stars emerged, for which
a qualitative explanation (and, in a sense, validation) was offered a year later by Kovetz.
The following discussion, which will eventually lead to a more comprehensive picture
arising from very simple arguments, was inspired by these works.

All the processes that are bound to occur in a star have characteristic temperature
and density ranges, and hence different combinations of temperature and density
will determine the prevailing state of the stellar material and the dominant physical
processes that should be expected to occur. Thus the (7', p) plane may be divided
into zones, representing different physical states or processes. Our first step will be
to get acquainted with the terrain through which the evolution paths of the stellar
centre are winding; the second step will be to identify the track corresponding to
each stellar mass; finally, by following each track through this terrain, we shall
be able to trace the chain of processes that make up the evolution of a star.

7.1 Characterization of the (log 7', log p) plane

The (T, p) plane will be divided into zones dominated by different equations of
state and different nuclear processes. Of particular interest will be those regions
where the conditions are bound to lead to dynamical instability. As the ranges of
density and temperature typical of stellar interiors span many orders of magnitude,
logarithmic scales will be used for both.

Zones of the equation of state

The following arguments are based on the material of Chapter 3 and lead to
Figure 7.1. The most common state of the ionized stellar gas is that of an ideal gas
for both components: ions and electrons. Hence the common equation of state is
of the form

R

P=—pT =KypT, (7.1)

M
where Ky is a constant (see Equation (3.28)). At high densities and relatively low
temperatures, the electrons become degenerate, and since their contribution to the
pressure is dominant, the equation of state may then be approximated by

Po= Kipp™? (7.2)



106

7 The evolution of stars — a schematic picture

lll. Relativistic degeneracy

i 1O
@
£
5]
=
‘> 4
=]
-l

2

IV. Radiation pressure
0
1
6 7 8 9 10
Log [T(K)]

Figure 7.1 Mapping of the temperature-density diagram according to the equation of

state.

(see Equation (3.35)), which replaces Equation (7.1). The transition from one state
to the other is, of course, gradual with the change in density and temperature,
but an approximate boundary may be traced in the (log T log p) plane on one
side of which the effect of degeneracy is clearly important, while on the other
side an ideal-gas law prevails. This boundary may be defined by the requirement
that the pressure obtained from Equation (7.1) be equal to that obtained from
Equation (7.2),

logp = 1.5log T + constant, (7.3)

which is a straight line with a slope of 1.5, as shown in Figure 7.1. The electron-
degeneracy zone, labelled 11 in Figure 7.1, where

K”os"'3 > KypT,

lies above (to the left of) this line. The ideal-gas zone, labelled I, lies below it.

Note that the transition refers to the total pressure of the stellar gas meant to
represent two different states of evolution. not just to the electron pressure (in the
degenerate case, the contribution of the ion pressure is negligible), since we are
interested in the behaviour of a star, rather than that of an hypothetical electron
gas. Thus the constants also involve different compositions.



7.1 Characterization of the (log 7', log p) plane

107

For still higher densities, when relativistic effects play an important role, the
equation of state changes to the form

P = K,p*? (7.4)

(see Equation (3.38)). The boundary between the ideal-gas zone and the
relativistic-degeneracy zone may be obtained, as before, from the requirement

K>p*? = KopT,
which defines a straight line
log p = 3log T + constant (7.5)

with a slope of 3. Thus the boundary between the ideal-gas zone and the electron-
degeneracy zone changes slope, becoming steeper as the density increases.

Within the electron-degeneracy region, the transition from nonrelativistic to
relativistic degeneracy occurs when the rise in pressure with increasing density
becomes constrained by the limiting velocity ¢. Hence relativistic degeneracy
should be considered when

B . Kop™?,

or

Kl
o> (K“) . (7.6)

that is, above a high density level (a horizontal line in the (log 7. log p) plane).
This is roughly indicated in Figure 7.1, where the relativistic-degeneracy zone is
labelled I11.

In zone 1 radiation pressure has been neglected. Its contribution to the total
pressure becomes important, however, at high temperatures and low densities
(the lower right corner of the diagram) and should be added to that of the gas.
Eventually, radiation pressure would become dominant, with the equation of state
changing to

P al® (7.7)

(see Equation (3.40)). Taking the gas pressure to be negligible for, say, Py =
10 Py,s. we obtain an approximate boundary for the zone of dominance of radiation
pressure (labelled I'V in Figure 7.1) in the form

log p = 3log T + constant (7.8)

again a straight line of slope 3 (with a constant different from that in Equation
(7.5), of course).
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Zones of nuclear burning

The following arguments are based on the material of Chapter 4. A nuclear
burning process of any kind becomes important in a star whenever the rate of
energy release by this process constitutes a significant fraction of the rate at
which energy is radiated away, that is, of the stellar luminosity. Although stellar
luminosities vary within a wide range, the variation in the conditions prevailing
in burning zones is quite restricted, due to the high sensitivity of nuclear reaction
rates to temperature. Hence a narrow threshold may be defined for each nuclear
process that takes place in stars. On one side of the threshold the rate of nuclear
burning may be assumed negligible, and on the other side, considerable. The
threshold for each process constitutes a line in the (log T, log p) plane, defined
by the requirement that the rate of nuclear energy generation g exceed a certain
prescribed limit g, say, 0.1 kg 's~ ! (103 ergg=' s7!). Since for each process,
¢ may be approximated by a power law of the form

g = qop"'T", (7.9)

the threshold given by ¢ = ¢yin 18

n I Gmi
logp=——1logT + — log (M) (7.10)
m m qo

The exoergic transformation of hydrogen into the iron group elements com-
prises five major stages: hydrogen burning into helium either by the p — p chain
or by the CNO cycle, helium burning into carbon by the 3¢ reaction, carbon
burning. oxygen burning and silicon burning. The five corresponding thresholds
are plotted in Figure 7.2.

In most of the cases m = 1 and n 3> 1, and hence the (negative) slope in
Equation (7.10) is so steep that the thresholds are almost vertical lines. Strictly,
the threshold defined by Equation (7.10) should be a straight line: in reality, the
values of the powers in Equation (7.9) change slightly for ditferent temperature
ranges; this is the reason why the lines in Figure 7.2 are not perfectly straight,
For hydrogen burning, the slope is milder at low temperatures, corresponding to
the p — p chain (n & 4), and becomes steeper at higher temperatures, where the
CNO cycle (n 2 16) becomes dominant.

Nucleosynthesis by energy releasing fusion of lighter clements into heavier
ones ends with iron. Iron nuclei heated to very high temperatures are disintegrated
by energetic photons into helium nuclei. This energy absorbing process reaches
equilibrium (called. as in the case of silicon burning, nuclear statistical equilib-
rium), with the relative abundance of iron to helium nuclei determined by the
values of temperature and density. A threshold may be defined for the process of
iron photodisintegration. as a strip in the (log 7', log p) plane, by the requirement
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Figure 7.2 Mapping of the temperature-density diagram according to nuclear processes.

that the number of helium and iron nuclei be approximately equal. This threshold
is shown in Figure 7.2.

Zones of instability

The following arguments are based on the material of Chapter 6. The condition of
dynamical stability is 7, = 4/3 (Section 6.3). We thus expect stellar configurations
to become dynamically unstable in those regions of the (log 7', log p) plane where
V. is reduced to 4/3 or less. Such regions are the far extremes of the relativistic-
degeneracy zone III and of the radiation-pressure-dominated zone IV. where
y. tends asymptotically to 4/3. Another is the iron-photodisintegration zone,
where y, < 4/3. As we are dealing with the centre of stars, restricted regions
of instability caused by the ionization of hydrogen and helium lie outside the
ranges of temperature and density that we consider. Pair production, which is
an ‘ionization’-type process as well, defines an additional unstable zone, with
y. < 4/3, as shown in Figure 7.3. With all these unstable zones marked, the
stable part of the (log T', log p) plane becomes completely bounded on two sides:
at high densities and at high temperatures. Hence severe constraints are imposed
on the possible evolutionary tracks of stars. We finally recall that nuclear burning
is thermally unstable in degenerate gases, whether relativistic or not. Hence the
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Figure 7.3 Outline of the stable and unstable zones in the temperature-density diagram.

nuclear burning thresholds of Figure 7.2 have been discontinued after crossing
the boundary into the degeneracy zone I1.

7.2 The evolutionary path of the central point of a star in the
(log T.log p) plane

Having become acquainted with the (log T, log p) plane, the question we now
ask is whether the centre of a star of given mass M may assume any combi-
nation of temperature and density values, that is, may be found anywhere in
this plane, or whether these values are in some way constrained by M. We now
regard the (log T, log p) plane as a (log T;, log p.) plane, referring to the stel-
lar centre. Assuming a polytropic configuration (Equation (5.10)) for a star in
hydrostatic equilibrium, the central density is related to the central pressure by
Equation (5.28),

P. = (4m)'* B,GM*? pi3, (7.11)

This relation is only weakly dependent on the polytropic index n. especially for
stable configurations, for which n varies between 1.5 and 3 (see Section 6.6), and
the coefficient B,,. between (1.157 and 0.206 (see Table 5.1), and it is independent
of K. Itis valid whether K is determined by processes on the microscopic scale,
such as electron degeneracy (Section 3.3), or on the macroscopic scale, such
as convection (Section 6.6). Although a star in hydrostatic equilibrium is not
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Figure 7.4 Relation of central density to central temperature for stars of different masses
within the stable ideal gas and degenerate gas zones.

a perfect polytrope (even if its composition is homogeneous), relation (7.11)
provides a good approximation to hydrostatic equilibrium for any configuration.
Note that simply by dimensional analysis of the hydrostatic equation, the central
pressure must be proportional to GM?p3.

In addition, the central pressure is related to the central density and temper-
ature by the equation of state. Within the different zones of the (log 7¢., log p.)
plane we have different equations of state. Combining each of them with
Equation (7.11), we may eliminate P, to obtain a relation between p. and 7.

Consider a star of mass M. whose central point is found in the ideal gas zone
1. where Equation (7.1) holds. The relation between 7, and p. in this case is of
the form

K{‘; o

—_— (7.12
47 B G M?* )

Pe =

meaning that for a star of given mass, the central density varies as the central
temperature cubed. For stars of different masses but the same central temperature,
the central density decreases as the mass squared increases. On logarithmic scales,
relation (7.12) becomes a straight line with a slope of 3. Thus different masses
define different parallel lines, which intersect the temperature axis at intervals
proportional to log M. The lines corresponding to M = 0.1, 1, 10 and 100M, are
plotted in Figure 7.4; these masses being successive powers of 10M, the intervals
between the lines are equal.
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[f at the centre of a star the electrons are strongly but nonrelativistically degen-
erate, the central point is found in zone Il and Equation (7.2) holds. Substituting
P, from Equation (7.11) with n = 1.5, we obtain

4 (B"SG)J M? (7.13)
e = 47T g =
[ X

which replaces the ideal gas relation (7.12). Here p, is independent of T, and
the corresponding line in the (log T¢. log p.) plane is horizontal at a height that
increases with mass M, as plotted in Figure 7.4. Strictly, from Equation (7.13) the
central density should vary as the mass squared, but relativistic effects increase
the power. Zones I and II are the only stable regions in the (log T', log p) plane
and hence we need not consider the others.

For relatively low masses, relations (7.12) and (7.13) will merge at the bound-
ary between zones I and II. as shown by the dashed segments in Figure 7.4,
resulting in a continuous bending-path characteristic of each mass. We have seen
in Section 5.4 that the density of degenerate stars tends to infinity as the stellar
mass approaches the critical Chandrasekhar limit M¢y, — the highest mass that can
be sustained in hydrostatic equilibrium by electron-degeneracy pressure. Thus the
paths corresponding to increasing masses will bend at higher and higher density
valuesinthe (log 7., log p.) plane, deeper into the region of relativistic degeneracy.
It is easy to see that the limiting case will be represented by a straight line, which
will also mark the division between paths that bend into the degeneracy zone 11
and those which remain in zone I. We recall that the boundary between the ideal-
gas zone and the degenerate-electron-gas zone, close to its relativistic part, has a
slope of 3. Since the (log ... log p.) curves in the ideal-gas zone have a slope of 3
as well, there exists a value of M that coincides with the relativistic-degeneracy
boundary. This mass is My, which was obtained by equating the right-hand sides
of Equations (7.4) and (7.11), while the boundary between zones I and 11T was
obtained by equating the right-hand sides of Equations (7.11) and (7.1). Hence
the boundary between zones I and 111 merges with the path corresponding to My,
in the (log 7., log p.) plane.

In conclusion, a star of fixed mass has its own distinct track in the
(log T¢.., log p.) plane, which we shall refer to in the following text as W ;. There
are two characteristic shapes of Wy, : straight lines for M > My, and knee-shaped
ones for M < Mcy. In general terms, we may understand the relationship between
tracks corresponding to different masses as follows. With increasing stellar mass,
the gravitational pull toward the centre becomes stronger. Hence a higher pres-
sure is required to counterbalance gravity. This may be achieved in an ideal gas
by a higher density or a higher temperature. A higher density implies, however,
smaller distances between material particles, which further enhance the gravi-
tational field. In fact, since the hydrostatic pressure is proportional to a higher
power of the density than is the gas pressure (4/3 as compared to 1), a higher
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Figure 7.5 Schematic illustration of the evolution of stars according to their central
temperature-density tracks.

density would only worsen the imbalance. Thus a lower density or a higher tem-
perature are required for equilibrium, if the stellar mass is increased. In the case
of a degenerate electron gas, the temperature plays a far less important role. But
now the hydrostatic pressure is proportional to a lower power of the density than
is the gas pressure (4/3 as compared to ~5/3), so that a higher density is needed
for equilibrium in a more massive star.

The question we now have to answer is, ‘Where does the evolutionary course
of a star lead the central point along a track?”’

7.3 The evolution of a star, as viewed from its centre

Combining Figures 7.1 to 7.4 into one picture, we obtain a full, albeit schematic,
view of stellar evolution, as shown in Figure 7.5. We may now choose a mass
M, identify its path (marked in Figure 7.5 by the value of M), and follow the
journey of the (log T¢.. log p.) point along it, to discover what it encounters on its
way. Stars form in gaseous clouds, where densities and temperatures are much
lower than those prevailing in stellar interiors; therefore, the starting point is on
the lower part of the path. At the beginning, a star radiates energy without an
internal energy source, which means that it contracts and heats up (as we have
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seen in Chapter 2 and again in Chapter 6). Hence in the (log 7. log p.) plane
the central point ascends along W, — which we recall to be a straight line of
slope 3 — toward higher temperatures and densities. Eventually, it will cross the
first nuclear burning threshold. At this point in the evolution of a star hydrogen is
ignited at the centre and the star adjusts into thermal equilibrium with L, and L in
balance. The journey of the central point along W,; comes to a very long pause. We
note that for low masses W, crosses the threshold on the upper part, corresponding
to the p — p chain, whereas for high masses the threshold is crossed on the lower
part, corresponding to the CNO cycle. We should therefore expect stars to burn
hydrogen by different processes according to their masses.

[t was shown in the previous section that the boundary between the ideal-gas
zone and the radiation-pressure-instability zone has a slope of 3 (regardless of
the criterion adopted for its definition), the same as the slopes of the W, curves.
Hence as the mass increases, Wy, inevitably approaches this boundary. This means
that in massive stars radiation pressure becomes progressively more important and
eventually dominates gas pressure. Since a star dominated by radiation pressure
is dynamically unstable (becoming unbound), an upper limit thus emerges for the
stellar mass, roughly near (or somewhat above) 100M,, as marked by the curve
Wy, in Figure 7.5.

A lower limit for the stellar mass range may also be inferred from the
(log T.. log p.) diagram. The hydrogen-burning threshold does not extend to tem-
peratures below a few times 10°K (see Figure 7.2). The highest value of M
for which W, still touches this threshold, before bending into the degeneracy-
pressure zone, may be regarded as the lower stellar mass limit, marked Wy, in
Figure 7.5. Objects of mass below this limit will never ignite hydrogen nor any
other nuclear fuel; they will first contract and heat up and will then contract more
slowly while cooling off. Such objects do not fit into our definition of stars (see
Chapter 1). Based on Figure 7.5, the lower mass limit for a star is somewhat below
0.1M.

When the hydrogen supply in the stellar core is finally exhausted, the star
loses energy again, and the core contracts and heats up. The central point resumes
its climb up the W, path. For low mass stars, Wy, will soon cross the degeneracy-
pressure boundary and bend to the left into a horizontal line. The pressure exerted
by the degenerate electron gas has become sufficient for counteracting gravity.
The contraction slows down and the star cools while radiating the accumulated
thermal energy, tending to a constant density (and radius), determined by M. The
higher the mass, the higher will be the final density and the lower the final radius.

For higher M, Wy, will cross the next nuclear burning threshold. Helium
now ignites in the core and another phase of thermal equilibrium is established,
marking the beginning of another pause in the journey of the central point. We
note that among the Wy, paths that cross the helium burning threshold, those
corresponding to low masses do so very close to the degeneracy boundary. We
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may expect to encounter some form of thermonuclear instability in stars of such
mass.

The story repeats itself after the exhaustion of helium: the lower-mass stars
among those which have burnt helium contract, develop electron-degenerate cores,
and start cooling. Contraction stops when the final density (and radius) is reached,
as determined by the mass M. We have thus identified two classes of compact,
cooling stars: one including stars of very low mass, made predominantly of
helium, and another including more massive stars composed (at least partly) of
helium-burning products, carbon and oxygen.

The dividing line between stars that eventually become degenerate and cool
off as compact objects and those which remain in the ideal gas state due to their
high temperatures, even when reaching high densities, corresponds, as we have
seen. 10 Wy, . In principle, for M = My, contraction may go on indefinitely on
the borderline of dynamical stability. However, Wy, crosses the carbon-burning
threshold very near the degeneracy zone. This indicates that carbon ignites in
a highly degenerate material. Nuclear burning is thermally unstable under such
circumstances (see Section 6.2), and should result in a thermonuclear runaway —
or carbon detonation — that is bound to have cataclysmic consequences. Such a
fate is, however, only hypothetical for the single isolated stars of fixed mass that
we are considering. since the probability of a star’s having been born with a mass
of (or almost) M¢y, is negligibly small. In reality, stellar collapse due to carbon
detonation is prone to occur as a result of mass exchange in a close binary system.

For M above the critical value of ~1.46 M, the central point will continue
its journey up Wy, stopping temporarily when a nuclear burning threshold is
crossed. Note that all Wy, paths with M = My, terminate at the unstable iron-
photodisintegration boundary. Thus massive stars undergo contraction and heat-
ing phases alternating with thermal-equilibrium burning of heavier and heavier
nuclear fuels until their cores consist of iron. Further heating of the iron inevitably
leads to its photodisintegration, which is a highly unstable process. We therefore
expect the life of these stars to end in a catastrophe!

For very large M. the W, paths enter the pair-production-instability zone
before crossing the burning thresholds of heavy elements. Thus very massive stars
are expected to be extremely short-lived, developing pair-production instability
that should result in a catastrophic event at early stages of their lives. In conclusion,
two main types of catastrophic events are expected to terminate the lives of
relatively massive stars: carbon detonation and iron photodisintegration (and,
possibly, a third — caused by pair production). We may note, in passing, that
the paths leading to carbon detonation and iron photodisintegration meet at the
upper right corner of the (log T¢, log p.) diagram (since collapse caused by the
latter implies an almost vertical ascent of Wy, within the instability strip). Thus
the outcomes of the two different types of instability should have a great deal in
common. We shall return to this speculative point later on.
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To summarize, stellar masses are confined to a range spanning about three
orders of magnitude, between M, ~ 0.1M5and M. ~ 100M.. All stars
undergo hydrogen burning at their centres and since hydrogen is the most potent
of the nuclear fuels, we expect central hydrogen burning to be the most common
and long-lived state of stars in general. Evolution following hydrogen exhaustion
proceeds differently for stars of different masses. Those under the critical mass
Mey ~ 1.46 M, contract and cool off either after the completion of hydrogen burn-
ing or after the completion of helium burning. In stars near the critical mass, carbon
detonation leads to thermonuclear instability that should end in collapse. Stars
above the critical mass undergo all the nuclear burning processes, ending with
iron synthesis. Subsequent heating of the iron core develops into a highly unstable
state, expected to end in a catastrophic collapse or explosion (or both). Stars of
very high mass may reach dynamical instability sooner, due to pair production.

How does this picture relate to the realm of observed stars? The most com-
mon among observed stars are the main-sequence ones, mentioned in Chapter 1.
May we deduce that these are stars burning hydrogen in their cores? To prove
this inference, we have to show that for hydrogen-burning stars a correlation
exists between luminosity and effective temperature, of the kind that defines the
main sequence in the H-R diagram. This will be done in the next section. The
identification of the compact cooling stars, corresponding to the horizontal part
of Wy, tracks, with the observed whire dwarfs is quite straightforward. It will be
pursued in more detail in Chapter 9. Indeed, according to observations, one dis-
tinguishes between two types of white dwarfs: low-mass ones and more massive
ones; also, the two types differ in composition, although the connection between
the observed surface composition and that of the interior is debatable. Where do
red giants fit into this picture? May we guess that they should be associated with
that phase of evolution following hydrogen exhaustion, when the core contracts
toward the next core burning episode? This puzzling question will be addressed
shortly (Section 7.5).

Finally, observed stellar explosions — supernovae — are of two distinct types,
termed Type I and Type 11, with possible subdivisions (Type Ia, Ib, etc.). One may
be tempted, even at this early stage in our understanding of stellar evolution, to
associate one type with carbon detonation and the other with iron photodisinte-
gration. By analysing in more detail the properties of each, observationally as
well as theoretically, we shall show in Chapter 10 that this, indeed, is the case.

7.4 The theory of the main sequence

Observationally, the main sequence is defined by an empirical relation between
the luminosity and the effective temperature of a group of stars called, accordingly,
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main-sequence stars. This relation has the form
log L = « log T.;r + constant, (7.14)

where the slope « is shallower at the lower end (low L) and becomes steeper
at large L. Another property of main-sequence stars is an apparent correlation
between mass and luminosity, also in the form of a power law:

Lo MY (7.15)

(see Figure (1.6) in Chapter 1). Our hypothesis based on theory is that main-
sequence stars are those stars that burn hydrogen in their cores, their centres lying
along the hydrogen-burning threshold in Figure 7.5, where the paths Wy, intersect
this threshold. We therefore have to prove that for such stars a correlation of
the type (7.14) exists and an additional one between mass and luminosity, like
correlation (7.15).

Consider stars that have begun burning hydrogen at the centre and are in
thermal and hydrostatic equilibrium. We may take their composition to be uniform
throughout, equal to the initial composition that we have already assumed to be
shared by all stars (see Chapter 1). Provided they are in radiative equilibrium,
their structure is described by Equations (5.1)—(5.7). With the further assumptions
of (a) negligible radiation pressure, and (b) an analytic opacity law (for the sake
of simplicity, we shall adopt a constant opacity), these equations become

dP Gm (7.16)
— = — .16
dm 4oyt
- (7.17)
dm  4mwrip o
dr 3k F
e e (7.18)
dm dac T (4mr=)?
dF
— = qupT" (7.19)
dm
R
Bi= 0. (7.20)
I

to be solved for r(m), P(m), p(m), T(m) and F(m) in the range 0 =m = M,
for any value of the mass M, which is the only free parameter. s it possible
to learn something about the characteristics of these solutions without actually
solving this complicated set of nonlinear differential equations? As in other cases
of complex physical systems, a great deal may be learned from the dimensional
analysis of the equations.
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First, we define a dimensionless variable x, the fractional mass:
X =—, (7.21)

The functions r(m), P(m), p(m), T (m) and F(m) may then be replaced by dimen-
sionless functions of x — fj(x), f>(x) and so forth — by the following definitions:

r=fi(x)R, (1.22)

P = fa(x)P, (7.23)

p = f3(x)p, (7.24)

T = fa(0)T, (7.25)

F = f5(x)F,, (7.26)

where the starred coefficients have the dimensions of the original functions,
respectively.

Next, by substituting relations (7.21) to (7.23) into Equation (7.16), we obtain

P.df> GMx
S o e, (1.27)
M dx 4n R

In a physical equation the dimensions on the two sides must match, and hence in
(7.27), where x, f} and f are dimensionless, P, must be proportional to GM?/R*.
Adopting (without loss of generality) a proportionality constant of unity, we may
separate Equation (7.27) into

dfs x GM?

_ P,=——. 7.28
dx 4 £} R} e

and repeating the procedure for Equation (7.17), then Equations (7.20), (7.18)
and (7.19),

o I M (7.29)
_— = = ), = — ;
dx — 4xflfy =
P,

=1 Lpi= Rp (7.30)
e F= LR (7.31)
dx 4‘](4?[4;}%2)2 * c M ,
dfs Com ] )
a;r =hh F, = qop. T, M. (7.32)

On the left of Equations (7.28)-(7.32) we have a set of nonlinear differential
equations, now independent of M, for the variable functions f; s that have been
defined in the range 0 < x < | by Equations (7.22)—(7.26). The dimensional
coefficients that appear on the right-hand side of Equations (7.22)—(7.26) are
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obtained as finctions of the stellar mass M by solving the set of algebraic
equations on the right of Equations (7.28)—(7.32). Combining the solutions of the
differential equations and the algebraic equations, we may obtain from Equations
(7.22)—(7.26) the profiles of any physical characteristic (temperature, density,
pressure, etc.) for any value of M. The important conclusion is that the shape
of the profiles as a function of the fractional mass is the same in all stars, the
profiles differing only by a constant factor determined by the mass. This similarity
property is called homology.

By solving only the simple set of relations between the starred quantities, we
may therefore derive the dependence of physical properties on the stellar mass,
without actually solving the differential equations. Substituting Equations (7.28)
and (7.29) into Equation (7.30), we obtain

G M
e, (7.33)
R R.
and inserting this relation, in turn, into Equation (7.31), we have
ac {nG 4
By=i— ( ) 788 (7.34)
K R

Thus fluxes at a given fractional mass in stars of different masses relate as the
cube of the mass ratio. For example, the radiative flux across a spherical surface
enclosing, say, half the total mass will be a thousand times larger in a star of 10M,
than in a star of 1 M. The same applies to any other value of x. In particular, the
surface (x = 1) flux, or the luminosity, will be proportional to the mass cubed,

L &« M*. (7.35)

This is the desired relation between luminosity and mass, to be compared with
that derived observationally for main-sequence stars (see below). We recall that a
similar relation emerged from the simple standard model discussed in Chapter 5.
If we retain the dependence on p as well, then relation (7.34) implies L M"‘,u“‘
Combining Equations (7.34) and (7.32) and substituting Equations (7.28)—(7.30)
yields the dependence of R, on the mass M in the form

R, oc M7, (7.36)

which relates radii corresponding to a given fractional mass in stars of different
masses. This holds, in particular, for x = 1, that is, for the stellar radius R. Hence,
for a large n, such as n = 16 corresponding to CNO-cycle hydrogen burning, the
radius will be almost proportional to the mass. For n = 4 that approximates hydro-
gen burning by the p — p chain, the dependence is weaker. R o« M7, We note
that in all cases the radius increases with increasing mass, in contrast to compact,
degenerate stars (white dwarfs), where the radius is inversely proportional to
some power of the mass. The power in relation (7.36) is always smaller than unity
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(tending to 1, in principle, as n — oc¢). Inserting relation (7.36) into Equation
(7.29), we obtain the variation of density with mass M:

p. X M2 (7.37)

Since n > 3, the density decreases with increasing stellar mass. Thus stars of low
mass are denser than massive stars at any x, again in contrast to degenerate stars.
That this holds for the stellar centre (x = 0) is obvious from Figure 7.4.

Exercise 7.1: Derive the dependence of the pressure P, and of the temperature
T, on M (a) in general form; (b) forn = 4 and n = 16.

We are now ready for the crucial test of our hypothesis that Equations (7.16)—
(7.20) may be taken to describe main-sequence stars. In the relation between
luminosity and effective temperature L = 47 R’o Tj-,- (Equation (1.3)) the radius
R may be eliminated, using relations (7.35) and (7.36), to obtain

Zin—11

i {
L'~ o T (7.38)

[

Taking logarithms on both sides, we have forn = 4

log L = 5.6log T,y + constant, (7.39)
while forn = 16
log L = 8.4log Ty + constant. (7.40)

These are the calculated slopes for the lower part (low L and M) and for the
upper part (high L and M) of the main sequence in the (log 7., log L) diagram,
shallow on the lower part and much steeper on the upper part, as those derived
observationally.

Other characteristics of the main sequence are also readily explained. The
nuclear energy reservoir of a star is, obviously, proportional to its mass. In thermal
equilibrium the rate of consumption of the nuclear fuel is equal to the rate of energy
release L. Hence the duration of the main sequence (hydrogen-burning) stage,
vs should roughly satisfy

M _#
™S X L oo M-, (?41)

where we have used relation (7.35). The larger the stellar mass, the shorter the time
spent by the star on the main sequence (burning hydrogen). This explains why in
an ensemble of stars born at the same time, the more massive among them leave
the main sequence earlier. With the passage of time, the main sequence of this
ensemble becomes gradually shorter, as stars that are less and less massive leave
it. This is the reason for the different extent (or upper end) of main sequences
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corresponding to stellar clusters of different ages. as we have encountered in
Chapter 1.

We have concluded on the basis of the schematic picture of stellar evolution
(Figure 7.5) that there should be a minimal mass for stars capable of igniting
hydrogen. We may now attempt to calculate it more accurately. According to
Equation (7.33) and relation (7.36), the temperature within stars of different
masses varies as M/ R, oc M*"3) _that is, as M to a positive power. This holds,
in particular, for the central temperature (the highest temperature within a main
sequence star), which thus decreases with decreasing M,

T. ox M%7, (7.42)

where we have substituted n = 4, appropriate to low stellar masses (low tem-
peratures). The lowest temperature required for hydrogen burning into helium
is Thin &~ 4 x 10°K, applying to the p — p chain. We know that the Sun is a
main sequence star burning hydrogen predominantly via the p — p chain, from
its location in the H-R diagram and from detailed studies of its interior. We may
therefore calibrate relation (7.42):

T MY

The condition for hydrogen ignition

Tc = Tmin

may thus be translated into a condition on the mass

Mf'_) B ]L‘ . .

o

yielding My, =~ 0.1M, for the estimated T, = 1.5 x 10" K. The luminosity
corresponding to this mass may be calculated from relation (7.35) after calibrating
it with the aid of L, and M,

L min f'wmin 3 _3
i ~ 1077, (7.45)
o] Mg

thus defining the lower end of the main sequence.

Exercise 7.2: Calculate the effective temperature corresponding to the lower end
of the main sequence. : "

Exercise 7.3: Using the condition L = Lggq (With Lggq given 'by Equation (5.37)),
derive an upper limit for the mass and the luminosity of main sequence stars.
Estimate the effective temperature at the upper end of the main sequence.
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Exercise 7.4: Find the relation between L and M and the slope of the main
sequence, assuming an opacity law k = kopT '/
and n = 4.

(the Kramers opacity law)

We now return briefly to the mass-luminosity relation (7.35). Generally, the
power depends on the adopted opacity law as well as on n, although for the
constant opacity we have assumed — appropriate for electron scattering, which
dominates at high temperatures — the power of 3 is independent of n. For the
Kramers opacity law, appropriate for relatively low temperatures, the power is
'q'l'_';]j.";:’ (Exercise 7.4), which is close to 5 for n > 4. As we have seen that the
temperature scales with the mass, this explains the changing slope of the observed
mass-luminosity relation (Figure 1.6) from ~5 on the lower part to 3 on the upper
part. The slopes of the main sequence, as derived earlier, would also change to
some extent for a different opacity law, but the upper part would still remain much

steeper than the lower one.

In conclusion, we have succeeded in explaining most features of the observed
main sequence. Furthermore, if we take into account that the initial composition
is not strictly the same for all stars, we also understand why the main sequence
is a strip rather than a line. The hypothesis that main-sequence stars are those
stars that burn hydrogen in a relatively small core has thus turned into the theory
of the main sequence. Strictly, the theory applies to the zero-age main sequence,
when the composition is truly homogeneous. And we should bear in mind that it
ignores convection. But why can the simple and quite general procedure employed
be applied only to hydrogen burning? The reason why it cannot be applied to
other types of stars (other stages of evolution) is that the crucial homogeneity
assumption — both of composition and of physical state — is no longer valid at
advanced evolutionary stages.

Exercise 7.5: Repeat the dimensional analysis using the Kramers opacity law
and n = 4, but taking into account the dependence of temperature on the mean
molecular weight . Derive the scaling laws of stellar properties on the main
sequence with respect to y as well as M.

7.5 Outline of the structure of stars in late evolutionary stages

The same basic diagram that was used to describe the evolution of stars may also
serve to describe the structure of a star at a given evolutionary stage. Consider a
star of mass M: for any given point m within it we have the value of the local
temperature 7'(m) and the value of the local density p(m), which define a point
in the (log 7', log p) plane. Joining the points corresponding to different values
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Figure 7.6 Schematic illustration of the stellar configuration in different evolutionary
phases for a 10M, star (A, B, C, D, E) and a white dwarf (WD).

of m between 0 and M, we obtain a parametric line that traces the structure of
the star in the (log T, log p) plane. One end of the line — the central point — lies
on the W, curve; the other — the surface — is characterized by a temperature
considerably below 10°K and by a very low density. Hence structure lines run
across the (log T, log p) plane toward the lower left corner. The exact shape of
these lines may be complicated (only polytropes would be described by straight
lines on logarithmic scales) and may change with time — as the central point moves
along W,,. Nevertheless, they will invariably lead (more or less) monotonically
from the central point toward low temperatures and densities.

An example is given, schematically, in Figure 7.6 for a star of 10M¢ by
a series of structure lines labelled A, B, C,...with origins at a chronological
series of points (labelled O) lying along the evolutionary track W, of Figure 7.5.
These lines may be taken to roughly represent the evolving structure of the star.
We recognize line A as outlining the main-sequence structure. The next line,
B. describes the star at a later stage, when hydrogen has been depleted in the
core. We note that the conditions for hydrogen burning are now fulfilled at some
point outside the core, where A intersects the hydrogen-burning threshold. Thus
hydrogen burning continues in a shell outside the helium core. The relatively cool
region beyond the burning shell constitutes a chemically homogeneous envelope.
The core itself, now devoid of energy sources, is contracting and heating up.
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Regarding this particular evolutionary phase, Martin Schwarzschild wrote in
his book:

... It would thus clearly be safer if we stopped our discussion of stellar evolution
here and waited for the results from the big computers, which we may expect in
the nearest future. But for those whose curiosity is stronger than their wish for
safety we shall go on — fully aware of the risk.

Martin Schwarzschild: Structure and Evolution of the Stars. 1958

So we, too, shall take the risk and go on, the results of numerical calculations
awaiting us in Chapter 9.

Assuming the contraction of the core to occur quasi-statically. on a timescale
which is much longer than the dynamical timescale, the virial theorem may be
assumed to hold. Provided the amount of energy gained (or lost) during this phase
is negligible with respect to the total stellar energy (that is, thermal equilibrium
is maintained), the latter may be assumed to remain constant. As discussed in
Section 2.8, under such circumstances the gravitational potential energy and the
thermal energy are each conserved. Consequently, contraction of the core must
be accompanied by expansion of the envelope, so as to conserve the gravitational
potential energy. At the same time, heating of the core must result in cooling of
the envelope, for the thermal energy to be conserved. In particular, the surface
(effective) temperature drops. the blackbody radiation thus shifting to the red.
The star assumes the appearance of a red giant (RG).

In order to get a rough idea of the amount of expansion that might take place,
we may do a very simple exercise: consider two equal mass elements Am; and
Am, at a distance ry from the centre of a star and regard m(ry) as a point mass.
Suppose that one element moves toward the centre, to a distance ry, and the
other outward, to a distance r. so that the gravitational energy of the system is
conserved. Itis easily verified that the distances measured in units of ry, 7| = r| /1y
and 7> = ra/rp, are related by 7> = (2 — F‘]_]J !, We find that when one element
moves inward ~10% of ry (7} = 0.9), the other moves outward by about the same
amount (7, = 1.13). When the inward displacement is 20% (7, = 0.8), however,
the outward one is more than 30% (7, = 1.33), and the difference increases,
tending to infinity as r; approaches half the original distance. This exercise should
not be taken too literally: the gravitational energy is conserved globally, not by
separate mass elements: the motion occurs within the mass of the star and not
outside it, and so forth. Nevertheless, the general conclusion that it was meant to
emphasize — that a moderate amount of core contraction may entail a significant
expansion of the envelope — is true,

If the total energy does not remain constant as assumed, but rather increases
(Lpoe > L on the average), then it is easy to see that the effect of envelope
expansion upon core contraction will be all the more considerable. Therefore
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the giant dimensions that red giants may reach should not surprise us. We note.
however, that if the total energy of the star decreases while the core contracts
(Lye < L), we cannot draw any definite conclusion: the envelope may then either
expand, or remain unchanged, or even contract too, depending on the difference
between the energy drop resulting from core contraction and the overall energy
drop (Lpue — L). Only detailed stellar-evolution computations can provide the
answer as to the departure from thermal equilibrium (its trend and extent). But
provided L, = L, we may safely claim that a star with a contracting core should
evolve into a red giant.

Note: The first detailed calculations of evolving inhomogeneous stellar models,
carried out by Allan Sandage and Martin Schwarzschild in 1952, indeed showed this
effect. The models consisted of a contracting core and an envelope, separated by a
hydrogen burning shell. It was found that *. . . as the cores contract, the envelopes greatly
expand. Thus from the initial configuration, which is near the main sequence, the stars
evolve rapidly to the right in the H-R diagram . ...

It is interesting to note that these calculations were done during the brief period of
time between Salpeter’s solution for the 3« process and Hoyle’s prediction of its resonant
character (see Section 4.5). Thus, at the time, the estimated threshold temperature for
helium ignition was ~2 x 10® K. Sandage and Schwarzschild found, to their disappoint-
ment, that while the cores contract and heat up toward helium ignition, the envelopes
expand way beyond the observed red giant branch. They concluded, or rather specu-
lated, that when the central temperature reaches 1.1 x 108K, *... a physical process not
included in the present computations should start to play an essential role...’, so as to
halt the contraction of cores and expansion of envelopes. This could have been a sec-
ond, independent argument for postulating a resonant energy level in the carbon nucleus.
Indeed, this level reduces the threshold temperature for the 3« process to about 10® K!

When the helium-ignition temperature is finally reached at the centre, core
contraction stops. The structure of the star is described by line C in Figure 7.6.
Two energy sources are now exploited: the main one, helium burning in the core,
and a secondary one, hydrogen burning in a shell around it. When helium is
exhausted in the core, another phase of core contraction and envelope expansion
sets in. Since the core is now more condensed, envelope expansion 1s even more
pronounced, turning the star into a supergiant. The structure of the star at this point
is described by line D in Figure 7.6: outside the carbon-oxygen core resulting from
helium burning, we find rwo burning shells, where D intersects the helium burning
threshold and the hydrogen burning threshold, respectively. The composition
of the star is stratified: enveloping the carbon-oxygen core is a helium layer,
with the helium burning shell between them. The outer boundary of the helium
layer is defined by the hydrogen-burning shell, which separates the helium layer
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from the hydrogen-rich envelope. The hydrogen-burning shell feeds fresh fuel
to the helium-burning one. and so both advance outward. The process is quite
complicated in detail, as we shall see in Chapter 9 (where symbols HB — horizontal
branch — and AGB — asymptotic giant branch — will be explained).

Finally, when all the nuclear processes are over in the stellar core, the structure
of the star, line E in Figure 7.6, is layered like an onion, each layer having
a different composition, with lighter elements lying above heavier ones. The
supergiant (SG) is now a supernova progenitor. The spectacular albeit brief
remainder of its evolutionary course will be discussed in Chapter 10.

A similar chain of arguments may be applied to stars of other masses.

7.6 Shortcomings of the simple stellar evolution picture

It is noteworthy that the very first rough sketch of the global evolution of stars
was outlined by Bethe in 1939(!); this is how Bethe ended his treatise on energy
production in stars, which paved the way to the modern theory of stellar evolution:

... It is very interesting to ask what will happen to a star when its hydrogen is
almost exhausted. Then, obviously, the energy production can no longer keep
pace with the requirements of equilibrium so that the star will begin to contract.
Gravitational attraction will then supply a large part of the energy. The contraction
will continue until a new equilibrium is reached. For ‘light’ stars of mass less
than 64 % sun masses, the electron gas in the star will become degenerate and a
white-dwart will result. In the white dwarf state, the necessary energy production
is extremely small so that such a star will have an almost unlimited life. . ..

For heavy stars, it seems that the contraction can only stop when a neutron
core is formed. The difficulties encountered with such a core may not be insuper-
able in our case because most of the hydrogen has already been transformed into
heavier and more stable elements so that the energy evolution at the surface of
the core will be by gravitation rather than by nuclear reactions. However, these
questions obviously require much further investigation.

Hans A. Bethe: Physical Review, 1939

In the present chapter, we have built a frame for the theme of stellar evolution
and we have outlined a more elaborate sketch (along the same basic lines!), but
the picture is still far from being complete. In order to fill in the details, we shall
have to rely on numerical computations of stellar evolution — the computational
laboratories of stars. This will be the subject of Chapter 9, but in order to assess
the authenticity of our sketch, the results of complex numerical calculations for
the evolution of stars of various masses, as they appear in the (log 7., log p.)
plane, are shown in Figure 7.7. The general trend is remarkably similar to that of
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Log [p, (g cm™)]

Log [T, (K)]

Figure 7.7 Relation of central density to central temperature obtained from complex

numerical calculations of the evolution of stars of various masses, as marked (adapted
from A. Kovetz, O. Yaron and D. Prialnik (2009), Mon. Not. Roy. Astron. Soc., 395).

Figure 7.5 obtained on the basis of simple arguments. Leaving aside the deviations
associated with the ignition of a nuclear fuel (in particular the expected explosive
helium ignition at the centre of the 1 M star), we may be surprised to discover
that stars as massive as 8 M, and perhaps up to 10M, end their lives as white
dwarfs. We have expected this to happen only below Mcy,!

This points out the fallacy of our assumption concerning the conservation
of the stellar mass during evolution. We should have suspected this assumption
to be wrong, especially for massive stars, from the conclusions of the standard
model (Section 5.6). Observational considerations, too, suggest that mass loss
must occur. Several low-mass white dwarfs in the solar neighbourhood. with
accurately determined masses (0.4 M, or less) are long known. If stars conserved
their masses, it would follow that the Galaxy is old enough for stars of 0.4M, or
less to have evolved off the main sequence. We should then expect to encounter
at least some star clusters with main sequences ending at luminosities below that
corresponding to a mass of 0.4M,, but no such clusters are known. In fact, the
main sequences of all known clusters extend to considerably higher luminosities
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(corresponding to masses above 0.7M,). indicating a younger age. It would be
very difficult to explain why all star clusters should be much younger than the
Galaxy within which they reside. It is far more natural to assume that the Galaxy
is about as old as its oldest clusters, which forces us to conclude that stars lose
mass, particularly after leaving the main sequence.

... We are forced to accept the short time scales for most clusters and look for
processes by which a massive evolved star is able to lose a large fraction of its
mass, so it can settle down into a cooling white dwart’ thus, we link the problem
of the origin of white dwarfs with that of the ultimate fate of stars well above the
Chandrasekhar limit.

Leon Mestel: The Theory of White Dwarfs, 1965

Nowadays, when modern telescopes are able to detect white dwarfs in dense
globular clusters, this argument is even stronger: the white dwarfs have lower
masses than main-sequence stars of the same cluster.

Asitturns out, stars lose a significant fraction of their masses by a stellar wind,
such as that emanating from the Sun, only much more substantially in the case of
massive stars, where radiation pressure is considerable. Hence the evolutionary
paths Wy, in Figure 7.5, should have increasingly steeper slopes, as the initial mass
M increases. This means that stars initially more massive than M¢, may become
white dwarfs, their W paths shifting quickly toward paths corresponding to lower
and lower masses, the evolutionary course being very similar to that described
earlier for a mass of about | M. Therefore the general picture remains valid,
except that the dividing mass between stars that will end up as white dwarfs and
stars that will become supernovae is, in reality, higher than 1.46 M. To determine
how high, a model of mass loss is required. This will be the subject of the next
chapter.

Exercise 7.6: Consider the hypothetical evolution of a star of initial mass Mp. The
star’s core grows in mass as a result of nuclear burning. The nuclear processes
release an amount of energy Q per gram of burnt material. The star loses mass
(by means of a stellar wind) at a rate proportional to its constant luminosity
L:M = —al. (a) Find the mass of the core as a function of time, M, (¢), assuming
that M.(0) = 0. (b) Find the mass of the envelope as a function of time, M, (1),
noting that M,(0) = My. (c) What is the core mass when the envelope mass
vanishes? (d) Calculate the upper limit of My, for which the star will become
a white dwarf, given Q = 5 x 10" Jkg™! (from turning solar composition into
carbon and oxygen) and @ = 10~ kg ]~

Another process that has been neglected is neutrino emission in dense cores,
which has a marked cooling effect. As the rise in temperature between late
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burning stages is impeded by neutrino cooling, the slopes of the Wy, curves
should become somewhat steeper than 3. However, this effect does not alter any
of our conclusions.

The main shortcomings of the simple picture are (a) the total lack of time
spans for the different processes and (b) the ignorance of the outward appearance
of the star at each stage. Both factors render a comparison with observations
impossible (statistically as well as individually). Since our main purpose is to
reproduce as accurately as possible the observed stellar characteristics — not only
their trends — we must resort to detailed stellar models. Having acquired a basic
understanding of the principles involved, we may expect a smooth sail through
the ocean of evolutionary computations that we shall reach in Chapter 9.



Mass loss from stars

8.1 Observational evidence of mass loss

It is an acknowledged fact that stars lose mass. In addition to the outflow of
photons, there usually is an outflow of material particles. But unlike the flow of
radiation, which is supplied by energy generation in the interior, the flow of mass
is not replenished. As a result, the stellar mass decreases at a rate that is usually
measured in solar masses per year and denoted by M. where the negative sign
is omitted. Shedding of mass may take two forms: a sudden ejection of a mass
shell, usually following an explosion, or a continuous flow, usually referred to as
a wind. We shall deal with explosive mass ejection in Chapter 10, and devote the
present discussion to stellar winds.

Indirect evidence for mass loss was brought in the previous chapter and
theoretical indication for its probable occurrence was mentioned in Chapter 5.
There 1s, however, direct observational evidence for continuous rapid expansion
of the outer layers of stars beyond the stellar photosphere that marks the outer
edge, and into the interstellar medium. The most common is exhibited by a
characteristic shape of spectral lines, known as P-Cygni lines, named after the
star P Cygni — one of the brightest in our Galaxy, discovered in 1600 as a new star
(see upcoming Chapters 10 and 11) — where they are prominent. A P-Cygni line
profile consists of a blue-shifted absorption component and a red-shifted emission
component.

To understand this peculiar profile, imagine a spherically symmetric outflow
from a star. Assume the star emits radiation at some wavelength A (at rest).
This radiation is scattered by the outflowing gas and since the gas velocities with
respect to an observer range from —uv to v, where v is the expansion velocity,
the emission line will appear symmetrically broadened — red-shifted and blue-
shifted — on both sides of Aq, as a result of the Doppler effect. The region along
the line of sight of the star, where the gas velocity is positive (directed toward
the observer) will scatter the radiation out, while the star is occulting the region

130
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Figure 8.1 Line spectrum of P Cygni, where P-Cygni profiles are apparent.

where velocities are negative. This will result in depletion of only blue-shifted
radiation, that is, blue-shifted absorption superposed on the broadened emission.
Examples of P-Cygni lines are shown in Figure 8.1, where a portion of the line
spectrum of the star P Cygni is shown; the typical profiles are apparent for three
lines.

In a complicated way, the analysis of the detailed shape of a P-Cygni line and
its intensity enables the derivation of the gas density, as well as its velocity and
radial distance from the star. As we shall show below, these lead to the estimation
of the mass-loss rate. Mass-loss rate estimates are also possible based on other
kinds of spectral lines. We shall refrain from spectral-line analysis here, and only
mention the significant result that measured mass-loss rates vary over a very wide
range of values: from ~10~" to ~10~* M, yr~', depending on stellar mass and
evolutionary stage.

8.2 The mass loss equations

The outward flow of mass is generated in the outermost layers of the star, usually
referred to as the stellar atmosphere, while the bulk of the star maintains hydro-
static equilibrium and retains its size. This is beautifully apparent, for example,
during a full solar eclipse, when the disc of the Sun is occulted and the corona
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Figure 8.2 Total solar eclipse of August 11, 1999. (Photograph by Fred Espenak).

becomes visible, as shown in Figure 8.2. Thus at the base of the wind region the
velocity must be vanishingly small.

Consider mass outflow in the outer layers of a star of mass M, under the
assumption that the mass of these layers is negligible compared with the total
mass of the star. The basic assumption of spherical symmetry introduced in
Chapter 1 still holds, hence the flow is radial. The mass enclosed in a sphere of
radius » can no longer serve as space variable, since it is allowed to flow, and
the conservation laws applied to fixed mass elements in Chapter 2 will have to
be adapted to mass flow. In this case, it is sometimes convenient to adopt the
volume V enclosed in a sphere of radius r as the independent space variable.
The equations of mass, momentum and energy conservation that we derived in
Chapter 2 now have to be reformulated.

Mass conservation — the equation of continuity

Consider a small volume element ¢V between radii » and r + dr, or volumes
V and V +dV (dV = 4xr’dr), over which physical properties may be taken
as uniform. The mass contained in this volume is pdV. Over a small period
of time é¢, the change in mass will be d(pdV) = dVép. This change will be
caused by mass flowing into and out of the volume element. Let 7 be the
amount of mass that crosses a spherical surface of radius r per unit time.
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Then J = 4mr’pv, where v is the flow velocity, taking the positive direction
outward. Thus

dVép = J(V)ét — T(V +dV)ét (8.1)

and passing to the limit 8t — 0 and dV — 0., we obtain the equation of mass
conservation, also known as the continuity equation
AR} 82)
ar - 9V
where the second term on the left-hand side is, in fact, the divergence of the mass
flux, (1/r*)d(r?pv)/or.
In what follows we shall consider steady flows, where the local density remains
constant in time. Thus

ap

rr i
which implies that 7 is constant, that is. does not change with radial distance,
and is thus equal everywhere to the amount of mass lost by the star per unit time,

0. (8.3)

J =4nr’pv = M = constant. (8.4)

Momentum conservation — Euler’s equation

Conservation of momentum, as derived from Newton’s second law (see
Section 2.3), requires the calculation of the rate of change of the velocity of
a given mass element (the Lagrangian derivative). Since now mass elements are
no longer fixed in space, whereas the temporal derivative has to be expressed in
terms of quantities at a given point in space (the Eulerian derivative), the rate of
change of a property / of a moving mass element is given by

. af af _
= —f + V7. (8.5)
at ar

Used for the velocity v, it leads to Euler’s equation (first obtained by Leonhard
Euler in 1755),

o Jv laP GM

.——i—i,-‘[‘—I:——(‘———‘. (8.6)

dt ar p or re
For steady flows all properties are constant in time at any given point (radial
distance), although they may change with r, thus df/dt = 0 for any function f.
In particular, dv/dr = 0 and hence

dv ldP  GM

—_— = ——— — 3 (8.7
?dr o dr r? )
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Energy conservation
The change in internal energy is given by the first law of thermodynamics,
Equation (2.6) derived in Section 2.2 and involves temporal derivatives for a
fixed mass. Using again relation (8.5), assuming that there is no nuclear energy
generation within the volume and recalling that F is the heat flowing per unit
time across a spherical surface of radius r, we obtain the equation of energy
conservation in the form

ou ou 3 /1 g (1 1 dF
—+l'—+P = = +I,-"r— - = — R
ot ar at \ p ar \ p dmrep or

For a steady flow, the first and third terms on the left-hand side vanish and hence
du p d (1 1 dF 8.8)
v—=—Pv— |- )— S .
dr dr \ p drip dr

Multiplying Equation (8.7) by v and adding Equations (8.7) and (8.8), which will
now have the same dimension, we obtain

dv du ldP GM d (1 1 dF .
vljvr—+—|=—v|——-F+—+P—|—-)]| - i (8.9)
dr  dr pdr re dr \ p 4mrep dr

Noting that

dv d , ,
= —{si7)

Ydr ~ dr?

GM _ d (GM
2 dr r

1dP d (1 d P)
—_— 4+ P— i o g =
pdr dr \ p a’r(p

and multiplying Equation (8.9) by 477 p, we finally obtain

, o d (5 P GM dF
drnr-pv— | sv°4+u+——— |+ — =0. (8.10)
dr \ - p r dr
Since 47> pv = M is constant, Equation (8.10) may be integrated to yield
2% 3 P GM ;
M{isv+u+—— + F = constant (8.11)
= P

and F' may be expressed using the radiative-transfer equation (5.3), assuming
there is no convective flux in these layers.

The full set of equations

It is reasonable to assume that the gas is ideal and the composition homogeneous
in the outer layers of a star, and hence, using Equations (3.44), (3.47) and (5.3),
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3 Pﬂu.\' Prud 1 4
U=_-—+4+3— and Py = zal (8.12)
2 p p :
1 d P I 1B dT kF
e, S5 - . (8.13)
p dr  p dT dr 4 er?
In summary, the full set of equations to be solved for v(r), p(r), T(r) and F(r) is
4nr2,m: — M = constant (8.14)
dv l {P.. GM kF
s B, IR e B (8.15)
dr p dr r? drcGM
. | 2 5 Pgas 4a T4 GM
M|sv4+ -—— + —— — —— | + F = constant (8.16)
- 2 p 3 p r

dT dkp F

dr  dacT34mr?
Besides the two constants, two more conditions, or boundary values, are required
for the integration of the two differential equations. We note that the gravity
term in the momentum equation is diminished by a factor equal to the radiation
flux divided by the Eddington limiting flux. We should mention that besides the
gravitational force and the force exerted by the radiation pressure, there may be
other forces impeding or driving the mass flow, such as friction, proportional to
the velocity, or acceleration caused by photons in a particular line or band that
are not part of the continuum (black body) radiation.

(8.17)

Historical Note: The concept of corpuscular radiation, or particles streaming out of
the Sun, was proposéd by Ludwig Bier:rfénn ina paper phblished in 1951, to explain the
well-known fact that, whclher acomet moves towards or away from the Sun, its tail always
points in the antisolar direction. A few years later, Eugene Parker pursued this idea and
developed the first model of what he termed the solar wind. It may be interesting to note that
the novel idea met with strong opposition, so muah so that the papéf submitted by Parker to
the Astrophysical Journal in 1958, was rejected by two reviewers. It took the intervention
of the editor, Chandrasekhar, whom we have already encountered, to get it published. It
is also noteworthy that this model was not éntire]y new. It is true that the model considers
only positive velocities describing outward flows. However, the equations depend on
v* and the same treatment and solutums would apply to inward flows corresponding to
negative velocities. Indeed, Hermann Bondi, studying the problem of spherical accretion
of mass by a star, arrived at the same equations and solutions in 1951, but was apparently
unaware of their implication to the newly postulated effect of mass ejection,

It will not come as a surprise that there is no simple solution for the set of
Equations (8.14)—(8.17). We may go one step further, however. It is easily seen
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that the mass-conservation equation (8.14) may be written as
2 1d 1 dv
= 0 Fie—

- =0 8.18
ro pdr vdr ( )

and for an ideal gas, the derivative of the gas pressure as

1 d Py 1dT  1dp

—_— 4 ——. 8.19
Poas dr Ty pdr ( )

Eliminating :7@ between these equations and substituting the resulting expression

dr
1P,

for ‘d—a in the momentum equation (8.15), we obtain

5 P!I&I.H dv 2Pu;t-\ Pg;,.; dT GM Kk F
o BERYIR el BB P e N 0
p Jdr pr pT dr rs drcGM

This equation has a singularity, that is, dv/dr is undefined when the flow velocity

v is equal to the isothermal sound speed of the gas

PO

v = ,.'/ = (8.21)
Vor

Since at the point where v = v, the left-hand side of Equation (8.20) vanishes,

and since obviously v # 0 there, the term in square brackets on the right-hand
side must vanish as well. This condition serves to determine the point r., where
v = v, known as the critical point, which in our case defines a spherical surface
of radius r,.

Exercise 8.1: Assuming the temperature to be uniform in the flow region (denoted
by Tp), find the critical radius r.. Find the relation between the sound speed and
the escape velocity at re.

8.3 Solutions to the wind equations — the isothermal case

In order to gain some insight into the properties of stellar winds, avoid-
ing at the same time numerical complications, we now consider the simplest
form of the wind equations for which the solutions can be relatively easily
described. The conclusions will be qualitatively valid for more complicated
cases.
We assume a uniform temperature for an outer region of a star starting at
a radius ry, thus describing an isothermal stellar wind. In this case, strictly, the
radiation flux vanishes, by Equation (8.17). For an ideal gas,
» RT
v: = —— = constant
M
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and we may express 7 in terms of v,. The set of wind equations (8.14)—(8.17)
reduces to

47r?pv = M = constant (8.22)

du v? 207 re
ol Rl (W 8.23
var ( vz) r ( r ) o)

to be solved for v(r) and p(r), where

GM

Te= s (8.24)
is the point at which the right-hand side of Equation (8.23) vanishes.
Equation (8.23) is independent of the other equation of the set and may be solved
for v(r) given a boundary condition, say, v(ry) = vp. The full solution requires
an additional constant, say, p(rg) = py. We shall now show that this solution is
unique, that is, there is only one value of vy, or equivalently, M. for which a
physical solution exists.

It is convenient to define dimensionless variables

r v\
X = — and y = (—) (8.25)
re Uy

in terms of which Equation (8.23) becomes

dy 1 4 |
_(1__):_(1__)‘ (8.26)
dx y, X X

The family of solutions is determined by the initial values of y; the various classes
of solutions are shown in Figure 8.3. We assume that the outer layer of the star,
where the mass flow occurs (or the wind is generated), is tightly bound to the
star, which means that at the base ry of this region ve. 3> vg 3> vy and therefore
ro < re. Hence we start the integration of Equation (8.26) at some x = | and
v < 1. The derivative dy/dx is thus positive, and y increases. If y reaches unity
before x does. then x(y) has a maximum at y = | and thus y(x) is a multi-
valued function — shown in region 2 of Figure 8.3 — which is unphysical. Equally
unphysical are the solutions in region 4 of the figure. If, on the other hand. x
reaches unity before v does, then y(x) has a maximum at x = I, which means
that the velocity will reach a maximum value and decrease thereafter, as shown
by the solutions in region 1 of Figure 8.3. For this to be physically possible,
an inward directed pressure must be exerted on the flowing mass, which may
be shown to surpass the interstellar gas pressure by many orders of magnitude.
Hence this solution is unphysical as well. Solutions appearing in Figure 8.3 that
correspond to infinitely large velocities at the base of the wind, as those of region
3, are in conflict with the requirement of vanishing velocities there. The only
viable solution, therefore, is that for which vy is such that x and v, starting at



138

8 Mass loss from stars

Log(r/r.)

Figure 8.3 The normalized isothermal wind solutions. The circle marks the sonic point.
The unique viable solution is highlighted in bold.

low values, reach unity simultaneously, which means that v(r) passes through the
point (r¢, vy). Thus the wind is transonic: subsonic below r. and supersonic above
it.

Integrating Equation (8.26) and applying this condition, we obtain the unique
solution for v(r) as the root of

4
v—Iny=4Inx +— — 3, (8.27)
”

which defines the only acceptable velocity at the base ry of the isothermal-flow
region for a given temperature of this region and a given stellar mass. With it, the
mass-loss rate is obtained as M = 4nr§povo(T, M ). The resulting density profile
is
pr) (@)2 vo(T. M)
oo v(r)
and since v(r) increases with r, the density decreases with radial distance more
steeply than r 2.
In this simple example, the energy conservation requirement (8.16) was dis-
carded, being replaced by the condition T'(r) = constant, and F = 0 was obtained
from Equation (8.17). Alternatively, we may discard Equation (8.17) and obtain

(8.28)

r
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the heat flux as the solution of Equation (8.16), which may be written as
;'v%’[%(u(_r)2 — Vee(r)?) + constant] + F = constant,
or, in differential tform, as
(!}'!{,‘ . d )
= M —[v(r)? = vese(r)?). (8.29)
dr = dr
At the base of the flow, ves. 3> vy and the term in brackets is negative. This means
that in order to maintain an isothermal wind, energy must be pumped into the
flow along the way. As r increases, v increases while v, decreases, hence this
term will monotonically increase (and will eventually become positive). Thus
F # 0, and if, as expected, F' = — f(T)dT/dr, where f is some function of T,
the isothermal case is not realistic, unless a driving force operates that pushes the
wind by doing work on it. Nevertheless, detailed numerical and analytical studies
of the wind problem show that it is not so far from reality.

Exercise 8.2: A polytropic wind is defined by the assumption
P = Kp”,

where K is a constant. Hence

' pwKp?™!

e | .
(a) Show that the solution to the wind velocity equation has the same form as
that obtained for an isothermal wind, with the isothermal sound speed replaced

by
P
Yo = 1) —.
P

(b) Show that for ¥ = 5/3, one obtains F' = constant, which means that the flow

‘e

is adiabatic.

8.4 Mass loss estimates

Based on the isothermal wind solution developed in the previous section we may
attempt to evaluate the resulting mass-loss rates. Our free variables are the stellar
mass and the uniform temperature in the wind region. At a given stage of evolution,
the stellar mass determines the stellar radius as well. On the main sequence, for
example, relationship (7.36) may be adopted, normalized by the solar values. For
a red giant, an order of magnitude estimate for the radius may be obtained using
Equation (1.3). where we may take the Eddington critical luminosity (5.37) as
an estimate for L, and — the radiation peaking in the red part of the black body
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spectrum — we may use Wien’s law (1.4) to obtain an estimate for the effective
temperature, say, 4000 K.

With known M, R and 7', the sound speed v, is known and the critical radius
r. may be calculated by Equation (8.24). We thus have the solution v(r) by
denormalizing the dimensionless relation y(x), the solution of Equation (8.27).
Since M = 4xr2pu is constant, it may be evaluated at any point of the flow. To
do so, however, we need to know the density at that point.

In Section 3.7 we have encountered the concept of optical depth and its
relation to the stellar radius, the radius of the photosphere, where most of the
stellar radiation is emitted into space. Thus, the relation

o0
T :f kpdr = 1
R

used as the definition of the photospheric radius R, will supply p(R). The density
profile is given by Equation (8.28) in the form p = Cr ', where C is a constant,
and 2 < s < 3 for the supersonic region (for most of the subsonic region, 2 <
s < 4). The opacity « is a function of temperature and density, given generally by
a power law of the form (3.63) and since the temperature is constant and known,
k becomes a function of density only. We thus obtain

koT” [ [Cr™1°tdr =1, (8.30)
JR
where a = b = 0 for electron scattering, and ¢ = 1, b = —7/2 for the Kramers

opacity law (3.65). The integral in Equation (8.30) may be performed to yield
k[T, p(R)]p(R)R =~ 1

(up to a factor of order unity), from which p(R) is derived for given T. The
velocity at R is given by v = v,/y(x) for x = R/r. and thus M may be evaluated
at k.

Examples of such simple evaluations are shown in Figure 8.4 for several
stellar configurations: a main-sequence star of solar mass, a much more massive
main-sequence star, and a red giant of solar mass. We note that the actual measured
values of the solar wind. M =2—3 x 10 “M_ yr ' and T ~ 1.5 x 10°K, are
not very far from the curve of possible solutions, considering the very wide range
of variation of stellar mass-loss rates. The significant result is that during its
lifetime as a main-sequence star, the sun should lose an insignificant amount of
material particles, amounting to less than a thousandth of its mass. In fact, the
wind mass-loss rate during the main-sequence stage is lower than the rate of
mass loss due to conversion of mass into the energy radiated away by the Sun,
Loc™2 =67 x 1074 Mgyr'.
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Figure 8.4 Estimated mass-loss rates for isothermal winds. Note the point corresponding

to the measured values of the solar wind.

Exercise 8.3: Estimate the rate of mass loss from the Sun, if at Earth the measured
velocity of the solar wind is ~400km s~! and the proton density in the wind is
roughly 7 particles per cm?. Assume spherical symmetry for the wind expansion
away from the Sun.

This is not the case for much more massive stars. For them, not only is the
wind rate orders of magnitude higher than the rate of conversion of mass into
radiated energy, but during the time spent on the main sequence, the star is bound
to lose a significant fraction of its mass. For the example of Figure 8.4, the time
spent by a 30 Mg, star on the main sequence is shorter than the Sun’s by a factor

of 307, according to relation (7.41). but the mass-loss rate is higher by a factor

~107. Thus the total mass lost during the main-sequence phase will be 10* times
higher, hence of the order of solar masses. Similarly, a red giant — including the
future Sun - is bound to lose an appreciable amount of mass during the red-giant
stage, even if this stage of evolution lasts only a few thermal timescales.

QOur evaluations are extremely crude, and the simple solutions obtained may
mislead us into underestimating the problem. Although the multiple solution
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classes, the uniqueness of the viable wind solution and the transonic prop-
erty of the velocity variation with distance are common to a much wider and
less restrictive range of conditions, the mass-loss problem is far from being
solved. Complex cases and solutions are treated in books devoted solely to stellar
winds in general and the solar wind in particular; they are beyond the scope of
this text.

8.5 Empirical solutions

The simple cases that we have addressed have avoided the radiation flow. We have
found that energy must be continually supplied in order to maintain or accelerate
the wind out of the gravitational potential well of the star. This is the crux of the
problem.

Equation (8.15) shows that the velocity would easily increase with distance,
were the second term on the right-hand side vanishingly small. This term van-
ishes when the radiation flux approaches the Eddington limiting flux, that is,
when the radiation pressure becomes dominant, or 8 — () in Equation (5.42).
Thus, although the stellar-wind phenomenon is not yet fully solved theoretically,
itis well recognized that mass loss is driven by the increasingly dominant radiation
pressure, as the stellar luminosity approaches the Eddington limit. The importance
of radiation pressure for the ejection of matter by novae was first acknowledged
by William McCrea, as early as 1937 in the context of nova outbursts, which
we shall encounter in Chapter 11. The idea was later pursued in a vast number
of analytical and numerical studies of steady winds. However, it is not always
necessary for the bulk luminosity to approach critical value and thus disrupt
hydrostatic equilibrium (see Section 5.5). Radiation pressure is capable of accel-
erating material out of the stellar gravitational potential well, even for an overall
state of hydrostatic equilibrium, because material particles vary widely in their
ability to absorb radiation. While the interaction of a particle with a gravitational
field depends solely on the particle’s mass, its interaction with a radiation field
depends on its composition, structure, size and density, as well as on the radiation
wavelength. Thus, if in the outer layers of a star there are such particles that are
exceptionally absorbent at the leading wavelength of the photons — as determined
by the temperature — then for these particles the radiation pressure might just
overcome gravity. In other words, the high opacity rather than the photon flux
would cause « F' /4w ¢GM in Equation (8.15) to reach or exceed unity. The result
would be an outward acceleration leading to a mass outflow of such particles, and
others entrained by them.

By a heuristic argument, at a mass-loss rate M driven by radiation pressure, the
mass M8t ejected during a time interval 8¢ acquires escape velocity by absorbing a
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fraction, say ¢', of the momentum carried by the radiation (L /¢)ét. Consequently,
. il
Mot vege = ¢p —6t,
=
and substituting vf“ =2GM/R,and ¢ = ¢'/2, we may write

= (0°) Gor

Thus the mass-loss rate must have the dimension of LR/GM and this is the
key to empirical formulae used to express M. The transfer of momentum from
the radiation field to mass may be very complicated, involving turbulence, shock
waves or acoustic energy. The dimensionless coefficient in parentheses is diffi-
cult to calculate theoretically, but it may be obtained from the observed global
properties of stars whose mass-loss rates can be measured. We shall return to this
point in the next chapter, where we consider numerical stellar models in the light
of observations.

Exercise 8.4: (a) Estimate the mass-loss timescale, 7,1, and compare it with
the thermal timescale of a star. (b) Show that the rate of energy supply required
for mass loss at a rate M is a very small fraction of L. (¢) Find the relation
between the mass-loss timescale and the nuclear timescale of the star and show
that, usually, Ty-1 < Thue.

Exercise 8.5: Assuming that the mass-loss rate may be parametrized as in
Equation (8.31): M o LR/GM, show that for main-sequence stars M o L*
and evaluate «.



The evolution of stars — a
detailed picture

This chapter differs from previous ones by being descriptive rather than analytical.
An account will be given of the evolution of stars as it emerges from full-scale
numerical calculations — solutions of the set of equations (2.54), with accurate
equations of state, opacity coefficients and nuclear reaction rates. Such numerical
studies of stellar evolution date back to the early 1960s, when the first computer
codes for this task were developed. The first to program the evolution of stellar
models on an electronic computer were Brian Haselgrove and Hoyle in 1956.
They adopted a method of direct numerical integration of the equations and
fitting to outer boundary conditions. A much better suited numerical procedure
for the two-boundary value nature of the stellar structure equations (essentially
a relaxation method) was soon proposed by Louis Henyey: it is often referred to
as the Henyey method and it has been adopted by most stellar-evolution codes to
this day. Among the numerous calculations performed by many astrophysicists
all over the world since the early 1960s, the lion’s share belongs to Icko Iben Jr.
The detailed results of such computations cannot always be anticipated on the
basis of fundamental principles, and simple, intuitive explanations cannot always
be offered. We must accept the fact that, being highly nonlinear, the evolution
equations may be expected to have quite complicated solutions.

As the complete solutions of the evolution equations provide, in particular, the
observable surface properties of stars, we shall focus in this chapter, more than we
have previously done, on the comparison of theoretical results with observations.
The ultimate test to the stellar-evolution theory is the understanding of the H-R
diagram in all its aspects (described briefly in Chapter 1). We thus expect to find
stars in the H-R diagram where theoretical models predict them to be. Moreover,
the basic statistical principle mentioned in Chapter | should apply: the longer
an evolutionary phase of an individual star, the larger the number of stars to
be observed in that particular phase. A detailed comparison between theoretical
predictions and observations is thus possible for long evolutionary phases, such as
core-hydrogen burning and. to a lesser extent, core-helium burning. Proceeding
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to advanced evolutionary stages, neutrino emission from the dense, hot cores of
massive stars, acting as an efficient energy-removing agent, accelerates the rate
of evolution by requiring an enhanced rate of nuclear energy supply. Hence the
weak nuclear fuel (from carbon to iron, the amount of energy release per unit
mass of burnt material is relatively small) is quickly consumed. Consequently,
the probability of detecting stars during these brief evolutionary phases is low.
Cooling, following the completion of nuclear burning in relatively low-mass stars,
is again a slow process, but cooling stars — white dwarfs — become gradually fainter
and more difficult to detect.

9.1 The Hayashi zone and the pre-main-sequence phase

Chapter 7 dealt with the evolution of stars by following the path of the stellar
centre in the (log 7', log p) plane. The present chapter, focusing on the stellar
surface, follows evolutionary tracks in the (log Ty, log L) plane, the theorists’
H-R diagram. In the (log T', log p) plane we found zones of instability, which
have constrained the evolutionary paths of stars. We shall now show that the
(log T, log L) plane has its own ‘forbidden zone’. It is known as the Hayashi
forbidden zone and its boundary as the Hayashi track, atter Chushiro Hayashi,
who was the first to point out and study this type of instability in the early 1960s.
The forbidden zone’s boundary is determined by the hypothetical evolution of a
fully convective star.

Consider a fully convective star of mass M, where convection reaches out
to the stellar photosphere. In Section 6.6 we showed that in a convective zone
the temperature gradient is very closely adiabatic. On the one hand, even a slight
superadiabaticity gives rise to high heat fluxes which reduce the temperature
gradient. On the other hand, subadiabaticity quenches convection and reduces the
heat flux; as a result, the temperature gradient steepens. Therefore, if convection
persists, the temperature gradient remains very close to the adiabatic. Neglecting
the mass and thickness of the photosphere with respect to the stellar mass M
and radius R, we may adopt a very simple description for the interior of a fully
convective star as a polytrope of index n = (y, — 1)~

P =Kp'ts ©.1)

(see Section 5.3). The coefficient K is related to M and R by Equation (5.23):

K" = C1HGHMH—] RJ—H. (9‘2)
= : R" 3 .
the constant C,, depending onn, C,, = mfl o We have one free parameter, the

value of R, which will be determined by joining the fully convective interior to the
radiative photosphere at the boundary r = R. The ability of the photosphere to
radiate the energy flux crossing this boundary will depend on the change in
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density, temperature and pressure across it. Hydrostatic equilibrium requires

dp _ GM
dr PR2
and integrating from R, where the pressure is Ppg, to the point where the pressure

vanishes, or, for simplicity, to infinity, we obtain

GM [~

R Ji
The temperature at R is the effective temperature of the star, satisfying L =
47 R?0 T ;. The optical depth of the photosphere is of the order of unity (see
Section 3.7), the exact value depending on the type of solution of the radiative
transfer equation. Thus f;o kpdr =i ];’ pdr = 1, where k is the opacity aver-
aged over the photosphere. Taking & to be the opacity at R and expressing it as
a power law in density pg and temperature 7. of the form (3.63), we have, as a
crude approximation,

(9.3)

Pp:= pdr. (9.4)

ST / pdr =1, 9.5)
R
Combining Equations (9.4) and (9.5) we obtain
GM
Pg = ) 9.6
R oo Pr Lo (9.6)

A further relation among pressure, density and temperature at R is provided
by the equation of state, for which we adopt the simplest case of an ideal gas
and negligible radiation pressure, Equation (3.28), Pr = (R/p)pg Ter. We thus
arrive at a set of four equations, all in the form of products of powers of physical
quantities, which are easily solved when turned into linear logarithmic equations:

log Pp =logM — 2log R — alog pr — blog T + constant (9.7)
nlog Pr = — l)logM + (3 —n)logR + (n+ 1)log pr + constant  (9.8)
log Pr = log pr + log T + constant (9.9)

log . = 2log R + 4 log T, + constant. (9.10)

By eliminating log R, log pg and log Pk, we obtain a relation between log L,
log T.ir and log M, in the form

log L = Alog Ter + B log M + constant, (9.11)
_(?—n)((s+]}—4—a—i—b B (n—1)a+1)+1
053 —ma+1)—1 " 053 -n)a+1)—1"

(9.12)
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which traces a line in the (log 7., log L) diagram, the Hayashi track, for each
value of M. These tracks play a similar role to that of the Wy, tracks in the
(log T, log p) plane, but they cannot be taken to represent evolutionary paths, as
their W, counterparts, because the assumptions on which they were derived are
not generally valid. They represent asymptotes to evolutionary paths, as we shall
show shortly.

To simplify the discussion, we assume a = 1, which is a reasonable approxi-
mation. The power b, however, may assume a wide range of values, mostly positive
(as seen from Figure 3.3), because photospheric temperatures are relatively low.
The coefficients (9.12) thus reduce to

90-2 2n — 1
=$ B:_n (9.13)

2—n 2—n’

In addition, we recall that the polytropic index is constrained by dynamical sta-
bility to n < 3 (Section 6.3), and hence overall 1.5 < n < 3. The first conclusion
to be drawn from Equations (9.11) and (9.13) is that the slope of the Hayashi
track is extremely steep. For b = 4 and n = 1.5, typical of low temperatures, we
obtain A = 20 — an almost vertical line. Consequently, tracks corresponding to
different stellar masses are close to each other, with larger values of M shifting
the lines always to the left. This is because sgn|B] = —sgn[A], and hence for
A = 0 a higher M lowers the line, while for A < 0, a higher M raises it. (We
recall that in the H-R diagram, the effective temperature increases leftward.) We
further note that the slope changes sign for n > 2. Thus, for example, the slope
will be differently inclined for a photosphere of atomic hydrogen (n = 1.5) and
one of molecular hydrogen (n = 2.5). Accurate calculations of convective stellar
models show that the Hayashi track corresponding to a given M changes slope,
bending slightly to the left at low L and shifting to the right at large L.

In order to understand the significance of Hayashi tracks, we characterize a

din P

star by a unique value ¥, obtained by averaging y = dinp Over the entire star.

Similarly, y, denotes the average adiabatic exponent. For a fully convective star,

we obviously have y = y,. If the star has radiative zones, then in some regions
¥ < Ya.and hence ¥ < y,. The corresponding average polytropic index »n for such
stars satisfies n = n,, where n, is taken to denote the adiabatic polytropic index
that defines the Hayashi track. Therefore, 7 > ,, orn < n,, can only arise from
superadiabaticity, which is unstable and hence ‘forbidden’. Now, consider a star
of mass M and luminosity L, whose configuration can be described, as above, by a
polytrope overlaid by a photosphere. How would its effective temperature change
with the polytropic index n? To answer this question, we have to reconstruct
Equations (9.7)—(9.10), taking account of the dependence of the constants (on
the right-hand sides) on the polytropic index, in order to obtain the function
log T.¢(n). When this tedious task is accomplished, the resultis d log T /dn > 0.
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Consequently, the forbidden zone corresponding to n < n, lies to the right of the
Hayashi tracks in the H-R diagram.

The role of Hayashi tracks and forbidden zone is best illustrated by the pre-
main-sequence evolution of stars. The very beginning of a star’s life is marked
by a rapid collapse of an unstable gaseous cloud. The initiation of such a collapse
being a galactic, rather than a stellar process. will be discussed in Chapter 12. At
first, the material is transparent, but as it condenses and its temperature rises, it
eventually becomes opaque. The interior is now shielded and the boundary layer
from which radiation escapes defines a discernible object which will become a
star. This occurs at densities of about 107 '°-10~kg m— and temperatures of
a few hundred degrees Kelvin. Under such conditions hydrogen is in molecular
(H») form. The gas is too cold to resist the gravitational force and contraction
proceeds, essentially as radial free fall, on the dynamical timescale (of the order
of 1//Gp, Equation (2.57)). We note that this timescale is considerably longer
than that typical of mature stars, densities being so much lower. The rising gas
temperature becomes. eventually, high enough for dissociation of the hydrogen
molecules to take place, then for ionization of the hydrogen atoms and, finally,
for ionization of the helium atoms. All these processes absorb a vast amount of
energy, which is supplied by the gravitational energy released in contraction. The
gas temperature is now prevented from further increase, much in the same way as
the temperature of boiling water remains constant, although energy is continually
supplied to it to keep it boiling. Thus free fall continues throughout these stages.
When ionization of hydrogen and helium is almost complete, the gas temperature
increases again due to the release of gravitational energy. There comes a time
when it generates sufficient pressure to oppose the gravitational pull and a state of
hydrostatic equilibrium is established. The gaseous condensation has now become
a protostar.

A rough estimate of protostellar characteristics may be obtained by assuming
that all the gravitational energy released in collapse to the protostellar radius Ry,
practically from infinity, G M? /R, was absorbed in dissociation of molecular
hydrogen and ionization of hydrogen and helium, although in reality a fraction was
emitted as radiation. Denoting by xy, the dissociation potential of H, (4.5eV), by
xu the ionization potential of hydrogen (13.6eV) and by yy. the total ionization
potential of helium (79eV =24.6 eV + 54.4¢V), we have

GM* M (X

Y
aXH; + X xu + ZXH:) (9.14)

o ~
Ry my

and taking ¥ &~ 1 — X and « &~ 1, we obtain

B 50 M

&

(9.15)
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The protostar being in hydrostatic equilibrium, an average internal temperature
may be estimated from the virial theorem, as in Section 2.4 (Equation (2.29)).
Using approximation (9.15) with X ~ 0.7, we obtain

. apuGMmy “ e
T=—->=——=6x10"K, (9.16)
3k Ry

independent of the stellar mass. At this temperature the opacity is still very high
(see Figure 3.3), the flow of radiation is hindered, and hence the protostar is
fully convective. This is the starting point of the Hayashi evolutionary phase. In
the (log T, log L) diagram the star descends along its Hayashi track at almost
constant effective temperature, its radius decreasing steadily and its luminosity
decreasing, roughly as R, In time, as the internal temperature continues to rise,
ionization is completed and the opacity drops. The convective zone recedes from
the centre and the star moves away from the Hayashi track toward higher effective
temperatures. The increasing core temperatures cause nuclear reactions fo start,
slowly at first, far from thermal equilibrium, but gaining in intensity. This causes
the stellar luminosity to reverse its trend and start rising. The evolution toward
thermal equilibrium is complicated by the gradual ignition of different reactions
of the hydrogen-burning chains. This is illustrated in Figure 9.1 by the winding
paths traced by stars of various masses in the (log 7., log L) diagram, obtained
from detailed evolutionary calculations. The corresponding time intervals are
listed in Table 9.1.

The relevant timescale throughout the protostellar stages is the relatively short
Kelvin-Helmholtz (thermal) timescale given by Equation (2.59). Stars in the pre-
main-sequence evolutionary phase are hard to detect not only because they are
scarce, this phase being relatively short. but also because they are still shrouded in
the remains of the cloud out of which they were formed. The less massive among
them, which evolve more slowly, appear as highly variable mass ejecting objects,
known as T Tauri stars. They are surrounded by circumstellar discs, probable sites
of planet formation, which are estimated to dissipate on timescales of up to 107 yr.
An example of jets of material ejected by a young star hidden in a nebula of gas
and dust is shown in Figure 9.2,

Only on the main sequence will the evolutionary timescale finally shift to
the nuclear one and will stars become numerous. Contraction toward the main
sequence takes up less than 1% of a star’s life; in contrast, the star will spend
about 80% of its life as a main-sequence star. For example, a star of 1 M spends

3 x 107 yr contracting prior to hydrogen ignition, in contrast to the 10

yroit
spends burning hydrogen in the core. For initially more massive stars the time-
scales shrink significantly: thus for a 9M., star the contraction phase takes only

about 10° yr, and the main-sequence phase 2 x 107 yr.



Table 9.1 Evolutionary lifetimes (years)

MM -2 2-3 34 4-5

15 6.7(2)  2.6(4) 1.3(4)  6.003)
9 14(3)  7.8(4) 2.3(4)  1.8(4)
5 20(4) 285 T.4(4)  6.8(4)
3 20105 LOWG) 2.2(5) 2.8(5)
225 59(5) 2.2(6) 5.0(5) 6.7(5)
1.5 2.4(6) 63(6) 1.8(6) 3.06)
1.25 4060 1.0(7) 3560 10T
1.0 89(6) 1.6(7) 89(6) 1.6(7)
05  1.6(8)

Note: powers of 10 are given in parentheses.
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Figure 9.1 Evolutionary paths in the H-R diagram for stars of different initial mass (as
marked) during the pre-main-sequence phase. The shade of segments is indicative of the
time spent in each phase, ranging from less than 10° yr (light) to more than 107 yr (dark),
as given in Table 9.1 (adapted from L. Iben Jr. (1965), Astrophys. J., 141).
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Figure 9.2 Jet of gas, one-half ly long, ejected by a young star, bursting out of a dark
cloud of gas and dust that hides the star (photograph by J. Morse (STScI), with NASA’s
Hubble Space Telescope).

9.2 The main-sequence phase

All stars undergo the main-sequence phase, characterized by core-hydrogen burn-
ing. The major product is helium, but other important isotopes are synthesized
during the main-sequence phase as well, such as nitrogen. resulting from proton
capture on carbon nuclei in the stellar core, and the rarer isotopes “He and *C,
produced in cooler regions, outside the core. In the course of this long phase
there is ample time for the stellar configuration to achieve both hydrostatic and
thermal equilibrium and ‘forget’ its former structure and evolutionary phases.
Thus the main sequence may be regarded as the starting point of stellar evolution;
fortunately so, for the earlier stages of evolution are less well understood, partly
perhaps because the guidance provided by observations is restricted by the short
duration of these phases.

The nuclear energy generated in the hydrogen-burning core is transported
outward by radiation or by convection. In low-mass stars (M < 0.3M) the main
means of energy transfer is convection, these stars being fully convective (except
for the photosphere, of course), as we have anticipated in Section 6.6. In the
H-R diagram they are found in the region where the Hayashi track meets the
main sequence. More massive stars have smaller and smaller outer convective
zones; in the Sun, for example, the convective zone extends over only about
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Figure 9.3 Correlation between luminosity and effective temperature obtained from
model calculations of hydrogen-burning stars of solar composition and various masses
and the resulting main sequence in the H-R diagram (adapted from R. Kippenhahn and

A. Weigert (1990), Stellar Structitre and Evolution, Springer-Verlag).
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Figure 9.4 The extent of convective zones (shaded areas) in main-sequence star models
as a function of the stellar mass (adapted from R. Kippenhahn and A. Weigert (1990),

Stellar Structure and Evolution, Springer-Verlag).

2% of the solar mass below the photosphere. Stars more massive than the Sun,
which burn hydrogen predominantly by the temperature-sensitive CNO cycle,
develop convective cores, while the envelopes are in radiative equilibrium. The
main sequence emerging from complex stellar-model calculations is shown in
Figure 9.3, with masses marked along it. The extent of convective zones is shown
in Figure 9.4.

It is important to stress that the composition throughout a convective zone is
uniform, as a result of continual mixing, even if the nuclear reaction rates are not.
As aresult, hydrogen-burning products migrate to cooler regions of the star, where
they could not have been found otherwise. And there they remain, even when the
central convective zone shrinks or disappears altogether. Later on, when the stellar
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envelope will, eventually, become convective, its inner boundary overlapping the
outer boundary of the formerly convective core, hydrogen-burning products will
make their way to the surface of the star, where they can be observed in the
spectrum. This effect of consecutive, overlapping convecting zones, leading to the
dredge-up of processed material to the surface, enables us to infer the occurrence
of nuclear burning processes in the shiclded stellar cores. Thus the detection in
spectra of evolved stars of heavy elements and isotopic ratios that are different
from those of young stars constitutes another crucial test, as well as guide, to the
theory of stellar evolution. Although there is ample observational evidence that
indirectly validates the theory of nuclear energy generation in stellar interiors,
great efforts are devoted to testing it directly. Experiments aiming to test the very
hydrogen-burning process taking place in the core of the Sun will be described in
the next section.

One of the salient features of stellar evolution is mass loss. As we have seen in
the previous chapter, stars lose mass at all evolutionary stages, including the main
sequence, and the rates of mass loss vary over a very wide range. On the lower
main sequence the mass-loss rate is so slow as to have no discernible effect on the
stellar mass. As shown in Section 8.4, the solar wind, for example, removes mass
from the Sun at a rate of a few ~107" M yr~!
[ /1000 of the Sun’s mass at the completion of its main-sequence phase. As we
go from low-mass to massive stars. the wind becomes more intense. As a result,
although the main-sequence lifespan decreases rapidly with increasing stellar
mass, the evolution pace of massive stars, which shed a considerable fraction of

. which will amount to less than

their mass by the wind, slows down compared with the evolutionary rate of these
stars had they conserved their mass. To illustrate this effect we define a parameter
« by

 log(M /M)

We have seen in Chapter 7 that evolutionary timescales are determined by the
stellar mass, as they are inversely proportional to the square (or a higher power)
of the mass. Solar models are calibrated by requiring them to reproduce the solar
radius and luminosity at the present age of the Sun, which 1s independently known
from geologically based estimates of the age of the Earth. This calibration is used
for computing the main-sequence phase of stars over a wide range of masses.
The main-sequence lifetimes of stars within the initial mass range 0.1Mg <
M < 25M_; are listed in Table 9.2 and are marked onto the main sequence in
Figure 9.5, along with the corresponding stellar masses. The values of « are listed
in the third column of Table 9.2: |«| is not constant; for relatively large M, it
decreases with increasing M. We note the large span of main-sequence ages: at
the lower end of the main sequence they exceed by far the age of the universe;
by contrast, at the upper end, they become shorter than the thermal timescale
of the Sun.
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Table 9.2 Main-sequence

lifetimes

Mass (M) Time (yr) o
0.1 6x10% -28
0.5 7x 10" 2.8
1.0 1 % 10"
1.25 4 x 10° —4.1
L5 2 x 107 —4.0
3.0 2 x 108 3.6
5.0 7 % 107 -3.1
9.0 2 x 107 —2.8
15 1 % 107 -26
25 6 % 10° -23
6 108yr
i Ofyr
4r _ .
Pleiades
_ Hyades 7
=l
2
- 0 |
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Figure 9.5 The main-sequence lifespan for stars of different masses marked along the
main sequence in the H-R diagram (see Figure 9.3), which may be used to determine
stellar-cluster ages according to the main-sequence ‘turnoff point’.

Consider now a stellar cluster, which is, essentially, a large group of stars born
at the same time, more or less. The age of the cluster will show on its H-R diagram
as the upper end of the main sequence, or the rurnoff point: stars within the cluster,
with masses corresponding to main-sequence lifetimes shorter than the cluster’s
age, would have already left the main sequence toward the red giant branch. In
other words, such stars would have consumed the hydrogen supply of their cores,
the cores contracting toward the next burning stage (or toward becoming white
dwarfs). Clearly, stars with main-sequence lifetimes longer than the cluster’s age
will still dwell on the main sequence of the H-R diagram. We are thus provided
with a reliable tool (a clock) for measuring the age of star clusters, as illustrated
in Figure 9.5, where superimposed on the clock are the H-R diagrams of different
clusters. The oldest cluster provides a lower limit to the age of the galaxy within
which it resides and to the age of the universe itself.
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Note: The main sequence of stellar clusters serves not only as a time instrument but
also as an instrument for distance determination. The H-R diagram obtained directly from
observations has the measured apparent brightness, defined by Equation (1.1), instead of
the luminosity as ordinate. Since, on the logarithmic scale, this translates into a uniform
vertical shift of magnitude ]0g(4:rrd ), matchin g such a diagram with the calibrated one
enables the determination of the shift, and hence of the distance to the cluster. As the
lower main sequence is the most populated region of the H-R diagram of any cluster,
the matching procedure relies mainly on the main sequence and thus this method of
distance determination (which, in reality, is complicated by such factors as metallicity
and interstellar absorption, Chapter 12) is called main-sequence fitting.

Stars of all masses partake in the main-sequence phase, but subsequent evo-
lution differs for stars of different masses. In what follows we shall distinguish
between stars whose main-sequence lifespan exceeds the present age of the uni-
verse (according to latest estimates, ~1.4 x 10!’ yr) and stars that could have
evolved off the main sequence, were they born early enough. Stellar models
yield the upper mass limit for stars that are still on the main sequence (even if
they are as old as the universe) at 0.7M,. Due to their low surface temperature
and thus reddish colour, these stars are also known as red dwarfs. Stars of mass
M = 0.7M may be divided in turn into two subgroups according to their mass:
those with initial masses below 9-10M,, and the rest, with the former ending their
lives as white dwarfs (after shedding a considerable fraction of the initial mass)
and the latter undergoing supernova explosions. The former fall into low-mass
stars (0.7 < M <2Mg,) and intermediate-mass stars (2 < M <9-10M,), and the
latter (>10M,) are known as massive stars. The distinction between low-mass
and intermediate-mass stars is based on the way of helium ignition in the core,
that is, whether or not it occurs under degenerate conditions.

We now make a short digression from the course of stellar evolution to address
the crucial issue of solar neutrinos.

9.3 Solar neutrinos

Since the mean free path of photons in stars is barely 1 cm, stellar cores, where
nuclear reactions take place, cannot be directly observed. We infer the occurrence
of nuclear reactions from the fact that stars shine and that their luminosities
are well predicted by the theory of stellar evolution based on nuclear energy
generation, and also from the variety of surface abundances and isotopic ratios.

However, a direct test of the theory would be possible by devising means of

capturing neutrinos that are expelled in nuclear reactions. For them, the mean free
path exceeds stellar dimensions by about ten orders of magnitude. But if matter
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Table 9.3 Propertics of solar neutrinos

Flux at Earth Energy Average
Source fm2s5 ) (MeV) (MeV)
p+p— D4e +v 6.0 x 10% =0.42 0.263
"Be+e — 'Li+v 4.9 x 107 0.86 (90%), 0.38 (10%)  0.80
B — BBe+et4v 5.7 x 10" <15 72

is so utterly transparent to these elusive particles, how can we expect to capture
them? It turns out that a tiny fraction of the immense neutrino flux from the Sun
(the nearest source) that sweeps the Earth can be captured by very ingenious
experimental devices.

The energy generation process put to the test is thus the fusion of four protons
into a helium nucleus, emitting two positrons and two neutrinos, and liberating
thermal energy

4p — *He+2et +2v+ Q,

where Q ~ 25MeV after subtracting the average energy removed by the neu-
trinos. The number of neutrinos emanating from the Sun per second can be easily
derived: 2L/ Q =~ 2 x 10" s~!. In the Sun, hydrogen burning proceeds mainly
through the p — p reaction chain (described in Section 4.3), which is, in fact, the
most common energy-generating process in stars. The chain, as we know. has
three branches, involving three neutrino-emitting reactions. Due to the branching
ratios of the p — p chain, the neutrinos emitted in each case have widely different
fluxes, and also different energies. as given in Table 9.3. The branching ratios
are directly related to the core-temperature profile in the Sun (and vary from star
to star). Now, the probability of absorption of a neutrino — small as it may be —
increases with increasing energy: hence the easiest to detect would be the *B
neutrinos, which have the highest energies.

Exercise 9.1: Using the data of Table 9.3, calculate the following: (a) the branch-
ing ratios of the p — p chain; (b) the neutrino luminosity of the Sun; and (c) the
range of neutrino emission (particles per second) that would be expected, if the
branching ratios of the p — p chain were not known.

Indeed. the ®B neutrinos were the main target of the first neutrino experiment,
started in the early 1960s by Raymond Davis with the support of John Bahcall on
the theoretical side. The experiment was turned on in 1967 and ran continuously
for almost thirty years. The basic principle is the capability of *’Cl (a rare chlorine
isotope), to absorb a high-energy neutrino and produce ¥’ Ar, a radioactive isotope



9.3 Solar neutrinos

157

of argon,
3 37
prde W ey g il A

which subsequently decays, having a half-life of 35 days. Eventually, if the chlo-
rine is exposed for a sufficiently long time, equilibrium is achieved between the
production and destruction of argon. The equilibrium abundance of *' Ar isotopes
can be used to derive the flux of highly energetic neutrinos. As the threshold
energy of the reaction is 0.8 MeV, these are mostly *B neutrinos; only a small
fraction (~1/6) may result from 'Be. To grasp how formidable this experiment
was, we should mention that it involved a huge tank containing about 600 tons
of C,Cly fluid (an ordinary cleaning fluid) placed in the abandoned 1500 m-deep
Homestake gold mine in South Dakota, shown in Figure 9.6. (The experiment had
to be conducted deep underground in order to avoid background noise caused by
cosmic ray particles.) The equilibrium abundance of argon atoms was no more
than a few tens among the ~2 x 10*" chlorine atoms in the tank! Nevertheless,
the radioactive argon atoms could be extracted and, by means of a Geiger counter,
counted. The inferred neutrino flux being about a factor of 2 to 3 lower than
predicted by solar models for the same energy range constituted what has been
known for many years as ‘the solar neutrino problem’.

The persisting puzzle prompted further investigation, always on a grand scale,
as demanded by the difficulty of neutrino detection. Thus other experiments
aiming at the B neutrinos followed: the Kamiokande II in the mid 1980’s, and
its successor, the Super Kamiokande, about ten years later, and still operating.
The latter consists of a big tank — 40 m in diameter and 40 m high — containing
50000m?* of very pure water, of which about half is used for the experiment
itself, with the other half surrounding and shielding it. The tank is placed in the
Kamioka Mozumi mine in Japan, at a depth of more than 1000 m. Its walls are
lined with some 11000 very sensitive light detectors — photomultiplier tubes —
capable of detecting single photons. (The earlier version used a smaller amount
of water and yielded somewhat less accurate results.) The experiment is based on
neutrino-electron scattering reactions,

v4e — v e,

which produce electrons moving with a speed that surpasses the speed of light in
water (but is less than the speed of light in vacuum). Such electrons radiate energy,
known as Cherenkov radiation, an effect that resembles a shock wave produced
by an aircraft moving at supersonic speed. This radiation hits the detectors on the
tank walls. The threshold energy of this experiment is close to 7 MeV, and hence it
is only sensitive to the more energetic among *B neutrinos. The number of events
per day is less than 20. In principle, it one knows the neutrino flux detected by the
Kamiokande experiment, one can predict from the energy distribution of the *B
neutrinos the flux that should be detected by Davis’s chlorine experiment. This
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was found to be higher than the flux actually detected, which further complicated
‘the solar neutrino problem’.

The remarkable achievement of the Kamiokande experiments is to have estab-
lished that the detected neutrinos do indeed come from the Sun. The observed
directions of the scattered electrons, which recoil in the direction of the scattering
neutrinos, are found to trace out accurately the position of the Sun in the sky.

The disadvantage of both the chlorine and the water-Cherenkov experiments
was that they tested a rather insignificant branch of the p — p chain. The bulk of
solar neutrinos are the low energy ones produced by the fusion of two protons
into deuterium. As it turns out, such neutrinos can interact with gallium

v+ 'Ga—s e + " Ge,

the threshold energy being only 0.23 MeV, to produce radioactive germanium,
which has a half-life of 11.4 days and decays back to gallium. Two experiments
based on this reaction were soon designed: one named SAGE — a Russian (for-
merly Soviet)-American collaboration — in an underground excavation in the
Caucasus region of Russia, and another named GALLEX - a primarily European
collaboration — in an underground laboratory in Gran Sasso, Italy. Both operated
between 1990 and 2006. SAGE used 60 tons of metallic gallium (more than the
amount produced worldwide in a year!); GALLEX used half this amount in an
aqueous solution. Similar to the method used in the chlorine experiment, the
way of detecting the neutrinos was to collect and count the radioactive atoms
in the target. More than half the neutrinos detected in these experiments came
from the p + p reaction, providing for the first time unambiguous confirmation
of hydrogen fusion at the centre of the Sun. The comparison with theoretical pre-
dictions was significantly improved. The experimental results now came within
~65% of the solar model predictions, and the discrepancy diminished as more
data accumulated and more refined effects were included in these models (such
as diffusion, improved methods of dealing with convection, better opacities).

This was the situation close to the turn of the millennium: solar neutrinos
had been observed in five different experiments, with the expected energies and
roughly, but not quite. the expected fluxes. Moreover, it was unequivocally con-
firmed that their source was the Sun. We might safely claim that the main goal
of the neutrino-detection experiments — the validation of the theory concerning
the nuclear engine that powers the Sun and stars — had been attained. But the
discrepancy between detected and predicted neutrino fluxes, even if smaller than
at the onset of the Davis experiment, was still nagging. The quest for a solution
thus continued.

The solution to the solar neutrino problem and with it, strong indication for
‘new physics’, was soon to be found, provided by new experiments, even more
sophisticated and sensitive than those just described. The first experiment of this
kind, named SNO (for Sudbury Neutrino Observatory), was designed to detect
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(a) (o)

Figure 9.6 The Homestake-mine experiment (a) (photograph by courtesy of the
Brookhaven National Laboratory) and the SNO detector (b) (photograph by courtesy
of Ernest Orlando Lawrence Berkeley National Laboratory).

solar neutrinos through their interaction with deuterium nuclei and electrons
present in salt heavy water, based again on Cherenkov radiation. The spherical
detector, shown in Figure 9.6, was placed 2000 m below ground in the Creighton
Mine located in Ontario, Canada, and filled with 1000 tons of salt heavy water.
It was surrounded by clean water that served as shield and by almost 10000
photomultiplier tubes. The special advantage of this experiment was its sensitivity
to different kinds of neutrinos, as besides the common electron neutrino, there are
two more types associated with two other kinds of leptons, the muon and the tau.
In 2001-2002 it provided the first evidence of transitions between the different
kinds (neutrino oscillations), which not only paved the way to the solution of the
solar neutrino problem, but also indicated that neutrinos have mass, and placed
constraints on its magnitude. Very briefly, while the earlier experiments were
sensitive to electron neutrinos only — the kind that is released in the nuclear
reactions of the p — p chain — a fraction of these neutrinos decayed to other
types before reaching the detectors and thus escaped detection, which explains
the apparent deficiency in the neutrino flux. For these transitions to be possible,
neutrinos must possess mass.

The SNO experiment was terminated in 2006 and soon after that, in May of
2007, another experiment was launched at the same underground laboratory in
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Gran Sasso that had housed the GALLEX experiment. It is called BOREXINO
and its goal is to measure the "Be neutrinos from the Sun not targeted in the other
experiments, which makes it alow-energy experiment (see Table 9.3). The detector
core is a transparent spherical vessel 8.5 m in diameter, filled with 300 tons of a
liquid scintillator and surrounded by 1000 tons of a high-purity buffer liquid. The
photomultipliers are supported by a stainless steel sphere, which also separates
the inner part of the detector from the external shielding, provided by 2400 tons
of pure water.

Several other neutrino experiments are currently operating, among them the
KamLAND in Kamioka, and MINOS - at the Fermilab of the University of
Chicagos still others are being designed and planned. But they are now drifting
away from the ‘solar neutrino problem’, heading towards new particle-physics
theories, imposed by the neutrino mass.

Note: The 30-years long Homestake Experiment earned Raymond Davis the Nobel
Prize for physics for 2002, which he shared with Masatoshi Koshiba, who worked on
the Kamiokande and Super-Kamiokande experiments, and with Riccardo Giacconi. The
prize was awarded for pioneering contributions to astrophysics, Davis and Koshiba for the
detection of cosmic neutrinos, and Giacconi for having led to the discovery of cosmic X-
ray sources. Davis was almost 88 years old at the time, making him the oldest ever recipient
of a Nobel Prize. His collaborator on the solar neutrino experiment, John Bahcall, was
awarded the Dan David prize for cosmology and astronomy the next year, and summed
up the extraordinary achievement of the persistent and unrelenting effort devoted to the
neutrino experiments with the words: ‘I am amazed that flashes of light in a mine, the
temperature of the Sun, and the properties of neutrinos can be linked in such a beautiful

¥

way.

9.4 The red giant phase

As the main-sequence phase advances, a hydrogen-depleted core grows gradually
in mass. Hydrogen burning proceeds in a shell surrounding the core, which
separates it from the envelope. Since the core is now devoid of energy sources,
the heat flow through it falls to zero (from Equation (5.4), F = [ g dm — 0) and
with it the temperature gradient decreases (Equation (5.3)). Thus, as the burning
shell moves outward, the core becomes isothermal while its mass increases. We
shall now show that an isothermal core of ideal gas cannot have an arbitrarily
large mass: given the stellar mass M, an upper limit exists for the core mass
M., beyond which the pressure within the core is incapable of sustaining the
weight of the overlying envelope. Mario Schonberg and Chandrasekhar were
the first to point out and derive the limiting mass from model calculations in
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1942, and this type of dynamical instability is therefore known as the Schonberg-
Chandrasekhar instability. It can be easily understood on the basis of the virial
theorem (Section 2.4) —as McCrea showed 15 years later, although in a completely
different context (McCrea was studying star formation by gravitational collapse).

Denoting the core radius by R, its volume by V., the mean molecular weight
within it by p., and the temperature by 7., we have from Equation (2.24)

V. )
! GM;
f PdV = PV, + ta—=, (9.17)
0 TR
where P 1s the pressure at the core’s boundary. Now, for an ideal isothermal gas,
vV
: R R
f PdV:—chpdif':—ILMc. (9.18)
0 ¢ He

Substituting relation (9.18) and V, = 4m RS_/S into Equation (9.17), we obtain

3 RT.M. oG M?

P.(R.) = ;
() dr . R} 4m R}

(9.19)

For a given core mass, the pressure at the core boundary increases with the core
radius from P, = 0 at

o oG M, 9.20)
YTaR T ° “
to a maximum value £ .y, at
doaG M.t
| = — (9.21)
OR T.

obtained by setting ¢ Ps/d R. = 0. A core of radius R, < Ry would collapse under
its own gravity, without any external pressure. For a core of radius R, > R, the
pressure at its boundary would be smaller than P, ;.. Thus the maximal pressure
that can be attained at the core boundary as a function of the core mass is
74
P, max (M) = constant — (9.22)

¥ &
3

This pressure, exerted by the gas within the core, must balance the pressure Py
exerted by the envelope. To estimate the latter, we may assume the core to be a
point mass (R. < R) and make use of inequality (2.18) obtained in Section 2.3:
P... > GM?/87R*. Obviously, if P < GM:/S.-T R*, no equilibrium con-
figuration would be possible. Hence the stability condition for an isothermal core
is

T4 GM?
a Z >
M:ut — 8 R*

(9.23)

P max (M) = constant



162

9 The evolution of stars — a detailed picture

Still regarding the core as a point mass, we may use homology relation (7.33) of
Section 7.4, with jt.,, denoting the mean molecular weight of the envelope,

WG M
L= —
R R

to eliminate 7. and R in condition (9.23). The stability condition thus becomes

M. _ ] Heny :
— Z constant | — | . (9.24)
M

He

Schonberg and Chandrasekhar arrived at this result with the dimensionless con-
stant of 0.37. Assuming a solar composition for the envelope and a mostly
helium composition for the core, we have by Equations (3.29), (3.26) and (3.18)
Heny == 0.6and p. = 1,leading to M./ M < 0.13. When the mass of the hydrogen-
depleted core reaches this limit, the core starts contracting rapidly.

Main-sequence stars more massive than about 2M, have homogeneous con-
vective cores surpassing the critical limit, as shown in Figure 9.4, Once hydrogen is
exhausted in such a core, energy generation subsides, convection is quenched, and
the core becomes isothermal. Since its mass is already greater than the Schonberg-
Chandrasekhar limit, the dynamically unstable core starts collapsing. In time, it
acquires the temperature gradient necessary for balancing gravity. The temper-
ature gradient causes loss of heat and hence core contraction and the increase
in temperature that goes with it continue, but on a thermal (Kelvin-Helmholtz)
timescale.

When hydrogen burning in the core ceases, thermal equilibrium is destroyed
and for a brief period of time the stellar energy decreases (L > Lp,.). How-
ever, as hydrogen burning shifts from the core to a shell surrounding it, and as
the temperature in this shell rises with the rising core temperature, the nuclear
energy generation rate soon increases again. But since hydrogen is burnt by the
CNO cycle, whose rate varies as a very high power of the temperature (see
Section 4.4), the energy-production rate is accelerated beyond thermal equilib-
rium and during most of the core-contraction phase the stellar energy increases
(Lnue > L). This is illustrated in Figure 9.7(a), where the change with time of
the total energy of a 7M. star model is plotted, beginning at the end of the
main sequence and ending on the red giant branch. Core contraction is thus
necessarily accompanied by expansion of the envelope (see Section 7.5), as illus-
trated in Figure 9.7(b), and the star becomes a red giant, moving to the right
in the H-R diagram, as shown in Figure 9.7(d). Overall, the transition from a
main-sequence to a red-giant configuration is characteristically of short dura-
tion, and hence the probability of detecting stars undergoing this transition is
vanishingly small. This is the reason for the conspicuous gap between the main
sequence and the red giant branch in the H-R diagram, known as the Hertzsprung
gap.
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Figure 9.7 Evolution of an intermediate-mass star (7My) during the crossing of the
Hertzsprung gap: (a) total energy as a function of time (the time is arbitrarily set to zero
at the onset of core contraction); (b) central density and average density (3M /47 R¥) as a
function of time; (¢): evolutionary track in the H-R diagram (where lines of equal radius
are marked); (d): changing of central temperature with effective temperature.

Note: The question ‘How does a star become a red giant?’ constitutes a long-standing
puzzle. But the puzzle is connected not so much with the physics of red giants as with
our perception of understanding a phenomenon. We may claim to understand a physical
process in the following cases: (a) if we can lay down the physical principles governing it;
(b) if we can write down the equations describing it and solve them; (c) if we can explain
the process in simple terms, step by step. Of course, if all three conditions are fulfilled,
the process may be considered well understood. But in fact, condition (b) alone suffices.
This is the case with red giants: all numerical computations of the evolutionary phase
following hydrogen exhaustion in the core obtain red giant configurations as solutions of
the stellar-evolution equations. Moreover, the simple explanation offered in Section 7.5
points out the virial theorem as the basic principle involved, given the contraction of the
core — thus satisfying condition (a). Nevertheless, we feel uncomfortable in accepting
these solutions so long as condition (c) is not satisfied. We would like to be able to
identify the precise mechanism that drives a star to become a red giant. However, this
last condition is not always considered imperative for understanding a physical process.
For example, we understand and explain the outcome of a collision of two rigid balls on
a smooth surface in terms of conservation of momentum and energy, without bothering
about the exact manner in which momentum is transferred from one ball to another during
their brief contact. And yet we still worry about red giants . ..
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As the helium core grows in mass by hydrogen burning in the shell outside it,
it continues to contract, liberating gravitational energy. Consequently, the temper-
atures in the core and shell go on rising (see Figure 9.7(d)), accelerating further
the rate of hydrogen burning and core growth. Finally, thermal equilibrium is
restored and the luminosity, which is proportional to the rate of core growth,
increases. The need to transfer an increasing energy flux on the one hand, and the
increasing opacity of the cool envelope on the other hand, cause the envelope to
become convectively unstable. Hence red giants develop convective envelopes,
extending from just outside the hydrogen-burning shell all the way to the surface.
The base of the convective envelopes reaches layers where nuclear processes have
taken place earlier and thus hydrogen-burning ashes make their way to the sur-
face. This is the first occurrence of *dredge-up’ (explained in Section 9.2) that is
observationally detected. In the (log 7., log L) plane these stars are said to climb
up the slanted red giant branch (very close to their Hayashi tracks) toward higher
luminosities and slightly lower effective temperatures. The red giant branch in the
H-R diagram roughly coincides with the boundary of the Hayashi forbidden zone.
Eventually, the core temperature becomes sufficiently high for helium to ignite.

The Schonberg-Chandrasekhar instability applies, however, only to ideal
gases. A cold and dense gas, in which the degenerate electrons supply most
of the pressure, is capable of building up a sufficient degeneracy pressure to sup-
port the weight of the envelope, even in a relatively massive core. The appropriate
conditions for electron degeneracy,
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using Equation (3.35), are found to develop in the helium cores of stars with
masses below about 2M,. The core-contraction phase of these stars is slow and
gradual. The temperature rises throughout the contracting core and the burning
shell outside it. As a result, the nuclear energy generation rate increases and,
with it, the stellar luminosity. At the same time, the envelope expands and the
temperature decreases throughout it, as well as at the stellar surface. The star
assumes gradually the appearance of a red giant. Indeed, the ascent toward the
red giant branch is clearly seen at the lower part of the main sequence, in particular
in H-R diagrams of old globular clusters. However, these low-mass stars, evolving
quietly toward higher core temperatures, are bound to encounter a different type
of instability. Heating of the core as a result of contraction is impeded by neutrino
emission, which acts as an energy sink. Hence the core material becomes strongly
degenerate before helium burning sets in. We have seen in Section 6.2 that nuclear
burning in degenerate material is thermally unstable, leading to a runaway. Thus in
these relatively low-mass stars, when the temperature finally reaches the helium-
ignition threshold, helium ignites in an explosion, known as the helium flash.
This occurs when the core mass has grown to about 0.5M,, regardless of the
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total stellar mass. During a few seconds, the temperature rises steeply at almost
constant density, the local nuclear power reaching 10'' L, (roughly. the luminosity
of an entire galaxy). Nevertheless, an outsider would not be aware of the intense
central explosion, which is almost entirely quenched by the energy-absorbing
stellar envelope. Thus, there is no apparent clue in the H-R diagram to the helium
flash. Soon, the core temperature becomes sufficiently high for the degeneracy to
be lifted, the core expands, and helium burning becomes stable.

A fraction of the red giants, however, do not attain helium ignition. This is
due to the effect of mass loss that characterizes red giants. During the red-giant
phase. when the stellar envelope is considerably less bound gravitationally than in
the main-sequence phase. the stellar wind intensifies. Hence low-mass red giants
lose their small envelopes before the core has a chance to reach sufficiently high
temperatures for helium ignition. The degenerate helium cores continue their
contraction, leaving the red giant branch to become helium white dwarfs.

Exercise 9.2: Assume a star of mass M and radius R has a core of mass M, and
radius R;. Let the density distribution be given by

2
O — (pe — 1) (L) forO0 <r < R
R,

SHGED)
)

where p; is the central density and p; = p(R;). Find the dependence of the

ratio R/R; on x; = p./p and y; = M/M,. Calculate the ratio for x; = 10 and
vy = 7.5 (consistent with condition(9.24)).

for Ry <=r <R,

9.5 Helium burning in the core

The phase of stable helium burning in the stellar core is significantly shorter
than the main-sequence phase of core hydrogen burning. The reason is twofold:
first, the fusion of helium — into carbon and oxygen — supplies only about one
tenth of the energy per unit mass supplied by hydrogen fusion (as we have seen
in Chapter 4), and secondly, the stellar luminosity is higher by more than an order
of magnitude compared with the main-sequence luminosity of the same star. In
fact, helium burning would have been still shorter, were it not for the additional
energy source provided by hydrogen burning in the shell outside the core.

In low-mass stars (0.7-2M ), which undergo the helium flash. the subsequent
rapid expansion of the core has an effect on the star’s structure similar to the
contraction of the core at the end of the main sequence, only in reverse. As the
core expands and cools, the envelope contracts and its temperature rises to some
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extent. As aresult of core expansion and cooling, the temperature in the hydrogen-
burning shell decreases and the nuclear energy supply diminishes. This, combined
with the diminished stellar radius, cause the luminosity to drop and the star is
said to descend from the red giant branch. Since the effective temperature has
increased, the star moves to the left in the H-R diagram. The locus of low-mass
core-helium-burning stars in the H-R diagram forms the horizontal branch, a
roughly horizontal strip stretching between the main sequence and the red giant
branch. corresponding to luminosities of the order of 50-100L . There they dwell
for about 10® yr. All these stars have equally massive cores at the end of the red-
giant phase; hence their different positions along the horizontal branch must be
determined by another factor. For stars of similar Z (heavy element content), this
factor is found to be the envelope mass, a function of the initial stellar mass and
the rate of mass loss up to this stage, itself possibly a function of the rotation
rate of the star. The highest envelope masses are found at the red (low effective
temperature) end of the branch, where the hydrogen shell contributes most of the
energy and the convective envelope’s structure is similar to that of red giants.
Proceeding toward the blue end, we find smaller envelope masses and weaker
hydrogen-burning shells. The envelopes are now radiative rather than convective.
Stars in this region of the horizontal branch are found to go through a phase of
dynamical instability in their envelopes, in the regions of hydrogen and helium
ionization (see Section 6.4). This instability manifests itself by pulsations, causing
a cyclic variability of the luminosity with periods of a few hours. Such pulsating
stars on the horizontal branch are indeed observed; they are known as RR Lyrae
variables. At the blue end of the branch the hydrogen-rich envelopes are small —
in both mass and radius — and inert.

Intermediate-mass stars (2—-10M) ignite helium quietly when the central
temperature reaches 10° K. Subsequently the rate of energy supply by the helium-
burning core steadily increases, while the rate of energy supply by the hydrogen-
burning shell decreases. As the temperature in the burning shell at the base of the
envelope drops, the envelope cools too and, eventually, it starts contracting; this
occurs when the contributions from the two energy sources become roughly equal.
At this point the stars leave the red giant branch in the H-R diagram by looping
toward higher effective temperatures, the higher the mass, the more extended the
loop. As luminosity increases with mass, these stars form a helium main sequence,
with a slope similar to that of the (hydrogen) main sequence, but closer to the
red giant branch. In fact, observationally, the helium main sequence is hardly
discernible from the thick red giant branch. Intermediate-mass helium-burning
stars, too, go through a phase of envelope instability resulting in pulsations,
but the pulsation periods are longer, ranging from days to several months. Such
pulsating luminous stars are known as Cepheid variables, or simply Cepheids.
Their importance to astronomy warrants another digression from the pursuit of
stellar evolution.
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Figure 9.8 The period-luminosity correlation for Cepheids derived from observations
(from A. Sandage and G. A. Tammann (1968), Astrophys. J. 151).

[t turns out that a well-defined correlation exists between the (average) lumi-
nosity of a Cepheid star Lcepy and its pulsation period Peepy. as shown in Fig-
ure 9.8. The correlation emerges from observations of Cepheids with well-known
distances, for which accurate luminosities can be derived, and thus Lcep( Peeph)
is established. Imagine now that a pulsating star is detected in a distant cluster of
stars or a distant galaxy, with a period P, characteristic of Cepheids. If the star
is identified as a Cepheid (based also on its spectral characteristics), its apparent
brightness /., and its pulsation period can be used to derive its distance , which
is also the distance to the cluster or galaxy within which it resides

{‘ cphn PE} 5 lfz
d = _C;M ) (9.25)
4 Il'}h!\'

Cepheids constitute what are called in astronomy standard candles — and are the
most accurate and reliable among them. The period-luminosity relationship was
first discovered in 1912 by Henrietta Swan Leavitt, for the Cepheids in the nearby
galaxy called the Small Magellanic Cloud (or SMC), and these stars immediately
rose to fame. A year after the discovery, the period-luminosity relation had already
been used by Hertzsprung and other famous astronomers to determine distances
to galaxies.

Note: Within our own Galaxy the relative brightness of stars in a given volume is
largely affected by their different distances. Stars of a distant galaxy, however, are all
equally distant from an observer on Earth, because the distance to a galaxy is far larger
than its size. Consequently the ratio of apparent brightnesses is equal to the ratio of
intrinsic luminosities for these stars. Hence statistical analyses are far more reliable for
stars in the nearby galaxies, such as the Magellanic Clouds.
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Table 9.4 Evolutionary lifetimes (years)

M/M., 1-2 2-3 3 4-5 5-6 67 7-8 8-9 9-10

| 1L.O(7)  2.3(5) — T.604) — T.2(5)  6.2(5) 195 3.5(4)
217y 6.1(5) 9.4y  1.5(5)  6.6(4)  4.9(5) 95(4) 3.3(6) L1.6(5)
6.5(7) 2260 1.4(6) T.5(5) 49(5) 6.1(6) 1L06) 9.06) 9.3(5)

22(8) 107y LOT)  4506)  4.2(6) “— 6.007) — 6.0(6)

— — — 12 L Lh D Lh

25 4.8(8) L6737 13Ty 38T
3 1.6(9)  8.1(7)y 3.5(8) LOE) =2(8)
25 2.8(9) 188y 1.009) 1.5(8) =48)
0 7.09) 209 12090 1.69) =19

Note: powers of 10 are given in parentheses.

Due to its high temperature sensitivity, helium burning occurs in a convective
core (as does hydrogen burning by means of the CNO cycle). This is the inner
part of the larger helium core, which grows as a result of hydrogen burning in
the shell surrounding it. So long as the inner core is convective, its composition
is constantly mixed and turns gradually from helium to carbon and oxygen,
although helium burning, which varies with temperature as ~7%, is confined
to its very centre. When the inner convective core becomes depleted of helium
and hence burning within it subsides, convection is quenched as well. The star
consists of a carbon-oxygen core, surrounded by a helium layer — remnant of
the original helium core — which, in turn, is separated from the hydrogen-rich
envelope by the hydrogen-burning shell. Helium burning continues in a shell at
the C-O core boundary. Evolutionary paths in the H-R diagram up to helium
burning in a shell are traced in Figure 9.9 for stars of different masses, and
the characteristic time intervals are listed in Table 9.4. A comparison between
theory and observations is made possible by varying the shade of the paths in
Figure 9.9 in proportion to the length of time spent — and hence to the number of
stars expected to be observed — in each phase. Among core-helium-burning stars,
those observed are predominantly the low-mass ones populating the horizontal
branch.

9.6 Thermal pulses and the asymptotic giant branch

The carbon-oxygen core’s evolutionary course and its consequences are similar
to the helium core’s. Devoid of energy sources, the core contracts and heats up: as
aresult, the envelope expands and cools, and convection sets in again throughout
it. As the inner boundary of the convective envelope overlaps the earlier outer
boundary of the now extinguished hydrogen-burning shell, processed material,
mainly helium and nitrogen, is once more dredged up and mixed into the envelope.



169

9.6 Thermal pulses and the asymptotic giant branch
| | I |
50 g 7 8 9 T
3
2
5 ¥
4 2 :
40 3 8 rE =
1 72 e
9 M:E:
33
30 — 1 =
:_Jl
=
2 20
—
1.0 —
0.0 —
1.0 \ -
0.5M.",
£.25 M,
ool L L 0 o441t
44 4.2 4.0 3.8 3.6
Log (Ter)

Figure 9.9 Evolutionary paths in the H-R diagram for stars of different initial masses
(as marked) up to the stage of helium burning in a shell. The shade of the segments is
indicative of the time spent in each phase, ranging from less than 10° yr (light) to more
than 107 yr (dark), as given in Table 9.4. The different phases, indicated by numbers,
are: 1-2, main sequence; 2-3, overall contraction: 3-5, hydrogen burning in thick shell:
5-6. shell narrowing: 6-7, red giant branch; 7-10, core-helium burning: 8-9. envelope
contraction (adapted from I. Ihen Ir. (1967), Ann. Rev. Astron. Astrophys.. 5).

The signature of these elements appears in the star’s spectrum, again bearing
witness to the processes taking place in its deep interior. The expanding star
becomes redder and resumes its climb on the giant branch in the H-R diagram,
which has been interrupted by the core-helium-burning episode. This part of the
giant branch, populated by stars with C-O cores, is called the asymptotic giant
branch (AGB); it is an extension of the red giant branch toward higher luminosities
and lower effective temperatures at the boundary of the Hayashi forbidden zone.
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Figure 9.10 Evolution of the interior structure of a 6M; model star from the main
sequence to the AGB phase. Dark areas indicate nuclear burning and shaded ones, con-
vective zones (adapted from D. Prialnik and G. Shaviv (1980), Astron. Astrophys.. 88).
Note the occasional changes in timescale.

Hence stars in this phase of evolution (known as AGB stars) are even bigger than
the former red giants — they are now becoming supergiants. Cooling of the layers
above the C-O core extinguishes the hydrogen-burning shell temporarily; it will
reignite later on, after envelope expansion will come to a halt. Contraction of the
core raises the density up to the point when electrons become degenerate, and since
degenerate matter is an efficient heat conductor, the core becomes isothermal. An
illustration of the internal evolution of a 6 M, star from the main sequence up to
the onset of the asymptotic giant phase is given in Figure 9.10: changing burning
zones, convective zones and boundaries between regions of different composition
are marked. The remarkably different evolutionary timescales are particularly
noteworthy.
There are three outstanding characteristics for AGB stars:

I. Nuclear burning takes place in two shells — a thermally-unstable configu-
ration — leading to a long series of thermal pulses.

2. The luminosity is uniquely determined by the core mass, independently of
the total mass of the star.

3. A strong stellar wind develops as a result of the high radiation pressure in
the envelope, the star thus losing a significant fraction of its mass.
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We shall now address each characteristic in more detail. The two burning shells
that supply energy during the asymptotic giant phase are separated by a helium
layer. The external shell, at the bottom of the hydrogen-rich envelope, burns
hydrogen, thus increasing the helium layer’s mass. The internal shell, on top the
C-O core, burns helium, thus eating into the helium layer and building up the
C-O core. In principle, a steady state could be achieved, with the two burning
fronts advancing outward at the same rate. However, the great differences between
the two nuclear burning processes do not allow such a steady state to develop.
As it happens, the two shells do not supply energy concomitantly, but in turn,
in a cyclic process, and the mass of the helium layer separating them changes
periodically.

During most of the cycle’s duration hydrogen is burnt in the external shell,
while the inner shell is extinct. As a result, the helium layer separating the shells
grows in mass. With no energy supply, this layer contracts and heats up until the
temperature at its base becomes sufficiently high for helium to ignite. Helium
burning in this thin shell is thermally unstable. as explained in Section 6.2; it
resembles the helium flash that takes place in the electron-degenerate cores of
low-mass stars at the tip of the giant branch. At the peak of the short-lived flash
the nuclear energy generation rate reaches 10%L . The energy is absorbed by the
overlying layers, which expand and cool. As these layers contain the hydrogen-
burning shell, the rate of hydrogen burning quickly declines. During an ensuing
short period of time, the helium-burning front advances through the helium shell,
turning helium into carbon and oxygen, until it catches up with the now extinct
hydrogen shell.

The high temperatures attained in the helium-burning shell lead to a chain of
reactions that produces neutrons. Capture of these neutrons by traces of heavy
elements that are present in the shell leads to the creation of trans-iron isotopes
by the s-process explained in Section 4.8.

The proximity of the hot helium-burning front causes the hydrogen to reignite.
Due to its lesser sensitivity to temperature, hydrogen burning in a shell is stable.
The temperature and density adjust into thermal equilibrium. At the same time,
helium burning is quenched as a result of the relatively low temperature now
prevailing in the hydrogen-burning shell and its vicinity. Thus a new cycle begins.
The evolution throughout a thermal-pulse cycle, known also as a shell flash, is
shown schematically in Figure 9.11. Particularly noteworthy is the dredge-up of
processed material into the convective envelope by the moving inner boundary of
the convective zone.

Although thermal pulses entail periodic changes of the stellar luminosity,
these cannot be observed because the periods vary between hundreds to thousands
of years. The lasting result of each cycle is the growth of the carbon-oxygen core.
This brings us to the second characteristic of AGB stars.

Evolutionary calculations show that the luminosity of an AGB star with a core
mass M. > 0.5 M, (recalling that the star is now well past the onset of helium
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Figure 9.11 Sketch of the progress of a thermal-pulse cycle through its different stages
(not in scale). Hydrogen is burning during stages a and d. while helium is burning during
stages b and c. When, in stage c. the outer convective zone extends inward beyond the
helium-burning shell’s boundary, hydrogen- and helium-burning products are mixed into
the envelope and dredged up to the surface. Stage a’ is the same as a, except that the

carbon-oxygen core has grown at the expense of the envelope.

burning) is quite accurately represented by the following relation:

2 e
- =6x10 - 0.5}, (9.26)
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regardless of the stellar mass, as was first pointed out by Bohdan Paczynski in
1971. We note that this luminosity is of the order of the Eddington luminosity
L/Ls =32 x 10°M /M, (see Section 5.5). Thus stars of the same core mass
are found at the same height on the asymptotic giant branch in the H-R diagram,
regardless of their envelope mass. Stars reach the asymptotic giant branch at
different points, depending on the mass of the core at the end of the central
helium-burning stage. They climb up the branch, as the core continues to grow
during the thermal-pulses stage. At the same time the envelope mass decreases,
not only at the expense of core growth, but mainly because of mass loss at the
surface. Hence the point at which a star leaves the asymptotic giant branch is
determined by the mass of the envelope at the end of core-helium burning and by
the intensity of the stellar wind. This brings us to the third characteristic of AGB
stars.

The outer layers of giant and supergiant stars are sufficiently cool for atoms to
coalesce into molecules and molecules into tiny dust particles. It is these particles
that are accelerated by the radiation pressure that drives the stellar wind (see
Section 8.5). However, the nature of such particles and the interactions involved
are extremely difficult to calculate and the resulting mass-loss rate difficult to
assess. At this point, the stellar evolution theory has to rely on observations in
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order to continue its pursuit of the changing structure of stars. Observations of red
giants and supergiants reveal that these stars lose mass at rates ranging from 10~
to 10~* M, per year. Mass loss is generally classified into two types of winds:

1. A stellar wind that may be described by an empirical formula due to Dieter
Reimers, linking the stellar mass, radius and luminosity, by a relation of
the form (8.31). the constant being determined from observations over a
wide range of stellar parameters:

L R Mg

M =~ m—”L—R = Mg yr . (9.27)
(o)

Typical wind rates are of the order of 107® M, yr~', which for character-
istic M, L and R values, imply ¢ ~ 1 in Equation (8.31), that is, a high
efficiency in momentum transfer.

2. A superwind, essentially a stronger wind, leading to a concentration of the
stellar ejecta in an observable shell surrounding the central star.

9.7 The superwind and the planetary nebula phase

The existence of the superwind is imposed by two different and independent
observations: first, the high density within the observed shells formed by the
stellar ejecta (a slow wind would have given rise to more diffuse shells), and
secondly, the relative paucity of very bright stars on the asymptotic giant branch
of H-R diagrams of statistically significant stellar samples.

The inference of a strong wind based on the second observation is not straight-
forward, but it can be understood in terms of simple arguments. The number of
stars expected to reside on the asymptotic giant branch in the H-R diagram is
proportional to the time spent by stars in the double-shell-burning evolutionary
phase. An upper limit to this time span may be obtained by considering only the
evolution of the core. Essentially, AGB stars turn hydrogen into carbon and oxy-
gen, growing C-O cores at the expense of envelope material. If Q is the amount
of nuclear energy released in the process per unit mass, roughly 5 x 10 J kg™,
thermal equilibrium implies

: L L

M. ===~ 12x1070" = Myyr !, (9.28)
Q Lo '

where L is the luminosity averaged over a thermal-pulse cycle. Substituting L /L,

from Equation (9.26), we obtain
dM.

—— = 7.2 x 107 yrdt, (9.29)
M. —0.5M
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At the beginning of the asymptotic giant phase the core has some mass M. g
(=0.5M). Assuming that as a result of contraction the electrons become degen-
erate, the maximal mass the core could reach is the Chandrasekhar mass Mcy,.
Integrating between M. = M. and M, = My, we obtain an upper limit to the
duration of the asymptotic giant phase,

(9.30)

Mey — 0.5M
Tagr < 1.4 x 10°In (“—) y.

Men — O‘SM{:)

Evolutionary calculations show that a relation exists between the initial core mass
and the initial mass of the star My, of the form

M.o~a + DMy, (9.31)

where a and b are constants. Hence tagp 18, essentially, a function of the initial
stellar mass. Therefore, if the distribution of initial stellar masses is known, the
number of stars on the asymptotic giant branch can be computed for any given
population of stars. As it turns out, the expected number of AGB stars exceeds
by far the actual number of observed AGB stars, with the discrepancy being as
large as a factor of 10. This means that stars are prevented by some process from
completing their sojourn on the asymptotic giant branch, while losing mass at the
moderate rate dictated by Reimers’s formula. This process is the superwind, which
consumes the envelope mass before the core has grown to its maximal possible
size. In fact, mass loss must be so intense as to allow the core to grow by only
about 0.1 M, while the entire envelope is ejected. It should be mentioned that, in
addition to the indirect indications, the hypothesis of a superwind is confirmed by
observations of stars which eject mass at rates of the order of 107*M yr~'. In
some AGB stars, those believed to descend from relatively low-mass progenitors,
the high mass-loss rate is associated with a pulsation instability in the envelope,
similar to that of RR Lyrae stars and Cepheids that we have encountered earlier.
These stars, known as Miras, or long-period variables, pulsate with periods of the
order of a year.

As a consequence of the superwind, stars of initial mass in the range 1M, <
M < 9M,; shed their envelopes and are left with C-O cores of mass between
0.6M and 1.1 M, a higher final core mass corresponding to a higher initial total
mass. These cores will subsequently develop into white dwarfs. Since, as we
shall see shortly, low-mass stars are far more numerous than massive ones, we
expect most white dwarfs to have masses near 0.6 M. This conclusion is verified
by observations. Thus white dwarfs originating from AGB stars have masses
considerably smaller than the Chandrasekhar critical mass, and hence, although
degenerate, these stars are in no danger of a catastrophic denouement (contrary to
some early theories). But they do undergo a short episode of particular brilliance
before fading into cooling, inert white dwarfs.
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The cores of stars at the end of the asymptotic giant phase are surrounded by an
extended shell, a more or less spherical nebula formed by the ejected material. The
inner part of this shell - resulting from the superwind — is relatively dense. When
mass loss finally ceases, the core, freed from the burden of a massive envelope,
expands slightly and as a result, the small envelope remnant contracts. This causes
a distinct separation, a void, between the star and its ejecta. Subsequently, as the
central star contracts, the effective temperature rises considerably. When itreaches
~30000 K, the radiated photons become energetic enough to ionize the atoms in
the nebula and cause them to shine by fluorescence (the same mechanism that
is responsible for fluorescent lamps). A shining nebula of this kind is called a
planetary nebula; it appears as a bright circular ring surrounding a point-source
of light, although many appear twisted or elongated. An example is given in
Figure 9.12.

Historical note: Despite the name, planetary nebulae have nothing to do with
planets. The first planetary nebula ever detected was the Dumbbell Nebula, which was
discovered by Charles Messier in 1764. The comparison to a fading planet followed, about
15 years later, with the discovery of the second such object, the famous Ring Nebula by
Antoine Darquier. It was Sir Frederick Wlllldm Hersahel who eventually coined the name

‘planetary nebula’ for these objects in his Cla%‘uﬁcamn of nebulae in the 1780s, because
he found them to resemble the pianet Uranus that he had newly discovered, although
earlier he and others thought them to be unresoived clusters of objects. A few years
later, Herschel found a planetary nebula with a very bright central star; thus he became
convinced that planetary nebulae weré néBulou_s Iiiate}ial (gas'or dust) associated with a
central star. Recently, however, and quite _ironicéﬂly, it has been suggested that the peculiar
shapes of some of these nebulae may-'bé due to the presence of giant planets orbiting the
central star and interfering with the flow of material it emanates. So planetary nebulae
may have something to do with planets after all!

Although the ring around the central star may appear like a disc, if this were
the case, then obviously, at least some planetary nebulae should have appeared
flattened, due to the inclination of the disc with respect to the line of sight to the
observer. The fact that all planetary nebulae appear almost circular indicates that
what we see is the projection of a spherical shell. As the line of sight through
the nebula is much longer near the edges than at the centre, the material appears
opaque toward the edge and transparent at the centre, making it possible to see
the hot central star, as illustrated in Figure 9.13. This explains the ring shape. The
central source is called the planetary nebula nucleus.

The path that planetary nebulae trace in the H-R diagram is a horseshoe-
shaped track, first leftward, toward higher surface temperatures, meaning that the
nucleus preserves its luminosity during the transition, and then downward and
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Figure 9.12 (a) The Helix nebula, the nearest (450 ly away) and largest observed planetary
nebula (copyright Anglo-Australian Observatory; photograph by D. Malin). (b) detail of
the Helix nebula captured by NASA’s Hubble Space Telescope, showing knots of gas.
Each gaseous head is at least twice the size of our solar system and each tail stretches to
about 1000 AU (photograph by C. R. O'Dell, Rice University).

to the right. The energy is provided by nuclear burning in the thin shell still left
on top of the C-O core. When the mass of this shell decreases below a critical
size, of the order of 107*~107*M,,, the shell can no longer maintain the high
temperature required for nuclear burning. The energy source becomes extinct,
the luminosity of the central star drops and its ionizing power diminishes. At the
same time, the nebula, which expands at a rate of a few 10kms~', grows in size
and gradually disperses. Thus a planetary nebula fades away and disappears after
some 10710 yr. We now turn to the evolution of the remnant central star into a
cool white dwarf.
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Figure 9.13 Sketch of a planetary nebula and its nucleus (PNN).

9.8 White dwarfs: the final state of nonmassive stars

Most white dwarfs — compact stars of high surface temperature — descend from
AGB stars, which develop C-O electron-degenerate cores. As we have seen,
these stars lose mass by a strong stellar wind, while undergoing thermal pulses
caused by the alternate burning of hydrogen and helium in thin shells. The end
of mass loss, brought about by the dissipation of the entire envelope. occurs at a
random phase of a thermal pulse. If it occurs during the hydrogen-burning phase,
the star will be left with a thin coating of hydrogen-rich material, a vestige of
the lost envelope. If it occurs during helium burning, which takes place at the
bottom of a helium layer, the outer envelope will be composed predominantly of
helium. Since helium burning takes up only a small fraction of the pulse cycle,
the probability of a star ending the asymptotic-giant stage with a helium, rather
than a hydrogen-rich, envelope is proportionally smaller.

Soon after the end of mass loss, nuclear burning comes to an end as well.
During the intervening, short-lived planetary-nebula phase, the final stage of
nuclear burning supplies the energy that lights up the ejecta of the former AGB star.
The planetary nebula nucleus — the degenerate core of the former AGB star, with
the remnant thin envelope — becomes a white dwarf. We should therefore expect
to encounter two types of white dwarf spectra: a prevalent one, showing hydrogen
lines. and a rarer type. with no evidence of hydrogen. Indeed, observations confirm
this expectation: about 25% of white dwarfs have no hydrogen lines in their
spectra.

Another source of white dwarfs is low-mass stars in a narrow initial-mass
range: 0.7 <M < 1M, These stars do not reach high enough temperatures to
ignite helium, simply because they do not grow sufficiently massive helium cores.
Following the main-sequence phase, they turn into red giants and lose most of
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their envelopes, while the cores grow — by shell-hydrogen burning — to only
0.4M¢ or less. Skipping the core-helium-burning phase, the asymptotic-giant
phase and the planetary-nebula phase, these low-mass stars become even lower-
mass white dwarfs, composed mainly of helium. Indeed, the mass distribution
of white dwarfs derived from observations shows two peaks. The main peak, to
which most white dwarfs belong, corresponds to an average mass of ~0.6 M.
The secondary. smaller, peak is found between 0.2M, and 0.4 M, confirming the
prediction of two distinct sources of white dwarfs.

How do white dwarfs evolve, as they must, since they radiate? This question
was considered by Mestel in 1952. The structure of stars in the white dwarf stage
is characterized by two basic properties:

1. The internal pressure is supplied predominantly by degenerate electrons.

2. The internal energy source responsible for the radiation emitted at the
surface is the thermal energy stored by the ions (as the heat capacity of
a degenerate electron gas is negligible). The star has no nuclear energy
sources. If it had, nuclear burning would have been unstable (as seen in
Section 6.2), and something would have happened to either stop it or
disrupt the star.

Note: In fact, as a white dwarf cools, it__does1c0_1_1tfact-sligh[ly,- releasing some
gravitational energy. At the same time, however, the higher density raises the internal
energy of the degenerate electrons (for which u oc-,ozf_’j — see Sections 3.3 and 3.5) and
also the electrostatic potential energy. Mestel and Malvin Ruderman showed (in 1967) that,
to first order, the release of gravitati'onal enefgy compénsales for the rise in degeneracy and
electrostatic eﬁergy. Thus they_vindtca_tcd the long-standing assumption that the energy
source of white dwarfs is the thermal _enérgy of the ions, as if the white dwarf were rigid.

A degenerate electron gas behaves much like a metal, conducting heat very effi-
ciently. Since, by Equation (5.3), a very low opacity value implies a very small
temperature gradient, the internal temperature of a white dwarf is very nearly
uniform. The white dwarf structure — a homogencous, isothermal gas, with neg-
ligible radiation pressure and no nuclear reactions — appears simple enough to be
described by analytical models with reasonable accuracy. (Elaborate numerical
models are nevertheless required for supplying the finer structural details.)

A simple model for the evolution of a white dwarf is obtained following
Mestel. A typical white dwarf may be described by an isothermal electron-
degenerate core comprising most of the star’s mass M. As the density decreases
(tending to zero) toward the surface, an outer layer exists, however, where the
electrons cease to be degenerate and behave as an ideal gas. Across this surface
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Figure 9.14 Sketch of the configuration of a cooling white dwarf.

layer the temperature drops as well and radiative equilibrium may be assumed,
with the temperature gradient determining the luminosity. The configuration bears
similarity to that of a fully convective star, discussed in Section 9.1: there, too, the
luminosity was determined by the conditions prevailing in a thin, radiative outer
layer (the photosphere). Obviously, the transition from a degenerate state to an
ideal-gas state is gradual, but, for simplicity, we shall assume a sharp transition
across a surface boundary between the degenerate core and the ideal-gas outer
layer, defined as the point where the physical conditions are such that equal values
result for the ideal-gas pressure and for the degenerate-gas pressure. Let the radius
of this boundary be ry,, as shown in Figure 9.14. For r < r, the temperature is
constant and equal to the central value T¢.. For r = r, the luminosity is constant;
in addition, m(r > ry) = M. The structure equations for the outer layer reduce,
therefore, to

dP GM
BF e (9.32)
dr re
1T 3 L
LT W 9 (9.33)
dr dac T3 4mr?

The first is derived from Equation (5.1) with m = M, and the second is derived
from Equation (5.3) with ' = L. For the opacity we shall assume a power-law
dependence on temperature and density, the Kramers opacity law (3.65),

) Ko fd 9/
k = kopT 7? = %PT"’-", (9.34)

where p has been replaced by P, using the ideal-gas equation of state (3.28).
Substituting Equation (9.34) into Equation (9.33) and dividing Equation (9.32)
by Equation (9.33), we obtain a relation between the pressure and the temperature
of the form

1 637 a (:'IR»G M T 15/2
R L

PdP = drT. (9.35)
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Integrating from the surface, where P = 7" = 0, inward, we have

s ]
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R = [t —] r (9.36)
Sl L

This relation. which may be applied to the outer fringe (atmosphere) of stars in
general, is known as the radiative zero solution.

Reverting to the density by means of the ideal-gas equation of state, a relation
is obtained between the density and the temperature

. i3

64macGu\'"? M\ .,
(T)y = —————— — f it 9.37
o) ( 5TRKo ) (1) vl

which holds down to ry,. Since the ions constitute an ideal gas on both sides of ry,
it follows that ry, is the point where the ideal-electron pressure, Equation (3.27),
and the degenerate-electron pressure, Equation (3.34), are the same. This leads to
a second relation between density and temperature at ry,:

5/3
[‘RT ”..1 = | & (i) . (9.38)
e |y Me

b
Clearly, we must have 7y, = T, in order to prevent a jump in temperature, which
would result in an infinite heat flux. Eliminating p between Equations (9.37) and
(9.38), we finally obtain

L 643?(.’1'(11'{“},{1 53
— = ———L- 7172 (9.39)
M S1R ko’
which relates the luminosity emitted at the surface to the core temperature of the
white dwarf. Inserting the values of constants in Equation (9.39) for a typical
white-dwarf composition (say, half carbon and half oxygen), we have

LiLo g8 x 102 (K " (9.40
~ 6.8 x : - .
M’ ;’{‘M:,')- ]0' K )
or
-~ ALl Y
T. ~ 4 x 10’ = K (9.41)
M}r J'Wf_'.z-.

Exercise 9.3: (a) Show that the temperature profile throughout the outer layer of
a white dwarf of mass M and radius R is given by

4 u 1

T() = ==GM (; o E)' (9.42)

(b) Show that the layer’s thickness £ = R — r, < R.
(c) Calculate the relative change in thickness, £, /£5, for a drop in luminosity
from L; = 10Lgto Ly = 107% L, (neglecting the small change in R).
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As we have already mentioned, the energy source of a white dwarf is the
thermal energy of the ions in the isothermal core (the outer layer’s contribution
being negligible):

3R
U= ——MT: (9.43)
2
Hence the rate of energy emission L must equal the rate of thermal-energy

depletion:

dUy 3R dT. 3R T.dL
L=——=——M = M —— (9.44)
dt 2 1 dr 7 iy L dt
where we have used the 7.(L) relation (9.39). [t is easily shown that this implies
dL ; .
- — x MT., (9.45)
di

which means that the rate of change of the luminosity (or, equivalently, the cooling
rate) decreases sharply with decreasing temperature. Thus the evolutionary pace
of a white dwarf slows down gradually, and a white dwarf of low mass evolves
more slowly than a massive one. To estimate the time it would take a white dwarf
of mass M to cool from an initial temperature 7. (and corresponding luminosity
L') to a temperature 7. (luminosity L), we integrate Equation (9.44),

R T. 11
Teool = 0.6—M (_ - _f) . (946)
ja| /i L/

If 7/ > T, then by Equation (9.39), T/L" <« T./L and the time required for
a white dwarf to cool to a temperature 7, (from a much higher temperature) or
decline to a luminosity L (from a much higher luminosity) is given by

}W/ M,:‘.::. )5;?
—— V.

s (9.47)

rmﬂ%25xlm(
For example. about 2 x 10” yr would be required for the luminosity of a
I M, white dwarf to drop to 107* L. For comparison, only ~107 yr would bring
the luminosity down to 0.1, from, say, the typical planetary nebula luminosity.,
of the order of 10*L ..

In reality, when a white dwarf reaches very low temperatures (luminosities),
the cooling rate no longer follows the simple relation (9.44). This is because the
ion gas ccases to be perfect; Coulomb interactions increase in importance until,
eventually, they become dominant. As the ratio ec/kT (discussed in Section 3.1)
approaches and then surpasses unity, the ion gas crystallizes into a periodic lattice.
At first, the corresponding heat capacity per ion increases due to the additional
vibrational degrees of freedom (from 2k to 3k). However, below a critical tem-
perature (the Debye temperature), typ_icall'\-' a few million degrees Kelvin, the
heat capacity falls rapidly with temperature, following a 77 law. This means that
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Figure 9.15 White-dwarf luminosity function: number density of white dwarfs within a
logarithmic luminosity interval corresponding to a factor of 10%° a2 2.5 against luminosity
(data from D. E. Winget et al. (1987), Astrophvs. J.. 315).

for a given amount of radiated energy, the drop in temperature is far larger than in
the free-gas regime. Thus the cooling of white dwarfs is accelerated considerably.
If Tego ¢ LY, then @ = —5/7 (Equation (9.47)) holds down to "le_'q"L:-,;, with
@ increasing to small positive values below ~ 107*L . The number density of
observed white dwarfs as function of their luminosity — shown in Figure 9.15 —
bears witness to this effect.

The density distribution of a white dwarf, quite accurately described by an
n = 1.5 polytrope for M <1.2M (see Section 5.4), remains almost constant
during the long cooling phase and hence so does the radius R. Therefore, the
cooling track in the H-R diagram is essentially a R = constant (straight) line

log L. = 4log T.;p + constant, (9.48)

the effective temperature decreasing with the luminosity (and almost linearly with
the core temperature). Since R = R(M). the evolution of white dwarfs of different
masses corresponds to a strip in the H-R diagram, as shown in Figure 9.16. The
lower part of this strip should be much more heavily populated than the upper
part because of the rapidly decreasing cooling rate. White dwarfs spend far more
time at low luminosities than at high ones. These conclusions are confirmed by
observations. Unfortunately, however, as white dwarfs grow still fainter, they also
become more difficult to detect (and, besides, their number per luminosity interval
drops due to the rapid cooling). In the end they will turn into practically invisible
black dwarts.

9.9 The evolution of massive stars

The evolution of massive stars (M > 10M) has the following general charac-
teristics:



9.9 The evolution of massive stars 183

Log (L/L-)

35 1

Log (Teff)

Figure 9.16 White dwarfs in the H-R diagram. Lines of constant radius (mass) are marked
(data from M. A. Sweeney (1976), Astron. & Astrophys., 49).

I. The electrons in their cores do not become degenerate until the final

burning stages, when the core consists of iron.

Mass loss plays an important role along the entire course of evolution,

including the main-sequence phase (since the mass-loss rate of these stars

is still uncertain, this is also the reason for the poorer understanding of

their evolution).

3. The luminosity, which is already close to the Eddington critical limit
on the main sequence, remains almost constant, in spite of internal changes.

]

The evolutionary track in the H-R diagram is therefore horizontal, shifting
back and forth between low and high effective temperatures. Such tran-
sitions are slow during episodes of nuclear burning in the core and rapid
during intervening phases, when the core contracts and heats up, while the
envelope expands.

Stars of initial mass exceeding 30M ¢ have so powerful stellar winds as to result
in mass-loss timescales M/M shorter than main-sequence timescales M Q/L.
Consequently, their main-sequence evolutionary paths converge toward that of a
30M star. In particular, the extent of the helium core at the end of the main-
sequence phase is similar, and hence so are the ensuing evolutionary stages. The
intense mass loss that occurs during the main-sequence phase leads to configu-
rations composed mainly of helium, with hydrogen-poor envelopes (X ~ 0.1) or
no hydrogen at all. Such stars — luminous, depleted of hydrogen, and losing mass
at a high rate — are indeed observed, being known as Wolf-Rayet stars. They have
relatively low average masses, between 5 and 10M,, and are considered as the
bare cores of stars initially more massive than 30M,. There are different types of
Wolf-Rayet stars, distinguished according to their surface composition. Element
abundances in the sequence of types correspond to a progression in peeling off of
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Figure 9.17 Mass cjection by massive stars captured by NASA’s Hubble Space Telescope.
(a) Eta Carinae, one of the brightest and most massive mass-losing stars. Its luminosity
is estimated at about 5 x 10°L ., and its present mass at roughly 100M.,. Two lobes
of ejected stellar material are located very near the star, moving outward at a velocity
of ~600kms™! (photograph by J. Morse, University of Colorado). (b) a massive, hot
Wolf-Rayet star embedded in the nebula created by its intense wind. The blobs result
from instabilities in the wind which make it clumpy. The expansion velocity is about
40kms~! and the nebula is estimated to be no older than 10* yr (photograph by Y.
Grosdidier, University of Montreal and Observatoire de Strasbourg; A. Moffat, University

of Montreal: G. Joncas, Laval University: and A. Acker, Observatoire de Strasbourg).

the outer layers of evolving massive stars: thus, some show the undiluted burning
products of the CNO cycle — helium and nitrogen, while others show the products
of 3« and other helium-burning reactions, mostly carbon and oxygen. A well-
known example of vigorous mass loss is provided by the peculiar star Eta Carinae,
shown in panel (a) of Figure 9.17. The nebula is considerably enriched in nitrogen,
and generally the observed abundances are consistent with those obtained from
model calculations for the supergiant phase of an initial 120M;, star evolving with
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Figure 9.18 Composition profiles in the inner 8 M, of a 25M, star prior to supernova
collapse. Burning shells are marked (adapted from S. E. Woosley & T. A. Weaver (1986),
Ann. Rev. Astron. Astrophys., 24).

H  burning —* |
H - rich
envelope

He burning — :
C  burning - §
O burning —~

Si burning - |

Figure 9.19 Schematic structure of a supernova progenitor star.

mass loss. A recent image of mass ¢jection by a typical Wolf-Rayet star is shown
in panel (b) of the figure.

In all massive stars, helium burning in the core is succeeded by carbon burning.
At this stage the core temperature is so high as to cause significant energy losses
due to neutrino emission. Thus the nuclear energy source has to compensate for
these losses, as well as supply the high luminosity radiated at the surface. As fusion
of heavy elements releases far less energy per unit mass of burnt material than
fusion of light elements (see Chapter 4), nuclear fuels are very rapidly consumed.
All the major burning stages pass in rapid succession, until an inner core made of
iron group elements is formed. Surrounding this core are shells of different compo-
sitions — silicon, oxygen, neon, carbon, helium — and, finally, the envelope, which
for My < 30M, retains most of the original composition and contains most of the
stellar mass. The inevitable contraction of the iron core will lead the star toward
collapse in a supernova explosion. The structure of a massive star and its schematic
configuration in the supernova-progenitor stage are shown in Figures 9.18 and
9.19. The final stages of evolution will be described in the next chapter.
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Figure 9.20 Evolutionary tracks of | M, SM, and 25M, star models in the H-R diagram.
Thick segments of the line denote long, nuclear-burning evolutionary phases. The turnoff
points from the AGB are determined empirically (from L. [ben Jr. (1985), Q. J. Roy. Astron.
Soc., 26).

9.10 The H-R diagram - Epilogue

We have come to the end of our discussion on the H-R diagram and its
theoretical counterpart, the (log 7., log L) diagram, thus completing the task
that we set out to accomplish at the end of Chapter 1. The success of the stellar
evolution theory in explaining the many different, often puzzling, characteristics
of stars, as exhibited by the H-R diagram, is remarkable: it explains the preva-
lence of main-sequence stars, the main-sequence turnoff point in star clusters,
the red giant, the supergiant, and the horizontal branches, the planetary neb-
ula and the white-dwarf regions, the gap between the main sequence and the
giant branch and many other, subtler properties of stars. To conclude this dis-
cussion, we show two more figures. In Figure 9.20 full evolutionary tracks in
the H-R diagram are given for a low-mass star, an intermediate-mass star and a
massive star.
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Figure 9.21 Evolutionary calculations for stars of different masses forming a hypothetical
cluster result in an evolving H-R diagram, shown at four ages. The number of stars and
their mass distribution is arbitrary. The dashed lines are lines of constant radius. The dotted
lines mark the main-sequence slopes. We note that at 107 years (a), the low-mass stars
are not yet settled on the main sequence, while the very massive ones have already left it:
the open triangles show the main sequence of massive stars at a much earlier epoch, 10
vears. The Hertzsprung gap is conspicuous at 10* years (b) resembling the Hyades-cluster
H-R diagram shown in Figure 1.5. By contrast, the continuously-populated track toward
the red giant branch is clearly seen at later epochs (¢ and d), when low-mass stars leave

the main sequence.

Finally, crowning the stellar evolution theory, Figure 9.21 presents the evolv-
ing H-R diagram of a hypothetical star cluster, based on evolutionary calculations
of a large number of star models of different masses. Disregarding the number
of stars, the various populations are hardly distinguishable from those of actual
H-R diagrams of stellar clusters of different ages, as shown in Chapter 1.
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Nevertheless. the picture of stellar evolution is not yet complete, although
it is far more elaborate, detailed, and clear than the rough sketch traced in
Chapter 7. On close inspection, there are still fuzzy spots, especially where mass
loss or convection are concerned. Eddington ended his famous 1926 book with
the following: *. .. but it is reasonable to hope that in a not too distant future we
shall be competent to understand so simple a thing as a star’

We now do understand a great deal about stars; in particular, we understand
that they are not all that simple.
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Exotic stars: supernovae, pulsars
and black holes

Stars of the types considered in this chapter ditfer from those discussed so far,
inasmuch as. for various reasons, they do not (or cannot) appear on the H-R
diagram. As before, we shall rely on stellar evolution calculations to describe
them. Whenever possible, we shall confront the results and predictions of the
theory with observations, either directly or based on statistical considerations. We
shall find that, as we approach the frontiers of modern astrophysics, theory and
observation go more closely hand in hand.

10.1 What is a supernova?

We should start by making acquaintance with the astronomical concept of a
supernova. as we did with main-sequence stars, red giants and white dwarfs in
Chapter 1. Stars undergoing a tremendous explosion (sudden brightening), during
which their luminosity becomes comparable to that of an entire galaxy (some
10" stars!). are called supernovae. Historically, nova was the name used for an
apparently new star; eventually it turned out to be a misnomer, novae being (faint)
stars that brighten suddenly by many orders of magnitude. So are supernovae,
but on a much larger scale. Not until the 1930s were supernovae recognized as
a separate class of objects within novae in general. They were so called by Fritz
Zwicky, after Edwin Hubble had estimated the distance to the Andromeda galaxy
(with the aid of Cepheids) and had thus been able to appreciate the unequalled
luminosity of the nova discovered in that galaxy in 1885, amounting to about one
sixth of the luminosity of the galaxy itself.

Since supernova outbursts last for very short periods of time (several months
to a few years), the chances of detecting them are small, even if an appreciable
fraction of stars go through this stage. Thus in a large stellar population, such as
a galaxy, supernova explosions are detected once in a few decades. Fortunately,
they become bright enough to be observable at very large, cosmic distances, and

189
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Table 10.1 Historical supernovae

Galaxy: Distance
Name Year x 3000 1y

Milky Way:

Lupus 1006 1.4
Crab 1054 24
3C 58 [181(7) 2.6
Tycho 1572 2.5
Kepler 1604 4.2
Cas A [658+3 2.8
Andromeda 1885 700
LMC: SN198TA 1987 50

SUPERNOVA IN IC 4182

I Aug.23. Exposure 20™ Maximum brighiness

45™ Faint,

1942 Jan 19 " 85™. Too faint to observe
Figure 10.1 Supernova in the galaxy IC4182. At maximum brightness (a), it completely
obscures the galaxy; 5 years later (c), it becomes too faint to observe and the parent
galaxy appears in the picture. (Mt. Wilson 100-in. telescope photographs from the Hale

Observatories).

hence hundreds of such events have been recorded and studied. An example is
given in Figure 10.1, where a supernova in outburst outshines the galaxy within
which it resides by about a factor of 100. The most famous supernovae are those
which occurred and were observed in our own Galaxy — the historical supernovae,
listed in Table 10.1. These, however, represent only a fraction of all supernova
explosions that must have occurred in our Galaxy, say, in the last millennium,
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because most regions of our Galaxy are obscured by its radiation-absorbing central
bulge. (It is much easier to detect lights turning on in a neighbouring building
than in one’s own.)

Historical Note: The close ocecurtence of the supernovae of 1572 and 1604 led to a
philosophical revolution, by %hattermg the Arlsmtchan concepﬂon of the universe, which
had prevailed for almost two millennia. Aristotle’s universe con w;zcd ofa set of concentric
spheres, with the Earth at the centre _Each cuf the pianets known at the time revolved in
its own sphere, while the outermost sphere comamed the fixed stars. The lowest sphere
contained the Moon and marked the boundary between the lmperfect changeable world
below it and the perfect and etcrn__al universe above. This is the reason why comets, of
unpredictable and transient appariﬁgn;*wérp_cijns'idcre'd atmospheric phenomena. The
supernova of 1572 was intenéivcly' obsc_rved and studied by' the _Dahish astronomer Tycho
Brahe, who devoted a book (De Nova Srgllaj to the new star. He paid particular attention
to its distance and concluded that it must resid'e__wi-thin {he“ﬁx'ed stars, far above the
Moon, showing that changes could take -piéce_ in-What_ had been considered the immutable
universe. But he chose to explain the new star as an immutable object that had so far
been concealed from the human eye. It took one more (soon to follow) supernova, another
great astronomer — Johannes Kepler, Tycho’s former assistant — and one more publication
(bearing a similar title, De Stella Nova) to overthrow the conception of the immutability
of the heavens. Kepler observed the 1604 supernova and concluded that, like Tycho’s
supernova, it, too, was among the fixed stars. Aristotle’s model had failed again and was
soon to be abandoned, although reluctantly at first. in favour of the Copernican heliocentric
theory and Kepler’s famous laws of planetary motion.

The nebulae ejected in supernova explosions, the so-called supernova rem-
nants, survive for much longer periods of time and are regarded as some of the
most spectacular astronomical objects. Expansion velocities being very high, up to
10000 kms ™! (0.03c¢!), these nebulae extend quite rapidly to remarkable dimen-
sions and remain visible for thousands of years, even when they become so dilute
as to be almost transparent. The Crab nebula, a remnant of the 1054 supernova, is
shown in Figure 10.2. A much more diluted, older supernova remnant is shown
in Figure 10.3.

According to the stellar evolution theory that we have outlined in Chapter 7,
a catastrophic end to the life of a star is bound to arise from two types of quite
different circumstances, which lead to a state of dynamical instability. One is the
collapse of the iron cores of massive stars. The other is the collapse of white
dwarfs that have reached the Chandrasekhar limiting mass. As we have seen in
the previous chapter, the masses of degenerate cores of intermediate-mass stars,
which turn eventually into white dwarfs, are considerably lower than the critical
mass. Hence single stars are spared the catastrophic fate of collapse. This fate
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Figure 10.2 Crab nebula: the expanding remnant of the supernova that exploded in 1054
(from plates taken in 1956 with the Hale 5-m telescope, copyright D. Malin & J. Pasachof,
Caltech).

Figure 10.3 Remnant of a supernova (N132D) that exploded some 3000 years ago in the
Large Magellanic Cloud. The progenitor star, which was located slightly below and left
of centre in the image, is estimated to have had a mass of 25M., (photograph by J. A.
Morse, Space Telescope Science Institute, taken with NASA’s Hubble Space Telescope).
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awaits, however, white dwarfs evolving in binary systems, which may interact
with their companion stars and reach Mcy,.

Indeed, supernova explosions are classified into two types according to their
observed properties: the so-called Type I and Type I supernovae. The main dis-
tinguishing characteristic is the presence of hydrogen lines in the spectrum of the
latter and their absence in the former. Each type has its own characteristic light
curve, although a wide variety of deviations from the general shape is detected,
resulting from individual properties, and subclasses have been defined (which we
shall ignore). Type I supernovae are not observed in old stellar populations (such
as elliptical galaxies), but mostly in the gas and dust rich arms of spiral galaxies,
where star formation is going on and young stars are abundant. Type I supernovae,
by contrast, are found in all types of galaxies.

It is the Type IT supernovae that are associated with the collapse of the iron
cores of massive stars. These stars have large hydrogen-rich envelopes: hence the
evidence of hydrogen in the spectrum. As massive stars evolve much more rapidly
than low mass stars, old stellar populations, where no star formation occurs, have
outgrown the Type II supernova stage. Type I supernovae — more precisely, the
predominant Type la subclass members — are those believed to arise from the
collapse of white dwarfs that have reached the limiting Chandrasekhar mass,
presumably by accretion or coalescence. Since in a given stellar population white
dwarfs form at all times, there is nothing to prevent the occurrence of Type Ia
supernovac in old populations as in young.

10.2 Iron-disintegration supernovae: Type Il - the fate
of massive stars

To summarize Section 9.9, stars of initial mass exceeding ~10M, undergo all
the major burning stages, ending with a growing iron core surrounded by layers
of different compositions. These are separated by burning fronts. which turn
the lighter nuclear species of the overlying layer into the heavier species of the
underlying one. Anticipating the imminent collapse, we have called such stars
Supernova progenitors.

At the beginning, the iron core contracts — as all inert stellar cores do — simply
because no nuclear burning is taking place and, eventually, the electrons become
a degenerate gas. When the degenerate core’s mass surpasses the Chandrasekhar
limit (which, for iron. is somewhat lower than 1.46 M), the degenerate electron
pressure is incapable of opposing self-gravity and the core goes on contracting
rapidly. Two types of instability soon develop. First, electron capture by the heavy
nuclei deprives the core of its main pressure source and thus accelerates the infall.
Secondly, due to the high degeneracy of the gas — and hence its low sensitivity to
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temperature — the temperature rises unrestrained. In time, it becomes sufficiently
high for the photodisintegration of iron nuclei (see Section 4.10):

%Fe —> 13*He + 4n — 124 MeV.

This reaction is highly endothermic, absorbing ~2 MeV per nucleon (just as the
reverse transition of helium into iron releases ~2 MeV per nucleon). The loss of
energy is so severe as to turn the collapse into an almost free fall. The continued
contraction is followed by a further rise in temperature. The pressure increases
too, but not sufficiently to arrest the process (y, < 4/3). The infall continues until
the photons become energetic enough to break the helium nuclei into protons and
neutrons. As this reaction entails an even greater energy absorption, about 6 MeV
per nucleon, the core contracts still further. Eventually, the density becomes high
enough for the free protons to capture the free electrons and turn into neutrons. Not
only does this process absorb energy, but it also reduces the number of particles.
Hence the pressure drops and core collapse continues. Finally, the neutron gas,
which is in many ways similar to an electron gas, becomes degenerate. This
occurs at a density of about 10" kg m=* (10> gecm™?) and generates sufficient
pressure to halt the collapse. A neutron core is thus created, of a density similar
to that of an atomic nucleus — one single huge nucleus, about 40 km in diameter.
It was Hoyle who, as early as 1946, suggested the instability associated with
the photodisintegration of iron to be the triggering mechanism for supernova
explosions.

Exercise 10.1: Assuming a (free-fall) collapsing core to maintain a'_uniform
density (this is called homologous contraction), show that the solution of the
equation of motion tends to |v| o r. o o

Exercise 10.2: Show that the free-fall collapse of a stellar core (of uniform initial
density) is homologous. Lo

What happens to the outer layers of the star during and following the few
hundred milliseconds of core collapse? To answer this question, we consider the
energy budget of the star. Clearly. the energy source of a supernova explosion is
gravitational: the collapse of a core of mass M (~1.5M) from an initial white
dwarf radius R, ~0.01 R, to the final radius R,. ~20km (<< R.) of the neutron
core releases an amount of gravitational energy of the order of

RL‘ RIIC RHL‘

The energy absorbed in nuclear processes amounts to

siff | | GM?
AEgyw = —GM? (— = —) A ¢ w3 x 107, (10.1)

) M. 45
AEp = TMev— =2 x 10™ ], (10.2)
My
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about one tenth of A E . There remains ample energy for ejecting all the material
outside the core, for imparting to it enormous velocities, and for producing the
huge luminosities observed. The radiated energy may be estimated by assuming

a typical luminosity Ly of 107 Js7! (3 x 10'°L,) for a typical period tgx of

one year:
AE g & Loyten = 3x 10M]. (10.3)

Although this is an overestimate, it is still only a few percent of the released
energy. A similar amount would be required for the ejection of the (for the most
part) loosely bound envelope,

GM.(M — M,)

AEping & 5 ~ 5x 1047, (10.4)

assuming a total stellar mass M ~ 10M, and a comparable amount would suffice
for supplying the high expansion velocities of the ejecta:

2
exp

AEgy ~ (M — Mg, ~ 1071, (10.5)

adopting vey, ~10000km s~!, as derived from observations.

Two questions immediately arise: first, if such a small fraction of the released
energy is sufficient for powering a supernova explosion, where does the bulk of the
energy go? Second — the question that has puzzled astrophysicists for decades —
what is the mechanism that deposits the required energy in the envelope? The
answers to these questions are linked and involve one of the major factors affecting
the entire supernova process that we have yet to mention. These are the neutrinos.
which take part in any weak interaction so that the lepton number be conserved
(see Section 2.6).

As the iron core turns, essentially, into a neutron core, all the protons that
have been locked up in the iron nuclei undergo a weak interaction. Hence as
many as 10°7 neutrinos are released, which can easily remove ~10* J of energy,
given that their masses are very small (see Section 9.3), so that they move with
velocities very close to the speed of light. The second question is then merely how
to transfer a small fraction of the neutrino energy to the envelope surrounding
the collapsing core. Keeping in mind that matter is normally highly transparent
to neutrinos, this has proved to be a very puzzling question. Given, however,
the enormous neutrino flux and the unusually high densities involved, it turns
out that a nonnegligible neutrino opacity builds up. Some of the neutrino energy
1s absorbed by the envelope layers that bounce off the stiffened neutron core
and are thus precipitated outward. The release of gravitational energy as the pri-
mary energy source in supernova explosions as well as the transfer of energy
to the envelope by neutrinos were first proposed and studied by Stirling Col-
gate and Richard White in 1966. Recent numerical simulations — which include
extensive, often multi-dimensional calculations performed on the most efficient
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Figure 10.4 Light curves resulting from calculated models of a 15 M, supernova com-
pared with observations of SN19691. The models differ in magnitude of the explosion
energy: 1.3 x 107" erg (solid line) and 3.3 x 10°' erg (dashed line) (adapted from T. A.
Weaver and S. E. Woosley (1980), Ann. NY Acad. Sci. 336).

computers — are quite successfully accounting for the observed characteristics of
supernova explosions.

The flare-up of the supernova begins when the shock wave propagating from
the collapsed core boundary breaks out through the surface of the hydrogen-rich
envelope. At first, the temperature is so high that most of the energy is radiated in
the UV, but very soon the envelope expands and the temperature drops sufficiently
for the object to become visible. A typical light curve of a Type I supernova,
where calculated models are superimposed on observational data points, is shown
in Figure 10.4.

A unique opportunity to test the core-collapse-neutrino-generating theory
was provided by the supernova that exploded in February of 1987 (known as
SN1987A) inthe Large Magellanic Cloud (LMC), a nearby galaxy, about 170 000
light-years away. A few of the neutrinos produced by that supernova (170000
years ago) — to be exact, 20 out of an estimated 10'? per m* — were intercepted
by the neutrino detecting devices Kamiokande (described in Section 9.3) and
a similar one. named IMB, located in a 1570-m deep salt mine in Ohio. The
first detections of the two widely separated devices were simultaneous to within
the accuracy of time determination and the entire neutrino capture event lasted
about 12s. It is noteworthy that since the detectors are located in the Northern
Hemisphere, the neutrinos from the LMC traversed the Earth before hitting the
detectors from below. All this occurred several hours before the supernova became
visible, as the theory would have it. for some time must elapse following the
collapse until the envelope expands enough to produce the typical supernova
luminosity. Besides providing the first detected neutrinos associated with core
collapse, SN1987A was unique in another, quite different sense: it was the first
(and so far only) supernova whose progenitor had been identified and its location
in the H-R diagram established (log 7o = 4.11-4.20, log L = 5.04). A mass
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Figure 10.5 (1) SN1987A in the LMC, before and after outburst. (b) SN1987A in the
LMC photographed in March 1987, about a month after discovery. Overlaid on the picture
is the negative image taken a few years belore. The image of the supernova progenitor
is confused with two other stars in the same line of sight and thus appears noncircular

(copyright Anglo-Australian Observatory: photographs by D. Malin).

of ~18M., was inferred (having probably evolved from a star of initial mass
somewhat above 20M ), in good agreement with the outburst and postoutburst
characteristics. The supernova near maximum brightness is shown in Figure 10.5;
superimposed is the negative of the progenitor star. All other supernovae we
have known were either too distant or too old for their progenitors to have been
distinguishable.

10.3 Nucleosynthesis during Type Il supernova explosions

Perhaps the most important and long-lasting outcome of supernova explosions
is the production of heavy elements (heavier than helium) and their dispersion
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Table 10.2 Characteristic masses of supernova models (in M)

Initial mass — Heliwin core  lron core  Neutron core  Ejected (2 = 6)

] 4.2
25 8.5

33 1.31 1.24
05 1.96 431

Pl —

throughout the interstellar medium. These elements are produced both during
the stages preceding the explosion, in the layers surrounding the iron core, and
during the explosion itself, as a result of the shock wave that sweeps the mantle.
Most of the shock-wave energy turns into heat, which raises the temperature
to peak values attaining 5 x 107 K; at such high temperatures nuclear statistical
equilibrium is achieved (see Section 4.7) on a timescale of seconds (the dynamical
timescale). The main product is *°Ni, rather than iron, which is obtained at
lower temperatures, when nuclear reactions are slower. The reason is that the
nuclear fuel has Z/A ~ % and since time is too short for 8 decays to occur and
change the ratio of protons to neutrons, the product must also have Z/A = %
as YNi does, whereas for Y°Fe, Z/A = 3—2 < % As the shock wave moves out,
it loses energy and its temperature declines. When the temperature falls below
~2 x10” K, which occurs when the wave has reached the neon-oxygen layer,
explosive nucleosynthesis ceases. Thus elements heavier than magnesium are
produced during the supernova explosion, while lighter elements are produced
during the stages preceding it.

Typical values for the estimated ejected mass, as well as other characteristic
masses of supernova models, are given in Table 10.2. The supernova ejecta mix
with the pre-existing interstellar clouds made predominantly of primordial hydro-
gen and helium and thus determine the evolving galactic (cosmic) abundances of
the elements. We shall return to this point in Chapter 12. We only note for now
that the agreement between the calculated ejecta abundance pattern and the solar
system abundance pattern is striking, all the more so when one considers the span
of seven orders of magnitude among the different species.

The production of *°Ni, which is radioactive with a half-life of 6.1 days, has
a marked effect on the supernova light curve and can therefore be verified by
observations. The product of *°Ni decay is *°Co, itself radioactive with a half-
life of 77.1 days, decaying into “°Fe. These 8 decays release the energy (3.0 x
102 Jkg~! for *Ni and 6.4 x 10" Jkg ™' for **Co) that powers the supernova
light curve after the initial decline from maximum. As the rate of decay and energy
release decline exponentially on the appropriate timescales, it can be compared
with the rate of decline of the light curve. A perfect match is obtained, as shown
in Figure 10.6 for SN1987A. If the distance to the supernova is known, as it is in
the case of SN1987A, the amount of *°Ni produced can be inferred (0.075M,, for
SNI1987A).
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Figure 10.6 Light curve of SN1987A. Points correspond to observational data obtained
at the Cerro Tololo Inter-American Observatory (CT1O) and the South African Astro-
nomical Observatory (SAAQ). The dashed line is obtained from a model assuming decay
of 0.075M, of **Ni and later, *°Co (from D. Arnett et al. (1989), Ann. Rev. Astron.
Astrophys., 27).

Exercise 10.3: Derive the expression for the light curve L(r) of a supernova
powered by the decay of *°Ni and *°Co, assuming that 1 M, of *°Ni was initially
expelled in the explosion.

A rather recent observation that bears direct witness to ongoing nucleosyn-
thesis and to the continual dispersion of nuclear ashes throughout the Galaxy is
the detection of *°Al — a radioactive isotope with a half-life of 7.2 x 10° yr —
in the interstellar medium. Nuclei, like atoms, have their distinct spectra, due to
their discrete energy levels, only the energies involved are more than three orders
of magnitude higher. Excited nuclei, like excited atoms, emit photons whose
energies, corresponding to the differences between nuclear energy levels, are
measured in MeV, rather than eV (or keV), as in the case of atoms. The radioac-
tive aluminium isotope is produced by nuclear reactions at high temperatures in
an excited state. Its subsequent decay to *Mg releases a characteristic 1.8 MeV
photon, appearing as a line in the y-ray spectrum. This line was detected by sev-
eral satellites equipped with a variety of y-ray detectors: COMPTEL (COMPton
TELescope on board the Compton Gamma Ray Observatory) launched in 1991,
RHESSI (Ramaty High Energy Solar Spectroscopic Imager) and INTEGRAL
(INTErnational Gamma Ray Astrophysics Laboratory), both launched in 2002,
to name only a few. The detection of this line indicates that *®Al has been pro-
duced in quite significant amounts no earlier than 10° yr ago, a very short time
on the stellar evolution scale. Moreover, traces of the daughter product have been
detected in meteorites. This means that the same process of nucleosynthesis and
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heavy element dispersion was taking place at the time when the solar system
formed. 4.6 x 10” yr ago.

10.4 Supernova progenies: neutron stars — pulsars

With the expulsion of the envelope in a supernova explosion, the neutron core
becomes a neutron star. The existence of such exotic objects as neutron stars
was first postulated by Lev Landau, as early as 1932 (more precisely, Landau
mentioned the possible formation of ‘one gigantic nucleus’, when atomic nuclei
come in close contact in stars exceeding the critical mass). Their resulting from
supernovae was soon suggested by Walter Baade and Fritz Zwicky, in 1934, and
the first physical model was offered by Robert Oppenheimer and George Volkoff
in 1939. The governing equation of state is similar to that appropriate to a degen-
erate electron gas, a n = 1.5 polytrope (see Section 5.4) leading to a relation
between mass and radius R oc M ~"/3, so long as relativistic effects are negligible.
For example, a 1.5M neutron star would have a 15-km radius. Thus, whereas
a white dwarf is similar in size to the Earth, the diameter of a neutron star is
no bigger than that of a large city. As in the case of degenerate electrons, the
relativistic limit of the equation of state for the degenerate neutron gas imposes an
upper limit on the neutron star’s mass (equivalent to the Chandrasekhar limiting
mass for white dwarf’s derived in Section 5.4). Above this critical mass, a neutron
star would not be able to generate enough pressure for balancing self-gravity
and collapse would ensue. In the case of neutrons, however, this limiting mass
is far more difficult to estimate. The value of 5.83M, that would result from
Equation (5.32), by taking u, = | for neutrons, rather than p. = 2 for electrons,
is incorrect for two reasons. First, in a relativistic neutron gas the kinetic energy
of the particles is comparable to the rest-mass energy, and hence the Newtonian
gravitational theory is no longer valid and Einstein’s General Theory of Rela-
tivity (1915) must be used instead. Secondly, the gas is imperfect and particles
can no longer be considered free (noninteracting) at the high neutron star den-
sities. Interparticle distances are of the order of the strong force range. Hence
nuclear forces have to be taken into account and the equation of state becomes
more difficult to calculate. Although the first correction lowers the upper limit to
about 0.7 M, the second correction raises it. Thus, depending on the equation of
state used, the upper limit to the neutron star mass is estimated to lie between
2M ¢, and 3M. Fortunately, this limit does not impose serious constraints, since
the iron cores of massive stars do not appear to exceed 2M.. by much (see
Table 10.2). And yet, in principle at least, a third end state would be possible
for extremely massive stars — the collapse of a too massive (neutron) core into a
black hole.
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In all cases considered so far, the different types of astronomical objects
had been observed long before they were understood. Such are main-sequence
stars, red giants, white dwarfs, planetary nebulae, different types of variable stars,
novae, supernovae — many misnomers bearing witness to that. Neutron stars,
on the other hand. first emerged as theoretical, hypothetical objects. Then, in
1967, an important discovery was made, quite accidentally. Jocelyn Bell Burnell.
a doctoral student working under the supervision of Anthony Hewish at a new
radio telescope in Cambridge, detected variable radio sources of extremely high
and very regular frequencies, the first such source having a period of barely more
than 1s. They were called pulsars, short for pulsating stars, and by analysing
the pulses more closely, it was very soon realized that pulsars must be very
compact galactic objects, smaller and denser than white dwarfs. To stress the
impact of this discovery, we note that the 1974 Nobel Prize for Physics was
awarded to Hewish for “his decisive role in the discovery of pulsars’ (the prize was
shared with Martin Ryle, for pioneering work in radio astronomy). Although the
explanation for these strange objects was soon to follow, it was not soon enough to
prevent another misnomer. Pulsars are nof pulsating stars, but rather —as suggested
by Thomas Gold in 1968 — rotating neutron stars that formed in supernova
explosions.

The association of pulsars with supernovae — suggested by Hoyle as soon as
pulsars were made known — became widely accepted with the discovery. still in
1968, of the famous Crab Pulsar, with a period of only 0.033 s, at the centre of the
nebula bearing the same name, which had already been identified as the remnant
of the 1054 supernova. Another supernova remnant pulsar is the Vela Pulsar, with
a frequency of 0.089 s, discovered soon afterwards within the dispersed nebula of
a supernova that occurred some 10000 years ago.

Having identified pulsars as the neutron star survivors of supernova explo-
sions. we now turn to the pulsar mechanism. This invokes two main factors:
rotation and a magnetic field, both having been tremendously intensified in the
course of the supernova core collapse. Taking into account that all stars rotate,
even if very slowly and insignificantly, we may estimate the expected rotation
rate of a neutron star by applying the law of angular momentum conservation
to the collapsing core. Since the collapsing core is weakly coupled to the enve-
lope, the transfer of angular momentum between them (if any) is negligible. We
know that the Sun rotates with a period of 27 days. Let us assume this period
P, to be typical of a 1 R object of mass similar to the Sun’s, such as the pre-
supernova core of mass M.. The corresponding angular momentum is of the
order of

2m McR,
Po

o

(10.6)
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Figure 10.7 Sketch of the lighthouse model for pulsars.

If the angular momentum is conserved while the core turns into a neutron star of
radius Ry, 2 20 km, the rotation period of the neutron star will be

-

Rm‘ - 3
Pos = Po (R ) w2 % 10778, (10.7)

o)
Lot

of the same order as the pulse period of the fastest pulsars.

But rotation alone is not sufficient for sending out pulsed radiation; a beam
would be required that would be periodically directed toward the observer, sim-
ilarly to a lighthouse beam. Here the magnetic field, which has been enhanced
by the collapse up to 108 T — nine orders of magnitude higher than the Sun’s and
more than four orders of magnitude higher than a white dwarf’s — comes into play.
Charged particles are accelerated by a magnetic field, and accelerated charged
particles emit radiation. Radiation of this kind, characteristic of strong magnetic
fields, such as those produced in particle accelerators called synchrotrons, is
accordingly called synchrotron radiation. It is mainly produced by electrons and
it is strongest along the direction of the magnetic poles, where the magnetic field
lines are most concentrated. Thus the radiation emitted by the neutron star comes
from two radiating cones around the poles of the magnetic (dipole) axis, as shown
in Figure 10.7. If the rotation axis and the magnetic field axis were to coincide,
the neutron star, visible to observers lying within the radiation cones, would have
appeared as a constant source. There is no reason, however, for the axes to be
aligned — on Earth, for example, they are not. If they are not, we have our rotating
beam that sweeps the sky at the frequency of the stellar spin. It should be noted
that, since pulsars radiate in a preferred direction, we miss many such objects,
even if they are close by.
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What is the energy source of pulsars? The perhaps surprising answer is kinetic
energy — the kinetic energy of rotation, amounting initially to

o 2
AE o ~ :MUH a2 5% 1077, (10.8)
2 P2
to use the values of the former example. This energy, whose source is the gravi-
tational energy of collapse, should have been added, in fact, to the energy budget
of the supernova — Equation (10.5) above — but would not have changed any of
the conclusions. Indeed, now that over a thousand pulsars have been detected
in our Galaxy, and the oldest have been observed for a relatively long period
of time, it has been established that the pulsars’ periods increase with time (as
Gold had predicted), implying that the spinning rate slows down. The rate of
rotational energy loss E,o derived from the observed slow-down of the spinning
rate, —E,o; o¢ P/P? exceeds by many orders of magnitude the rate of emission
of pulsed radiation (a factor of ~107 for the Crab pulsar), so most of the energy is
emitted by a different mechanism. In simple terms, the rapidly changing magnetic
field of a spinning magnetic dipole with unaligned spin and dipole axes generates
a strong electric field and emits electromagnetic radiation at the spin frequency,

known as magnetic dipole radiation.

The magnetic-dipole-radiation mechanism for pulsars helps to solve a long-
standing enigma related to the very source of energy that powers the Crab nebula
and, in particular, to that part of the radiation emitted by the nebula which is due
to relativistic electrons. Although such electrons were produced in the supernova
explosion, they should have radiated away their energy a long time ago. Moreover,
an initial magnetic field that might have permeated the supernova ejecta, and
could have accelerated these electrons, should have weakened considerably with
the expansion of the nebula. As it turns out, for the Crab pulsar. B 5 TP B
very close to the power required to explain the radiation and expansion of the Crab
nebula. If the rotation slowdown is due to emission of magnetic dipole radiation,
the relativistic electrons are a by-product of the huge electric field associated with
the rapidly changing magnetic field of the spinning pulsar. The pulsar radiation
and the transfer of energy from the pulsar to the nebula are not yet well understood,
but, quite remarkably, John Archibald Wheeler and Franco Pacini had suggested
that the Crab nebula might be powered by the magnetic dipole radiation of a
rotating neutron star a short time before pulsars were discovered.

From the known number of pulsars and their estimated lifetimes it is possible
to derive an average rate of pulsar formation: this turns out to be about one every
few decades, very close to the rate of supernova explosions. This observation
provides an indirect, but independent, corroboration for the association of pulsars
with supernovae.

Finally, as their energy source wears out (after some 10°~10° yr), pulsars, too,
are destined to go into oblivion.
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10.5 Carbon-detonation supernovae: Type la

Type la supernovae are by far the brightest standard candles, or distance indica-
tors, and thus play an important role in cosmology. The typical correlation that
serves for distance determination in this case is an empirical relationship between
the peak luminosity and the light-curve width. Type Ia supernovae have been
instrumental in the relatively recent revolutionary discovery of the acceleration
in the expansion of the Universe. And yet, the circumstances that lead to a Type
la supernova explosion are still controversial and subject to investigation, both
observational and theoretical.

As we have already mentioned in Section 10.1, there is general agreement
that the explosion is induced by a thermonuclear runaway in a carbon-oxygen
white dwarf whose mass has exceeded the Chandrasekhar mass. The reasons for
such a configuration to explode are twofold: first, dynamical instability, caused
by the inability of the degeneracy pressure to balance gravitational attraction
(see Section 6.4); second, thermal instability of degenerate matter, caused by
the insensitivity of the degeneracy pressure to temperature (see Section 6.2).
The former leads to rapid contraction and to ignition of carbon in an electron-
degenerate core — carbon detonation. Nuclear burning raises the temperature but
not the pressure and hence the temperature keeps rising, escalating into runaway.
The very high temperature causes carbon and oxygen to tum into iron-peak
elements on a dynamical time scale throughout a large fraction of the white
dwart. The resulting enormous nuclear power blows off the entire star.

As explained in Section 10.3, the main product of the explosive nucleosyn-
thesis is “°Ni, which has the same ratio of neutrons to protons as carbon and
oxygen (the nuclear fuel), since there is no time for g-decays to occur. Later on,
ONi decays to *°Co, and finally 3°Co to stable °Fe, and these decays are reflected
in the light curve of supernovae of both types. The effect is more conspicuous
in the light curves of Type I supernovae, where a much larger fraction of the
mass, almost the entire progenitor star, turns into “°Ni. The decay of **Ni and
°Co dominates the light curve in this case. A composite Type I supernova light
curve is shown in Figure 10.8, illustrating the striking uniformity of these gigantic
explosions.

The energy that powers the Type Ia supernova explosion is thus nuclear, in
contrast to the Type II case, where the energy source is gravitational contraction.
The amount may be easily estimated: the mass excess per nucleon in the progeni-
tor, assuming equal mass fractions of carbon and oxygen, is —0.1480 MeV while
the mass excess of **Ni is —0.9625 MeV/nucleon. Hence 0.8145 MeV are released
per nucleon and the number of nucleons is Mcy/my = 1.75 x 10°7, which yields
a total energy of ~2.3 x 10* J. Most of this energy goes to the disruption of the
white dwarf. whose binding energy is of the same order.
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Figure 10.8 Composite light curve of 38 Type | supernovae (superimposed so that the
maxima coincide) (from R. Barbon et al. (1973), Astron. Astrophys. 23).

So far the process is well understood. What is still uncertain is the evolution
that produces the Chandrasekhar-mass white dwarts, which necessarily involves
stellar interaction, since single white dwarfs are produced with lower masses. We
shall address this problem in the next chapter.

10.6 Pair-production supernovae and black holes — the fate of very
massive stars

Stars of mass M 2 60M, (or M 2 80M -, according to some estimates) encounter
a different type of instability in their evolutionary course. The brief hydrogen-
burning phase is followed, as usual, by helium burning. Helium burning in these
stars produces mostly oxygen (due to the high core temperatures attained) and
hence oxygen rather than carbon constitutes the next nuclear fuel. Oxygen ignites
in a core exceeding 30 M., at a temperature of ~2 x 10” K. At this temperature the
photon energy is sufficiently high for spontaneous electron-positron pair creation
(see Section 4.9). Pair production, much as ionization or photodisintegration,
reduces the adiabatic exponent below the stability limit of 4/3, leading to a
dynamical instability, as discussed in Section 6.4. The core (or part of it) — whose
mass exceeds the limiting neutron star mass — collapses and a black hole is formed
on a dynamical timescale.

The description of a black hole..in fact the very concept of such an object,
is entirely based on the theory of general relativity, which is beyond the scope
of this text. Suffice it to say that even simple arguments indicate that something
odd must occur when the radius of a star of given mass becomes so small that the
escape velocity approaches the speed of light. This limiting radius, known as the
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Figure 10.9 Light curve of supernova SN2006gy. compared with typical light curves of
Type IT and Type la supernovae and with SN 1987A. (Adapted from NASA/CXC/UC
Berkeley/N. Smith et al.)

Schwarzschild radius (after Karl Schwarzschild), is given by

2GM M
Ry = — =~ 3— km. (10.9)

- [O]

With remarkable foresight, Laplace pointed out the difficulty in 1796 (in his
‘Exposition du systeme du monde’), about a century after Newton’s classical
theory of gravitation, but also about a century before Einstein’s relativistic one. (In
fact. Laplace was anticipated by John Michell, a less well known English geologist
and clergyman, who expressed similar ideas in a letter to Henry Cavendish in
1784.) Classical mechanics cannot account for such an enormous gravitational
field as obtains at r = R, to prevent photons from escaping it, since photons are
massless, but lacking more advanced knowledge, this is the intuitive explanation
for the blackness of a black hole.

While the core collapses, the outer layers of the star are ejected as in a super-
nova explosion. Whether the explosion resembles a Type I or a Type II supernova
or whether it is different from both is uncertain. The results of evolutionary cal-
culations depend on as yet undetermined parameters, such as the mass-loss rate
during early evolution. It is unclear, for example, whether such a star would lose
all, or only part of, its hydrogen-rich envelope prior to explosion. Nor can we
rely on observations to guide us, for, as we shall see shortly, very massive stars
are rarely born, and moreover, they are extremely short-lived, aging and dying,
as it were, almost as soon as they are born. The remnant black hole. as the name
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indicates, would be elusive to observation as well. We have come to an impasse:
we can never be certain of an explanation to a phenomenon that we do not see,
even if we can explain why we do not see it. A theory which cannot be tested or
confirmed by observation seems unworthy of pursuit.

And yet, a candidate for the pair-production driven supernova was discovered
a few years ago, the first so far! Dubbed SN2006gy. it is the brightest supernova
known to date, about a hundred times more luminous at its peak than the brightest
Type 11 supernovae, as shown in Figure 10.9. It occurred in a very distant galaxy,
about 240 million light-years away, and hence about 240 million years ago. The
progenitor is believed to have been a very massive star, its mass exceeding 100M 5,
and perhaps close to the upper mass limit of stars. The high luminosity may have
resulted from the decay of 50100 times more “®Ni than a regular supernova, about
10M . Interestingly, the presumed structure of its progenitor bears similarity to the
star Eta Carinae of our own Galaxy. This discovery casts doubts on the hypothesis
that the demise of a very massive star must be associated with the creation of
a black hole. Nevertheless, in some cases there is compelling evidence for the
presence of black holes (of stellar mass), inferred from phenomena related to the
strong gravitational fields these objects generate around them and the resulting
interaction with their surroundings. This brings us to the subject of the next
chapter.



Interacting binary stars

I1.1 What is a binary star?

As 1t turns out, the majority of stars are members of binary systems, or even
multiple systems. The term binary in the stellar context was coined in 1802 by
William Herschel only a few years after he introduced the term planetary nebula,
as mentioned in Section 9.7. The first telescopic discovery of a double star, Mizar,
is attributed to Giambattista Riccioli in 1650, just 41 years after Galileo’s first
telescope. Other stellar pairs were found by the mid-eighteenth century, but little
effort was devoted at the time to their study.

A binary system consists of two stars revolving around their common centre
of mass, as shown in Figure 11.1, and is defined by three parameters: the masses
of its member stars and the distance d between their centres. The distance is not
necessarily constant in time; it may vary periodically or change secularly. The
masses, too, may change in the course of time. So perhaps a better characteri-
zation should be: initial masses and separation, and current age. Each parameter
spans a wide range of values and their combinations are innumerable. In most
cases, however, the members are so far apart that their individual structures and
evolutionary courses are barely affected: they are thus no different from single
stars, except that their dynamics as point masses is more complicated.

Binary stars are born together as a bound system; in principle, a star may
capture another, in the presence of a third body, into a bound (negative energy)
state, but the chances for that to happen are small even in a dense star cluster.
Born at the same time and having different masses, binaries may be expected to
consist of stars in widely different evolutionary stages, since evolutionary time
scales — as we have learned — depend strongly on stellar mass. Interactions may
thus result in a wealth of phenomena. For binary stars to be interacting, their
mutual distance must be relatively small, when measured in units of the larger of
their radii. How small the distance may be, what form the interaction takes, and
to what consequences, are the questions that will interest us in this chapter.
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Figure 1.1 Orbits of two masses about their common centre of mass, for an elliptic orbit
of eccentricity 0.8 and for a circular orbit. The mass ratio is 2 in both cases. with the

massive star labelled 1 and the less massive one labelled 2.

Orbital motion

Consider a system of two stars of masses M, and M5, isolated in space. In the
absence of external forces, the centre of mass of the system is at rest, and we may
adopt it as reference point. The stars may be considered point masses moving
with respect to the centre of mass under their mutual gravitational forces, which
are equal in magnitude and opposite in direction, according to Newton’s third
law. Let d; and d, be the distances of M, and M,, respectively, from the centre
of mass. The distance between the masses d is then

d:‘d|—dj. (]ll)

where all three vectors d;(r), d2(7) and d(r) are colinear, their magnitudes satis-
fying the relations:

,M]d| = fngg and dl -+ dg =d. {] 12)

The equations of motion for the two stars are

- GM|M> - GM| M-
Md = - ———d, My, = — ——(-d), (11.3)
d d
and combining them, we obtain
. G(M, + M>)
de 2T,

5 (11.4)
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The well-known solution d(#) of this equation is periodic, described by an ellipse,
if we discard the possibility of unbound states, where stars would move away from
each other on hyperbolic or parabolic trajectories. Thus the distance between the
stars traces an ellipse in the orbital plane, the stars moving apart and coming
closer together periodically in time. This means that each star moves in an elliptic
orbit with respect to the other. An elliptic orbit is defined by two parameters: the
semi-major axis ¢ and the eccentricity e, and in polar coordinates the equation
that describes it is

a(l — e?)

0)= ———,
48 1 +ecost

(11:5)
where 6 is the angle between the vector d and the major axis with the origin
at a focal point. It may be easily shown that not only the mutual distance, but
also the trajectory of each one of the stars in a rest frame of reference traces an
elliptic orbit, each around the common centre of mass. The periods of revolution
are obviously the same. This is shown in the upper part of Figure 11.1.

Exercise 1 1.1: Show that in the rest frame of reference, the equation of motion of

each member of a binary system has the form (11.4), whose solution is an elliptic

orbit, with the centre of mass at a focal point. Show further that the ellipses have
the same eccentricity. i '

The simplest form of an ellipse is a circle, an ellipse of zero eccentricity,
where the focal points and the centre coincide, the distance between the stars is
constant in time, d(t) = a, and so are the velocities of each. Most binaries that are
close enough to be interacting have circular orbits. This property is of particular
importance, for it enables the determination of the masses of the binary members,
providing the only way of measuring stellar masses.

Observational classification

Only seldom are both members of a binary system visible: in such cases the
system is known as a visual binary, the most famous example of which is Sirius,
consisting of a main-sequence star and a white dwarf. When only one member is
observed, which is usually the case, evidence for the existence of a companion is
provided in one or more of the following manifestations (signs):

1. Astrometric binary: the star is wobbling periodically with respect to a
fixed point, the result of the projected orbital motion on the celestial
sphere perpendicular to the line of sight.
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Figure 11.2 Light curve of Algol-type (see below) eclipsing binary stars. Data was
obtained by the International Gamma-Ray Astrophysical Laboratory (INTEGRAL) (from
J. M. Mas-Hesse et al. (2003). Astronomy and Astrophysics, 411).

2. Spectroscopic binary: the spectral lines of the star show a periodic variation
of their Doppler shift, blue-ward and red-ward alternate, as the revolving
star moves towards and away from the observer.

3. Eclipsing binary: the star’s luminosity varies periodically, as a result of
eclipses of one star by the other. For this to be possible the inclination of
the orbital plane with respect to the line of sight must be small: the angle
between the normal to the plane and the direction of the observer, close to
90 degrees.

Exercise 11.2: Consider a system of two stars that revolve about their centre of
mass in circular orbits, for which it is possible to separate the spectral lines of
the two components (a spectroscopic binary system). As a result of the Doppler
effect, the lines shift periodically about a mean to shorter and longer wavelengths,
as each star moves toward or away from the observer. From these shifts it is
possible to determine the orbital period P and the velocity components along the
line of sight, v, ; and v, », respectively. Denoting the angle of inclination of the
orbital plane with respect to the observer by i, find the masses of the two stars,
M, and M>, in terms of the observables and sin .

1.2 The general effects of stellar binarity

Generally, the structure of each member of a binary system may be affected in
two different ways: the star may be irradiated by its companion’s luminosity, or
distorted by its gravitational field. The resulting effect is complicated to calculate
accurately, mainly due to the lack of symmetry; nevertheless, we shall try to obtain
rough estimates.

Consider irradiation of a star by another’s luminosity: the additional energy
will be absorbed in a thin outer layer, which will cause the effective temperature
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to rise, so that the surplus is re-emitted together with the energy flux flowing from
within. The radiation energy absorbed by the irradiated star is given by the flux
emanating from the radiating star at a distance d, given by L, /4w d” multiplied
by the cross-section of the former, 7 R7. Denoting the intrinsic luminosity of the
first star by L and assuming the radius of this star to remain unchanged, its total
luminosity is

(11.6)

and the resulting effective temperature is

; A= 14
TovasiTe | 14 T“'“f (R3 ) (11.7)
eff — Leff ] Teﬂ‘_] 2d \ v

where T, would be the effective temperature of the star, if undisturbed. Usually,
the correction term on the right-hand side of Equation (11.7) will be small.

To get an estimate of the length-scale affected by the incoming radiation,
we use the same principle that has led to timescale estimates in Section 2.8: we
divide the quantity that is bound to change by the process — in our case, the
temperature — by its rate of change with distance within the star (its gradient),
irrespective of sign. Adopting m as space variable and using Equation (5.3), we
have for the absorbing mass scale that we denote by y,

T 4acT'(4nr?)
dT/dm| 3kF '
As a rough approximation, near the stellar surface we may substitute on the
right-hand side: F =~ L. T =~ T, r = R). Witha =4o/c and L = 4n Rfcr Tjj-.
Equation (11.8) reduces to

X (11.8)

16 47 R?
¥R — ; (11.9)
3 o«

Normalizing x by the stellar mass M, = (47 /3)p R'f‘ we obtain

x 16 p
M, kpR\ p’

where p is the density near the surface of the star, which is orders of magni-

(11.10)

tude lower than the average density, while kpR| is a crude approximation for
the photospheric optical depth, hence of order unity. Thus the outer layer of
the star where most of the incoming radiation is absorbed has negligible mass
in comparison with the stellar mass, the bulk of which remains unaffected. It
is worth noting that whenever heat diffusion is involved, the thickness of the
zone that absorbs most of the inflowing heat 1s known as the skin depth. A negli-
gible mass does not necessarily imply a negligible thickness — since the density in
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the outer layers of a star may be very low — but even an extended skin of negligible
mass will not affect the stellar interior and its evolution.

To get an idea about the extent of distortion caused by the presence of a
companion star, imagine two stars, 1 and 2, of masses M, and M,, respectively,
separated by a distance d measured between their centres. The gravitational force
per unit mass exerted by star 2 on star 1 as point masses is G M,/d*. The force
per unit mass exerted by star 2 on a small mass element at a distance r from
the centre of star 1 along the line of centres is GM»/(d — r)’. The difference
between the two is the force that will distort the spherical shape of the star, known
as tidal force, which pulls the mass element outwards, toward the companion
star,

=

GM, GM, GM, [ |
— ~ = B (11.11)
FE

d—ry &> & \1-2%

.flide(r) =

( Tl
where we have assumed r/d < R;/d <« 1 and used the binomial approximation.
An order of magnitude estimate for the tidal pressure along the line of centres,

obtained by integrating fig.(r)p(r)dr, yields

3GIW:.M;

—_— I:12
4."{R[d3 ( J

Prige ~
This pressure is opposed by the hydrostatic pressure, which increases steeply with
depth. By Equation (5.1), at the bottom of a surface layer of mass y, we have

(;M]X
47 R}

Prlx) ~ (11.13)

Hence the mass x of the outer zone that is bound to be affected by tidal forces
may be roughly estimated by requiring Py. ~ £, which yields

My (R
. A -(_‘ ‘ (11.14)
.M[ M] d
usually a small fraction of the total stellar mass.

Thus, irradiation and tidal distortion, which act on a star at a distance, have
relatively small effect. The main effect of stellar interaction becomes apparent

when the stars come into direct contact by transferring material between them, or
even sharing material. Observational indication for the possibility of mass transfer
between stars was provided by the Algol paradox: an Algol binary is a binary
system where the lower-mass member is a giant, while the more massive one is
still on the main sequence (Fig. 11.2). This contradicts what we have learned so
far: that the more massive a star, the sooner it leaves the main-sequence phase,
evolving rapidly towards its final state.
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Historical Note: Many thousands of Algol binaries are now known. The prototype
of Algol stars is the star itself called Algol (or § Persei). Algol was first recorded as a
variable star in 1667 by Geminiano Montanari. Only more than a hundred years later
was a mechanism proposed for the variability of this star by a young deaf-mute amateur
astronomer, John Goodricke, who was the first to establish the periodic nature of these
variations. He published his findings in the Royal Society's Philosophical Transactions
in 1783, suggesting that the periodic variability was caused by a dark large body passing
in front of the star (or else that the star itself had a darker spot that was periodically turned
toward the Earth) and was awarded the Copley Medal for his report. Another hundred years
later, in 1881, Edward Picker‘ing prescnt_ed evidence that Algol was indeed an eclipsing
binary. This was confirmed a few years later, in 1889, when Hermann Carl Vogel found
periodic Doppler shifts in the spectrum of Algol, inferring variations in the radial velocity
of this binary system. Thus Algol became not only the first detected eclipsing binary, but
also one of the first known spectroscopic binaries,

As we shall see shortly, the solution to the Algol puzzle is found in the change of
mass of the binary members in the course of evolution, with the initially massive
star losing and the low-mass star gaining mass.

Having already encountered the outcome of mass loss in the evolution of
single stars, we should not be surprised to find that the opposite effect of mass
accretion has its own significant consequences. We start by devoting some thought
to a simple scenario where a star is embedded in a medium of low-density material
rather than a void, as we have so far assumed, disregarding for now the source
of this material. Obviously, the star will accrete some of the surrounding material
and we may assume spherically symmetric accretion.

When a star of mass M and radius R accretes an amount of mass §m coming
from infinity, its (negative) gravitational potential energy decreases by an amount

GMém

SBge— ——

R
If the material is accreted over a time interval §7, the average rate of gravitational
energy release Egpy = 0 Eg /31 is proportional to the average accretion rate.
M =ém/éi:

GMM
—

If the star is to maintain thermal equilibrium, this energy surplus must be radiated

Eirsy = (11.15)

away. Thus an accretion luminosity may be defined in relation to the accretion
process:

- GMM
Lye = hgruv = R (I1.16)
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Obviously, the larger the gravitational field of a star, the larger would be its
accretion luminosity. Thus, for example, if a star of 1 Mo were to double its mass,
say, during 10" yr (comparable to the age of the universe), it should accrete at
an average rate M = 107'"°M_ yr~'. A main-sequence star, would thus produce
a luminosity of GEW(E:M/R;_:_; ~ 3 x 107 L, entirely negligible compared with
the natural luminosity of such a star. For a white dwarf, the resulting luminosity
would be about a hundred times higher, a few tenths Ly, significantly higher
than the typical luminosity of white dwarfs. For a neutron star, it would reach
100L -, while for a black hole (assuming the accretion radius to be Rsy,) it would
approach 1000L .

The accretion rate is limited by the requirement that the resulting luminosity
be lower than the Eddington critical luminosity. Otherwise, the radiation pressure
exerted on the infalling material would push it back and prevent it from accumu-
lating. We recall that the luminosity approaches the critical limit as the radiation
pressure becomes dominant, and the binding energy of the star tends to zero. The
requirement L,.. < Lpqgq leads, according to Equation (5.37), to

: 4 cR
M < . (11.17)

K

which for electron scattering opacity translates into
M < 107 R/Ro Mg yr". (11.18)

We note that the upper limit of the accretion rate depends solely on the stellar
radius, regardless of the mass.

In conclusion, even a moderate accretion rate (far below the upper limit) may
induce the three types of compact stars to emit a significant luminosity. What
kind of radiation would we expect in such instances? In order to maintain thermal
equilibrium by emitting the surplus gravitational energy, a star must adjust its
surface temperature. The gravitational energy of the infalling matter is absorbed
by a surface boundary layer, which acquires a temperature 7}, and re-emits the
energy as blackbody radiation. Since compact objects are stiff, the radius is barely
affected. Hence Ty can be estimated by

L 174 Gmm\"*
Ty = o] = ] 11.19
] (4;1’1?30) (4.-*{ R-”n) ( )

An upper limit is obtained by substituting the critical value of M (11.18) on
the right-hand side, which provides a reasonable estimate in view of the weak
dependence of T;, on M (a power of 1/4). For a white dwarf we obtain 7}, ~ 10° K,
for a neutron star, Ty, &~ 1.5 x 107 K, and for a black hole, T, < 3 x 107 K. These
would appear as bright UV, X-ray, and even y-ray sources. Indeed, such sources
are quite abundant in our Galaxy (and beyond), as satellite-mounted modern
detectors reveal.
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Thus extinct compact stars, which would otherwise escape observation, may
be rejuvenated by accretion. In fact, accretion leads to a wide variety of fascinating
phenomena — an entire zoo of exotic objects — but the simple principles of stellar
evolution that we have encountered remain the same and can be applied to explain
the evolution of binary stars, as they have explained the more straightforward
evolution of single ones. In order to understand these complex phenomena, we
must first consider more carefully the mechanism of mass exchange between
stars.

11.3 The mechanics of mass transfer between stars

A single star, viewed as an isolated point mass, generates a spherically symmet-
ric gravitational field that may be described by spherical equipotential surfaces
centered on it. The meaning of such a surface is that a test particle may move on
it freely, without requiring additional energy (or work done on it by an external
force), nor releasing energy. Moving from one equipotential surface to another,
on the other hand. entails either energy gain or energy loss: the former in order to
move away from the star (rise to a higher potential value), the latter for moving
closer to it (dropping to a lower potential state).

When a binary star, viewed as two point masses isolated in space, is involved,
the equipotential surfaces — retaining their meaning — adopt more complicated
geometrical shapes. Very close to each star, that is, at distances which are small
compared with the separation between the stars, as well as at very large distances
by the same standard, we may expect the equipotential surfaces to be almost
spherical: closed, separate surfaces around each star in the former case. and one
surface corresponding to a point mass equal to the sum of masses, in the latter.
These extreme cases are, however, not ‘interesting’; of interest is the intermediate
domain. In particular, we may already guess that in the transition from two
separate equipotential surfaces to a single one, a critical point — a case of special
significance — will arise. It is this case and its consequences that we now wish to
pursue.

Consider stars labelled 1 and 2 as point masses M, and M-, respectively,
where My = M, revolving in circular orbits around their common centre of mass
at constant angular velocity . It is easy to see from Equation (11.4) that the
angular velocity is

w = G(M, + M>)/a’, (11.20)

where a is the (constant) distance between the stars (symbol d is reserved
for a periodically changing separation; a. for a fixed one). Since w = 27/P,
where P is the rotation period, Equation (11.20) expresses Kepler’s third law,
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which states P> oc a’. The axis of rotation is perpendicular to the line of
centres.

In a Cartesian coordinate system (x, v, z) co-moving with the stars with the
origin at star 1, the masses are located at (0, 0,0) and (a, 0, 0), respectively,
and the centre of mass at (xcy, 0, 0), where xey = Mya /(M + M>). The grav-
itational potential experienced by a test particle at any point in space will be
given by

. G"W[ G,Mg
TP+ [(x—a) 4+ 2+ 222
’ W'ﬂ | 4 -
et 1 gpesese i) 4+ vy, (11.21)
= M, + M- ;

where the first two terms are the gravitational potentials of the point masses,
while the third is the rotational potential resulting from the fictitious centrifu-
gal force in the rotating system. Defining a new parameter ¢ as the mass ratio
g = M>/M;, and measuring distances in units of a, we may normalize the
potential:

i 2 5 2q
(@2 +y2 4212 T (14 g)[(x — 1)2 + y2 + 22]1/2
q 2 R
+ X — + v |, (11.22)
| I+ ¢
where
. G(M, + M, =
o = [—'7)} ®. (11.23)
2a

Thus the normalizing coefficient, which depends on all three independent param-
eters of any binary system, is a scaling factor, while the normalized potential
depends solely on one parameter, the mass ratio ¢. Equipotential surfaces gen-
erated by ®' = C — where C is a constant — are known as Roche equipotentials,
after the French mathematician of the nineteenth century, Edouard Albert Roche,
who was the first to study this problem of celestial mechanics.

If C is large. the equipotential surfaces will be closed, separate, elongated
spheroids around each point mass; the larger C. the more spherical the surfaces.
With decreasing value of C, the closed surfaces become more distorted, especially
towards the centre of mass. along the line of centres. Eventually, for a critical
value of C. the surfaces surrounding each point mass will touch at one point on the
line of centres, creating a dumb-bell shaped configuration, known as the Roche
limit surface. The point of contact is known as the inner Lagrangian point L,
and the volumes enclosed by the limit equipotential surface are known as Roche
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lobes. The significance of these lobes is that they delimit the volume within which
material 1s gravitationally bound to only one of the stars. For ¢ = 1. the lobes are
identical in size and shape; as ¢ diminishes, the lobe around the more massive
component, of mass M), expands, while that of the less massive one, of mass
M, shrinks. For still smaller values of C, the lobes open up into one continuous
surface, with a narrow neck close to L. As C decreases further, the surface
becomes more and more spherical around the two stars.

The region of interest for stellar interactions is that within the Roche lobes.
The reason is that, although the formalism of Roche equipotentials is strictly valid
only when point masses are involved, its application may be extended — at least
approximately — to more realistic cases, where the stars occupy some volume
within their respective lobes. To make things simpler, a Roche radius ry is defined
as the radius of a sphere that has the same volume as the respective Roche lobe.
A very good approximation for the Roche radius was provided by Peter Eggleton
in the form

r 0.49(;2-’""1‘

@ ¢ 3y 11.24
a  0.6¢%3 +1In(l +¢'/3) ( )

corresponding to the lobe of M>, while for that of M|, ¢ must be replaced by ¢ '

A less accurate but more versatile approximation is

. 13
ix{}.s( A ) . (11.25)
a | +g¢

which yields for the ratio of Roche lobe radii: ry »/r | =~ ¢'/3.

The crucial question now is whether or not one or both binary members
overflow their respective Roche lobes. The answer to this question serves to
distinguish among different classes of close binaries, as proposed by Zdenek
Kopal about half a century ago:

. Detached binary: the radii of both stars are smaller than their respec-
tive Roche radii, thus the stellar photospheres lie within their Roche
lobes.

2. Semidetached binary: the radius of one of the stars exceeds its correspond-
ing Roche lobe. Material may thus pass from the Roche-lobe-filling star
to its companion.

3. Contact binary: the radii of both stars are larger than the respective Roche
lobes. A common envelope thus forms, surrounding the Roche limit sur-
face. with both stars buried in it and hidden from individual view.

It is the semidetached binary that leads to stellar interaction and opens up a realm
of phenomena related to mass transfer between stars, and therefore we shall pursue
this case further.
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11.4 Conservative mass transfer

The simplest case of mass transfer between stars is the conservative one, where
both the mass and the angular momentum of the system are conserved. Consid-
ering the case of circular orbits, the total angular momentum of a binary system
is given by

Ji= 4M|£I$(1) + Mzagw + Hwy + haws, (11.26)

where the first two terms relate to the orbital motion, and the last two relate
to stellar spin. The spin angular momenta /| >, > usually constitute small cor-
rections, since stars are centrally condensed and hence have small moments of
inertia /, ». We shall therefore neglect them in our following discussion. Using
Equations (11.2), we may substitute

M2 Ml
a=d——— and ) = ¢ ———— (11.27)
M, + M M, + M
to obtain
JM!l ‘ME 2
J=—qaw. (11.28)
."WI + Mg
Substituting w(a) from Equation (11.20), we obtain
G 1/2
&= (—---——) M M>a'®. (11.29)
M, + M
Conservative mass transfer implies
1 . .
%{M; +M)=0 = M =M (11.30)
¢
meaning that all the mass lost by one binary member is gained by the other, and
dJ M, M, la
dt M, M- 2a ( )
Combining Equations (11.30) and (11.31), we have
1 2My(M, — M
8 o BRI, (11.32)

a fW| 1142

The conclusion is that the separation between the stars — and with it, the period
of revolution — changes at a rate which is proportional to the mass-transfer rate.
Whether it increases or decreases is determined by the direction of mass transfer:
from M> to M, or vice versa. If it is the massive star that loses mass to its
companion, then M, < 0, hence @ < 0, and thus the orbital size of the system
shrinks. This is bound to enhance the rate of mass transfer, which in turn will bring
the stars still closer together. The process may escalate into runaway. It is this
process that accounts for the reversal of the initial mass ratio in a binary system,
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which solves the Algol paradox; for massive stars evolve faster than low-mass
ones, and hence they are the first to expand and eventually overflow their Roche
lobes and transfer mass to their less massive companions. This unstable state will
only cease when the mass ratio is reversed.

If, on the other hand, it is the less massive star that fills its Roche lobe and
transfers mass to its companion, the distance between the stars will increase. At
the same time, the ratio of Roche lobe radii will decrease with decreasing ¢, so it
may still be possible for the mass-losing star to fill its Roche lobe. In this case, a
stable state of mass transfer may result. As it turns out, this configuration of slow
and stable mass accretion onto the massive and more compact binary component
gives rise to a wide range of eruptive phenomena, lumped together under the
general name of cataclysmic variables.

Exercise 11.3: Consider a binary system in circular orbit, with M; < M;, where
M; > 0and M, = —M,. (a) Find the condition g must satisfy for the Roche lobe
of M, to shrink. (b) Assuming the donor star to expand slightly upon losing mass,
find the condition g must satisfy to ensure Roche-lobe overflow (use a relation
of the form R o« M~/ for the mass-radius dependence).

11.5 Accretion discs

With cataclysmic variables in mind, consider a binary system where the massive
member is a compact star, say. a white dwarf that accretes material from its
companion, say, a low-mass main-sequence star. As customary for such systems,
we shall refer to the massive, mass-accreting component as primary, and to the
less massive, mass-losing one as secondary. The critical point of the configuration,
as we have seen, is the contact point L of the Roche lobes.

What is the meaning of the inner Lagrangian point L7 As it lies at the
intersection between surfaces that belong either to one star or to the other, a test
particle at this point belongs to both or to none. This means that the compounded
forces acting on it by the two stars must exactly provide the centripetal force
required for rotation around the centre of mass, so that the particle will remain
in equilibrium. Clearly, L will be more distant from M, (the origin at the larger
mass star) than the centre of mass located at

XOCM [

e - (11.33)
a |l +¢
for the force exerted by M| on a test particle at x¢y exceeds the force exerted by
M, unless, of course, the masses are equal. This excess will supply the required

centripetal force towards the axis of rotation that passes through the centre of
mass, when the particle is removed from x¢y. Hence, to reach equilibrium, the
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test particle can only be moved towards x > xewm. Thus, xz, = xem. Since on the
line of centres in the co-moving frame y = z = 0, the value of x; | is obtained as
the solution of the equation

GM, GM,

TR = = (X — xem),s (11.34)
X (a —x)

which is equivalent to the condition d®(x,0,0)/dx = 0, corresponding to
extremum points of the potential. Using the same normalization as for ¢, we
obtain after some algebra

A4+’ =2 +3x* + Q43> —x®>+2x —1=0, (11.35)

where distances are now measured in units of a, so that the equation is dimen-
sionless. For ¢ = 1, the only real root of Equation (11.35) 18 x; = % = xcMm. AS
the mass ratio decreases, ¢ — 0, we get xoy — 0, while x; | — 1.

At L, the potential & has a maximum, located between the gravitational
potential wells of the two stars. Another way of interpreting the inner Lagrangian
point is to imagine a test particle delicately balanced at the potential top, and
prone to fall into either of the wells at the smallest perturbation. Two additional
maxima — solutions of Equation (11.35) for0 < g < 1 —exist, L on the far side
of M> and L+ on the far side of M, in both cases the forces of the two stars acting
in the same direction towards xcy. Through these points a test particle may fall
into the binary system or else altogether escape from it.

The projection of several Roche equipotentials on the orbital plane (z = 0) is
shown in Figure 11.3, where all three Lagrangian points are marked. The closed
Roche lobes can be clearly seen. The complicated multi-valued function gives
one an idea about the even more complex structure of the equipotential in three-
dimensional space. One should bear in mind, however, that this elegant-looking
geometry is based on greatly simplified physical assumptions and hence not all
of it is relevant to real systems.

The mass passing through L, from the Roche lobe of the secondary to that
of the primary cannot just fall directly onto the primary. Consider a test particle
at L that has just acquired a small velocity in the direction of M,. This would be
of the order of the thermal velocity typical of the temperature in the atmosphere
of the secondary star, and hence small compared with its rotational velocity.
Nevertheless, it will be sufficient for displacing it from the unstable equilibrium
position at L;. But the particle cannot fall directly onto the primary star, for it
possess angular momentum, as it revolves around the centre of mass of the system
(x7, = xcm). Actually, viewed from M, the particle is seen as moving almost
perpendicular to the direction of L. The trajectory of the particle is complicated
to compute, but it will eventually settle into a nearly Keplerian orbit around the
primary. This will be the fate of all particles passing through L; towards the
primary, and since the initial velocity that causes the fall towards M, is small,
it will have little effect on the trajectories, which will thus be almost identical.
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Figure 11.3 Projection of Roche equipotentials on the orbital plane (z = 0) for mass ratio
g = 0.6. The centres of the stars, the centre of mass (CM) and Lagrangian points Ly, L,
and L3 are marked along the line of centres.

The ring of material that will form around the primary star in the orbital plane
of the binary system will slowly evolve into a disc, as particles will lose angular
momentum due to friction and will spiral in towards the primary. Eventually, they
will accumulate on the equator of the compact star, and the strong gravitational
field will spread them evenly over the entire surface. This disc, typical of accretion
in binary systems, is known as an accretion disc.

An estimate of the radial extension of the disc ry may be obtained on the
following somewhat simplifying assumptions: (a) within the primary’s Roche
lobe the effect of the secondary may be neglected, and (b) the angular momentum
1s conserved, that is, the specific angular momentum at L is equal to that of the
Keplerian orbit around M, both taken with respect to an axis passing through
the centre of M, perpendicularly to the orbital plane in a stationary (nonrotating)
frame of reference. The specific angular momentum at £, with respect to M is
) [G{Ml g M:)} 2

- i
Ji & %0 ik
&t ! a’

(11.36)

We shall further assume that x;, ~a — rp > and adopt the relatively simple
approximation (11.25) for ri_». to obtain after some algebra

B . 13
i = VGMa(l —|—(”I_..-_ 1 —0.5 (l iq) ; (I1:37)
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A particle in circular orbit around the primary at a distance ry4 from its centre has
velocity /G M, /ry and hence specific angular momentum

j2 = VGMra. (11.38)

The equality j; = j» thus yields

Iy q Zal
£ = (+4g¢q) 1—0.5(—) . (11.39
1 1 +¢ )

and relative to the primary’s Roche radius, ri; = 0.5a/(1 + ¢), using again
approximation (11.25),

14— 211 + g)'8 — 0.5, (11.40)

L1
which varies between 0.8 for ¢ = 0.1 to 0.65 for ¢ = 0.9. Thus, allowing for
the approximations employed, the conclusion is that the accretion disc stretches
to a significant distance within the primary’s Roche radius, and is only weakly
dependent upon the binary mass ratio. The large area of the disc enables it to
radiate a significant luminosity.

Observational evidence for the existence of an accretion disc in an interacting
binary system is also provided by the area where the stream of particles from the
donor impinges on the rim of the disc at supersonic speeds (speeds that surpass
the thermal velocity), resulting in shock-heating. (We have encountered a similar
phenomenon of shock-heating, albeit on different scale, in supernova explosions.)
This area, known as the hot spot may radiate copious amounts of energy. often
more than the energy emitted by both stars and the accretion disc combined.

11.6 Cataclysmic phenomena: Nova outbursts

Sustained mass transfer at relatively low rates in close semidetached binary sys-
tems gives rise to periodic outbursts of enhanced luminosity separated by peri-
ods of quiescence. These variable systems are known collectively as cataclysmic
variables, although the processes involved, their timescales and luminosity ampli-
tudes, differ considerably. Of all these cataclysmic variables, novae are the earliest
discovered, the best known and the most spectacular. We therefore choose them
to illustrate the salient points of the cataclysmic process, which will crown and
conclude our brief discussion of interacting binary stars.

A nova, short for nova stella (new star) is a star that brightens suddenly several
hundred- to a million-fold, remains bright for a few days to several months and
then returns to its former, low luminosity, as shown in Figure 11.4.
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Figure 11.4 Examples of nova light curves for different novae that evolve on somewhat
different timescales. Axes are arbitrary, with markings at intervals of 10 days on the
abscissa, and 0.4 log L on the ordinate. (Adapted from C. Payne-Gaposhkin (1957), The
Galactic Novae, Amsterdam: North Holland Publishing, and D. B. McLaughlin (1960),

Stellar Atmospheres, University of Chicago Press.)

Historical Note: In ancient times. novae were classed with the guest stars, which
also included supernovae, as well as comets, all transient objects. Early observations
of such objects were made mostly in the Far East — China, Japan and Korea — where
professional astronomers (astrologers, in fact) were employed by rulers to constantly
watch the sky for signs of impending dangers. Meanwhile, ancient and even medieval
Europe showed little interest in these temporary stars, which were in marked conflict with
the dominant Aristotelian concept of a perfect, immutable celestial sphere that we have
already encountered in the previous chapter. Detailed records from China go back to about
200BC; in Korea and Japan, regular observations began around AD 800. While comets
were quite early suspected and then recognized as being a separate class of objects, the
distinction of novae from supernovae was made, as we know, only in the 1930s, when it



11.6 Cataclysmic phenomena: Nova outbursts

225

was realized that the two differed in maximal brightness by about six orders of magnitude.
Around the turn of the twentieth century, the number of nova discoveries rose considerably,
and then settled at an average of ~4 galactic novae per year.

By the early 1960s ample observational evidence had accumulated, mainly through
the work of Robert Kraft, indicating that novae were invariably members of close binary
systems. The nova companion was found to be a low-mass main-sequence star. Obser-
vations of novae after eruption, and in a few cases, prior to eruption, showed them to be
hot compact stars. Mass estimates, albeit scarce and uncertain, suggested that the erupt-
ing stars were white dwarfs. This led to the hypothesis that the red-dwarf companion is
extended enough to fill its Roche-lobe and allow mass transfer to the hotter star through
the inner Lagrangian point. Indeed, in some cases, a rapidly rotating accretion disc was
detected around the hot star.

Thus, novae appear to be hot white-dwarf members of close binary systems, which
accrete matter from a cool red-dwart companion. This sets the scene for the theory that
explains the outburst mechanism, its many distinctive features and its consequences.

Considering the galactic rate of nova outbursts on the one hand and the
restrictive requirements for a system to undergo a nova outburst on the other, one
arrives at the inevitable conclusion that nova outbursts must recur in the same
system a great many times, as was realized already in the late 1930s. Most of
the time, however, is spent in quiescence, while the white dwarf accretes mass
from its companion. As a result, old novae are difficult to detect; the oldest nova
that has been recovered was discovered in 1670 in the constellation Vulpecula.
Although the eruption is recurrent, for most novae the time elapsed between
outbursts is thousands to tens of thousands of years, and hence only one outburst
is recorded. These are often referred to as classical novae, to be distinguished
from recurrent novae that erupt at intervals of tens of years. so that a number
of such outbursts have been recorded for each. Nova outbursts are accompanied
by mass ejection and the formation of nova shells, which slowly disperse into
the interstellar medium. Although the term nova refers to the variable star that
undergoes temporary explosive eruptions, it is sometimes used to designate the
outburst itself (as in the case of supernovae, Chapter 10).

The outburst mechanism

The material gradually accumulating on the white dwarf’s surface becomes com-
pressed and the electrons at the bottom of the accreted envelope become degener-
ate. At the same time the temperature at the bottom of the hydrogen-rich envelope
rises. When it reaches ~2 x 107 K, hydrogen is ignited in a thin shell by the
CNO nuclear reaction cycle. The energy released raises the temperature further,
but since the degeneracy pressure is insensitive to temperature, no expansion
and cooling results and the temperature keeps rising exponentially. boosting the
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nuclear reaction rates in a runaway process, as explained in Section 6.2. However,
above about 10% K, the CNO cycle rate is limited by the decay rates of #* unstable
nuclei, which are temperature independent, as we have mentioned in Section 4.4.
In addition, the temperature becomes sufficiently high for the degeneracy to be
lifted, turning the gas into an ideal one. The runaway is thus quenched: the shell
expands, while the burning temperature starts dropping after having reached a
few 10® K. Following ignition, a convective region forms just above the thin shell
source and extends towards the surface. Convection mixes the 8" unstable nuclei
throughout the envelope and brings fresh CNO nuclei into the burning shell, until
the unstable isotopes prevail over the extent of the envelope. Energy generation
continues, supplied by the decay of the 87 unstable nuclei. Heat absorption now
results in rapid expansion and cooling of the accreted envelope.

During the runaway, the white dwarf’s luminosity rises until it attains —or even
surpasses briefly — the Eddington critical luminosity (given by expression (5.37)).
When the luminosity reaches maximum, the star’s radius is still relatively small
and its surface still hot; hence it radiates mostly in the UV or even extreme
UV. The rapid expansion of the envelope proceeds now at constant, close to
critical, luminosity. Hydrostatic equilibrium cannot be achieved; instead, mass is
driven out by radiation pressure in an optically thick wind, as we have already
encountered in Chapter 8.

Maximum luminosity in the visible part of the spectrum is obtained when
the maximal photospheric radius is reached, of order 100R5, corresponding to
effective temperatures of several thousand Kelvin. Thereafter, when the envelope
becomes highly diluted, and the opacity drops, the photosphere recedes through
the expanding mass; its radius decreases, while the effective temperature rises.

When most of the envelope has been ejected, mass loss comes to an end.
The small remnant shell on the white dwarf’s surface contracts and then starts
cooling slowly. Hydrogen burning continues until almost all of the hydrogen in
the remnant shell has turned into helium. Then nuclear burning ceases and the
white dwarf returns to its preoutburst state. The decline takes roughly one to
several years and the white dwarf remains almost unaffected by the outburst that
has taken place. Accretion resumes towards the next outburst and a new nova
cycle begins.

Exercise 11.4: In the long run, a white dwarf that undergoes repeated nova
outbursts loses mass. Assuming a constant average rate of mass loss, show that
the central density of the white dwarf will increase at first and then steadily
decrease. To this purpose, use Equation (B.37) derived in Appendix B, which
gives the second approximation to the electron-degeneracy pressure that includes
a temperature-dependent term. ' ' :
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General characteristics

Despite the complexity of nova outbursts, some simple relations between the basic
properties that characterize the development of such outbursts may be obtained
from simple considerations. We have seen in Section 6.2 that nuclear burning
in a degenerate electron gas is bound to trigger a thermonuclear runaway, once
a nuclear fuel is ignited. Therefore, the temperature must exceed the ignition
threshold 7iy,. As the temperature decreases outwards, ignition will start at the
deepest point where hydrogen is present, that is, at the bottom of the accreted layer
of mass Am (or slightly deeper, if some mixing has taken place between accreted
material and white dwarf material), at some radius r,. Denoting 7, = T'(r), we
thus require:

BEls. (11.41)

We may express the condition of electron degeneracy by demanding that ideal
and degenerate electron gas pressures be comparable,

5/3
Ru(ﬁ) ~ K| (ﬁ) ; (11.42)
lul:. I7] He b

whichyields (p /), in terms of 7. Setting 7, = Tig,,. we obtain from the equation
of state an estimate for the critical pressure above which a thermonuclear runaway
is bound to develop,

. (’J'r\jJ]r‘ign)5';.2

crit ™ 5312 (l ].43)
K,

Since the accreted material is hydrogen-rich, and since strong temperature depen-
dence of the burning process will accelerate the runaway, the ignition temperature
is expected to be that of the CNO cycle (see Section 4.4), roughly 1.5 x 107 K.
This yields Py &2 x 107 Nm~2 (2 x 108 dyncm™—2).

We may now estimate the amount of material above rj, required to balance this
pressure hydrostatically. Assuming its thickness to be negligible, that is, assuming
r, ~ R, we have

GMAm
Perip = e (11.44)
For a white dwarf the radius and mass are correlated, as we have seen in
Section 5.4. With the simple relation (5.29). R oc M~'/*, Equation (11.44)
leads to

Am o M7, (11.45)

Thus massive white dwarfs require considerably smaller accreted envelopes in
order to erupt. This conclusion has further consequences. The outburst recurrence
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time is given by P = A;??IKM and, as the mass accretion rate M is independent
of M, outbursts are more frequent on massive white dwarfs than on low-mass
ones. In addition, since the companion’s mass is another independent parameter,
massive white dwarfs undergo, on average, a larger number of outbursts than
low-mass ones. Consequently, the probability of discovering novae with massive
progenitors is higher, although they are not necessarily more numerous, as was
believed at one time.

The luminosity at outburst is close to Lygg, which is proportional to M
(see Equation (5.37)). In quiescence, the luminosity is that of accretion L.,
given by Equation (11.16). We may thus estimate the amplitude of the out-
burst, that we define as the ratio of peak relative to quiescence luminosity,
A = log(Lgaa/ Lace)s

drceR(M)
Amlog| — ), (11.46)
kM

which yields, roughly, the observed range of 3 to 6 orders of magnitude.

Note: Novae are extremely luminous at optical wavelengths, brighter than Cepheids
and surpassed only by supernovae, and they are about a hundred times more frequent
than supernovae. They are therefore easy to detect in external galaxies. In particular. the
constant luminosity maintained during part of the outburst can be used as a standard candle.
Perhaps the best known prnpcfty of nova outbursts is the apparent correlation between the
maximum magnitude attained at outburst and the rate of decline, a relationship that was
already pointed out by Fritz Zwicky in 1936, and was first calibrated by Dean McLaughlin
in 1945. Since then, great effort has been devoted to the absolute calibration of this relation,
which is considered a reliable distance indicator, along with Cepheids and supernovae.

The ejected mass m. may be estimated by assuming that it is supported
against gravity at the star’s surface — at the extended radius R — by the radiation
pressure Py = -i;a T% (see Equation (3.40)). Thus, meig = 4 R? P, where g is
the gravitational acceleration at the surface. Substituting the effective temperature
for 7" and the Eddington luminosity for L,

dweG Mw[.

K

4nR°eTh =L = (11.47)

leads to

16 R*
I

M =

(11.48)

The range obtained — between ~ 107 to a few 104 M., — overlaps with that result-
ing from the independent estimate (11.45) and agrees with masses determined
observationally. We note that the expression for Mej 1s similar to (11.10), which
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is not surprising, for in both cases the mass scale of interaction between matter
and radiation is considered.

The energy required to power a nova outburst may be estimated as follows:
the radiated energy is roughly the Eddington luminosity multiplied by the dura-
tion of an outburst, typically several weeks, which yields ~5 x10°7J; and the
kinetic energy of the expanding shell is ~2.5 x 10°7 ], assuming a shell mass of
10-*M_, and an average velocity of 500 kms™!. But both are negligible compared
with the energy required to remove the shell from the deep gravitational potential
well of the white dwarf, which is of order 10*J. This energy is supplied by
nuclear burning of only a small fraction, about 5%, of the accreted hydrogen-rich
envelope mass.

Exercise 11.5: Consider explosive hydrogen burning at the bottom of a thin
hydrogen-rich layer on the surface of a white dwarf that leads to the expulsion
of this layer. (a) For a white dwarf of mass M = M., which has a radius R ~
0.01R. calculate the fraction f of the layer’s mass that has to be transformed
into helium in order to supply the energy necessary for expulsion, assuming
the layer to be of solar composition. (b) Derive the dependence of f on M for
M < Mey,.

The problem of Type la supernova progenitors

For a long time it was thought that essentially the same configuration that leads
to nova outbursts — a close binary system, where a white dwarf accretes mass
from its companion — may result in accumulation of sufficient mass for the white
dwarf to approach, eventually, Mcy,. The problem is that nova outbursts occur on
the way and then the white-dwarf mass may still grow only if the mass accreted
between outbursts is larger than the mass ejected at outburst.

Observations as well as theoretical studies point, however, to the opposite:
the mass of a white dwarf that undergoes nova outbursts is gradually eroded. The
observational evidence is provided by the composition of nova shells, which is
enriched, sometimes strongly, in heavy elements that are typical of white dwarfs
(C, O, Ne, Mg) and the mass donor cannot supply these elements. Nor could these
peculiar abundances be produced during the nova eruption, for the energy required
to power it is readily supplied by burning a tiny fraction of the accreted mass (see
Exercise 11.5). Indeed. theory shows — by numerical evolutionary calculations —
that temperatures are not high enough to produce elements heavier than helium.
There only remains the possibility that some of the white dwarf material gets
mixed with the accreted mass and is subsequently ejected. Theory further shows
that diffusion of elements. convection, turbulent mixing or a combination of these
mechanisms, do indeed result in mixing of white dwarf and accreted material,
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which is blown away at outburst. Thus the conclusion as to the decrease of the
white-dwarf mass stands on two firm legs. It may still be possible that under
special circumstances the white dwarf will manage to retain part of the accreted
mass, so this scenario has not yet been entirely abandoned.

An alternative scenario involves merging of two carbon-oxygen white dwarfs
with a combined mass in excess of the Chandrasekhar mass, known as the double-
degenerate model. From the stellar evolution point of view, the occurrence of
white-dwarf binaries should be quite natural. The white dwarf phase, with which
stars of intermediate mass end their lives, lasts practically indefinitely. Hence
binary components of different initial masses may reach it at different times, but
will meet there eventually. Not every white dwarf binary will end up merging,
and not every merger will have a sufficiently high mass (considering that the
average white-dwart mass is less than half M¢y,), but theoretical estimates show
that the merger rate is quite high and consistent with the observed rate of Type la
supernovae. However, this promising scenario has its own problems, for it seems
that under certain circumstances, mergers may end up in collapse rather than
explosion.

Merging of two stars is the ultimate form of stellar interaction and thus an
appropriate place for ending this chapter, in which we have only touched briefly
upon the wealth of phenomena arising in close, interacting binary systems.
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The stellar life cycle

12.1 The interstellar medium

Although to all intents and purposes a single or binary star may be regarded
as evolving isolated in empty space, not only is it a member of a very large
system of stars — a galaxy — but it is also immersed in a medium of gas and dust,
the interstellar medium. This background material (mostly gas) amounts, in our
Galaxy, to a few percent of the galactic mass, some 10” M, concentrated in a very
thin disc, less than 107 light-years in thickness (we recall that 1 ly = 9.5 x 10" m),
and ~10° light-years in diameter, near the galactic midplane. Its average density
is extremely small, about one particle per cubic centimetre, corresponding to a
mass density of 107! kgm™ (10~>* gcm™?); in an ordinary laboratory it would
be considered a perfect ‘vacuum’. The predominant component of galactic gas —
of which stars are formed - is hydrogen, amounting to about 70% of the mass,
either in molecular form (H;), or as neutral (atomic) gas (H I) or else as ionized gas
(HII), depending on the prevailing temperature and density. Most of the remaining
mass is made up of helium. The interstellar material is not uniformly dispersed.,
but resides in clouds of gas and dust, also known as nebulae. We have already
encountered special kinds of such nebulae: planetary nebulae, supernova remnants
and nova shells. These expanding nebulae are, however, relatively short-lived and
after dissipating into the interstellar medium, their material mixes with other,
larger ones. There are relatively dense clouds, with number densities reaching up
to a few thousand particles per cubic centimetre, and there is a diffuse intercloud
medium, where densities can be much lower than one particle per cubic centimetre.
The interstellar medium is extremely rich and diverse, which makes its exploration
all the more fascinating.

When we speak of temperature in the interstellar medium, we refer to the
kinetic temperature of the gas. The radiation that fills the medium, emitted
by the vast number of stars within it, is nof in equilibrium with the gas, as it
is in the stellar interiors. Nevertheless, it is this radiation that determines the
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gas temperature. The UV photons ionize the hydrogen atoms and the resulting
free electrons collide with the ions. Although the mean free path of particles
in the interstellar medium is about 10'* m, comparable to the diameter of the
entire solar system, this amounts to only ~10~ light-years, a minute fraction of
the typical cloud dimensions of tens to hundreds of light-years. Hence thermody-
namic equilibrium is indeed achieved for the gas, and temperature is a meaningful
concept.

Partly ionized gas clouds surrounding hot stars (such as massive main-
sequence stars) may attain temperatures of the order of 10 K over regions of
tens of light-years. The extent of such a region is obtained by requiring ionization
balance: the number of absorbed ionizing photons must be equal to the number
of recombinations per unit volume per unit time. The HI zones of the interstel-
lar medium (identified by the detection of the famous 21-cm radio line emitted
by atomic hydrogen) have temperatures of 50-100 K. Roughly, the pressures
within the different types of clouds are comparable: it is possible that the cold
clouds, which are not gravitationally bound, are held together against their inter-
nal pressure by the hot gas component of the interstellar medium, which exerts a
counter-pressure. Hence the densities are in inverse proportion to the temperature.
Typical number densities are ~10’-10% m~* for the cold clouds and ~10° m~*
for the hot gas. Besides the cold and hot clouds of neutral and ionized hydrogen,
there are giant, dense, and dust-rich molecular clouds, where temperatures can be
as low as 10K, and number densities are in the range 1-3 x 10® m~* and more.
Their masses may reach 10°M_, and their sizes are of the order of 100 light-years.
It is in these giant gaseous clouds that stars are born.

12.2 Star formation

The process of star formation constitutes one of the problems at the frontier of
modern theoretical astrophysics. We shall not deal with the complicated stages
that turn a fragment of an interstellar cloud into a star, but only address the
question of the basic phenomenon of fragmentation.

Interstellar gaseous clouds are often subject to perturbations that are due, for
example, to propagating shock waves originating in a nearby supernova explosion,
or to collisions with other clouds. Consider an ideal case of a low-density cloud
of uniform temperature 7', in a state of hydrostatic equilibrium. If at some place
a random perturbation will produce a region of higher density, the gravitational
pull will increase in that region. The gas pressure will increase as well, but not
necessarily in the amount required to maintain the hydrostatic equilibrium. The
outcome of the perturbation will depend on the dynamical stability of that region.
Our purpose is to derive the condition for stability for a region of volume V
(which, for simplicity. may be assumed spherical), containing a given mass M.
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Denoting the radius (characteristic length) by R, we may use the partial virial
theorem (Equation (2.24) of Section 2.4), as we did in Section 9.4, to obtain

_ | GM?
PdV = BV + o i (12.1)

where P, is the pressure at the region’s boundary, exerted by the surrounding
gas, and « is a constant of the order of unity (depending on the mass distribution
within the region considered). We may assume an ideal gas equation of state
(Equation (3.28)), which yields

R R
/Pa“v’ = —\Tfpa"/ L (12.2)
" 7

Combining Equations (12.1) and (12.2), we obtain

-

R |
—TM =PV +ia
1 :

(12:3)

Now, both P and V' are positive quantities, and hence, obviously, the left-hand
side of Equation (12.3) must exceed the second term on the right-hand side, which
means

o puGM

R>— :

3 RT
Equality is obtained when the entire cloud is involved. A critical radius (dimen-
sion) R; may thus be defined by

o nGM
T 3RT
known as the Jeans radius, after Sir James H. Jeans, who was the first to investigate
instabilities of this kind (in 1902). It constitutes a lower limit for the dimension
of a stable region of temperature 7', containing a given mass M, within a gascous
cloud. Contraction below this limit will cause the perturbed region to collapse:
the gas pressure will be insufficient for balancing gravity. Conversely, we may
obtain an upper limit for the mass that can be contained in hydrostatic equilibrium
within a region of given volume, the Jeans mass My. With p,, = M/ V,

M, = (_) (_) (" ) ~ 100 — M., (12.5)
dm o nG Py vn

where 7 is the number of gas particles per m*.

Inserting in Equation (12.5) characteristic values of T and n for galactic
gaseous nebulae, the Jeans mass turns out to be of the order of thousands to tens
of thousands of solar masses, typical of stellar clusters rather than individual
stars. Ordinary interstellar clouds have masses below this limit and hence they are
stable. Only giant gas and dust complexes are prone to collapse. When collapse

; (12.4)
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on such a scale is triggered, the question is how will it develop, and whether it will
eventually stop. This is one of the crucial questions of the star formation theory.

Consider a collapsing cloud: both the density and the temperature increase
and hence the value of the critical mass is expected to change. If the Jeans mass
increases (inefficient cooling), we are faced with two possibilities: either the
increase in Mj is sufficient for the stability criterion to be satisfied, in which case
the collapse will halt, or My is still smaller than the cloud’s mass, in which
case the collapse will continue. If, on the other hand, M; decreases (efficient
cooling), the violation of the stability criterion is yet more severe; it may now
happen that regions within the cloud violate the stability criterion and start col-
lapsing, inducing fragmentation of the cloud. The fragmentation process may go
on to smaller and smaller scales, down to the stellar mass scale. Such a hierarchi-
cal model was first suggested by Hoyle in 1953. Which of the possible situations
will actually occur depends on the ratio between the timescale of collapse, which
is the dynamical timescale of the cloud (of the order of 1//Gp,y), and the cool-
ing (thermal) timescale. Since cloud densities are many orders of magnitude
lower than those prevailing in stars, these timescales are comparable and hence
an accurate evaluation of the processes involved in the collapse is required. As
cloud fragments become increasingly denser and hotter, they eventually become
opaque and cooling becomes inefficient. At some point, the Jeans mass starts
increasing. Thus, depending on local conditions, a minimum Jeans mass exists,
which defines a lower limit to fragments of clouds that are bound to contract and
form stars. A schematic illustration of fragmentation is given in Figure 12.1 and
observational evidence for the process of collapse and fragmentation is shown in
Figure 12.2.

Exercise 12.1: Estimate the minimum Jeans mass of a collapsing isothermal gas
cloud of temperature 7', on the assumption that the radiation temperature is lower
than the gas temperature (since there is not sufficient time for thermodynamic
equilibrium to be achieved).

A fragment of a gas cloud bound by self-gravity, which has a mass in the stellar
mass range, may be regarded as a nucleus of a future star. The mass continues to
grow by accretion of gas from the surroundings. The gravitational energy released
as material accretes is turned into thermal energy. The increase in both density
and temperature raises the opacity of the gas. When the contracting gas becomes
opaque to its own radiation, it has reached the status of a stellar embryo, the
photosphere defining the boundary between the inside and the outside of the star
in the making. When hydrostatic equilibrium is achieved, the embryo becomes
a protostar (see Section 9.1). Eventually, the central temperature reaches the
hydrogen ignition threshold and the protostar becomes a star, assuming its place
on the main sequence of the H-R (log Ti4, log L) diagram appropriate to its mass.
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Figure 12.1 Schematic illustration of the fragmentation of a gas cloud.

Figure 12.2 Observational evidence of fragmentation in a gaseous cloud: starbirth clouds
and gas pillars in the Eagle Nebula (M16), a star forming region 7000 ly away. The tallest
pillar (left) is about | ly long from base to tip. Note the small globules of denser gas buried
within the pillars (photograph by J. Hester and P. Scowen, Arizona State University, taken
with NASA's Hubble Space Telescope).
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12.3 Stars, brown dwarfs and planets

The process of star formation has nothing to do with the ability of a star to
ignite hydrogen when the turbulent stages leading up to ignition are finally over.
Hence we cannot grant the protostellar cloud the prescience of having to end up
with a mass above the lower stellar mass limit of about 0.08 M. Indeed, the
estimated minimum Jeans mass is about an order of magnitude lower than the
lower stellar mass limit. Therefore. smaller objects should be expected to form by
the same process that creates stars, only to start cooling before they could ignite
hydrogen. Such objects have been observed, or their existence has been indirectly
inferred from its effect on a binary companion. They are called brown dwarfs, to
be distinguished from the common, bright whire dwarfs, which will eventually
become extinct black dwarfs, and from the lower main-sequence stars that are
often referred to as red dwarfs, due to their reddish colour, resembling that of red
giants. In the H-R diagram brown dwarfs descend the Hayashi track. but they
turn away from the main sequence toward lower effective temperatures. In the
(log T.., log p.) diagram, they start by contracting and heating up, as stars do, but
their tracks bend into the degeneracy zone before crossing the hydrogen burning
threshold. Subsequently, they behave much in the same way as giant planets.
Planets, however, form in a different way: they separate out of circumstellar discs
surrounding very young stars, by aggregation of larger and larger particles and by
accretion of gas.

Hence brown dwarfs constitute a transitional class of objects, between stars
and planets: they are born like stars; they evolve like planets. In fact, they may
even have a claim to stardom, since they do briefly ignite deuterium, primordial
deuterium being present in very small amounts, of order 107, in the initial
composition of all stars. The evolution of the luminosity for objects in the mass
range 0.0003-0.2M, resulting from model calculations is shown in Figure 12.3.
The early flat part of the tracks, between 10° and 10 yr. is due to deuterium
burning; this phase is very short in the more massive stars, but can last as long as
10® yr in an object of ~0.01M_, at the lower mass limit for deuterium burning.
After about 10% yr the stars among these objects reach a plateau luminosity upon
settling on the main sequence. For planets, on the other hand, the luminosity
decreases continuously. Brown dwarfs fall in between, with a brief period of
constant luminosity, followed by a steady decline.

Thus another distinction may be made between brown dwarfs and planets, not
according to birth, but according to whether or not they have ever burnt nuclear
fuel. Strangely enough, both definitions — although having nothing in common —
result in similar lower limits for brown dwarf masses, 0.01 + 0.003M-. Yet a
further distinction may be made according to structure. In very low-mass stars and
brown dwarfs the internal pressure is supplied mainly by the degeneracy pressure
of electrons, similarly to white dwarfs. except that white dwarfs are much closer
to complete degeneracy and hence, in a way. simpler to model, and they are made
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Figure 12.3 Evolution of the luminosity of red-dwarf stars (solid curves), brown dwarfs
(dashed curves) and planets (dash-dotted curves). Brown dwarfs are here identified as
those objects that burn deuterium. Curves are labelled according to mass. the lowest three
corresponding to the mass of Jupiter. then half of Jupiter’s mass and finally the mass of
Saturn (from A. Burrows et al. (1997), Astrophys. J. 491).

of elements heavier than hydrogen. We have seen that for objects dominated by
degeneracy pressure radii increase with decreasing mass (Section 5.4). But such
behaviour cannot go on indefinitely. We know, for example, that for terrestrial
planets, which are governed by much more complicated equations of state, radii
decrease with the mass. Therefore. a mass must exist for which the radius, as
a function of mass, reaches a maximum. The mass-radius relation for spheres
of low mass based on an accurate equation of state is shown in Figure 12.4 for
different compositions.

As it turns out, the mass corresponding to the maximal radius is very close to
Jupiter’s. Hence Jupiter’s mass, My, &~ 0.001 M, may be regarded as a borderline
between two classes of objects. Indeed, brown dwarf masses are often expressed
in units of My, ranging from about 80Mj,, down to about 10M,;, (or less?).

However, none of the criteria mentioned above for distinguishing brown
dwarfs from planets can be applied observationally: they are all based on his-
tory or internal structure. In order to identify brown dwarfs we need to specify
surface characteristics, such as spectral signatures. These are difficult to deter-
mine because opacities at low temperatures are complicated by the formation of
molecules and dust grains. In fact, the interest in these small and faint objects
has been aroused by their Kinship to planets, which are currently at the focus
of astronomical research, in the attempt to answer the intriguing question of
extraterrestrial life. We have yet a great deal to learn about the nature of brown
dwarfs, about giant planets, and about the formation of stars and planets. until
we shall be able to sort out and fully understand the variety of substellar objects,
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Figure 12.4 Mass-radius relation for low-mass objects (following H. S. Zapolsky &
E.E. Salpeter, Astrophys. J. 158). Different curves correspond to different compositions, as
indicated. The locations of several planets — Earth, Jupiter, Saturn, Uranus and Neptune —
are marked by the planets” symbols. Also marked are the locations of two white dwarfs,
Sirius B (§) and 40 Eridani B (¢) (data from D. Koester (1987), Astrophys. J., 322).

even before we address the question of the origin of life. Another reason for the
increasing interest in brown dwarfs is their potential contribution to the galactic
mass budget in the form of “dark™ matter. For this contribution to be significant,
their number must be considerable. This brings us to the question of the stellar
mass distribution.

Note: Dark matter is matter that we do not see (in any wavelength), but we have
other indications to presume it is there. These come mainly from the gravitational field that

-such matter would generate, just as in the case of black holes. On the galactic scale, the

evidence is provided by fast-moving stars and gas clouds at the very edge of the revolving
galactic disc, where Keplerian velocities should be much smaller, if the gravitational field
were due to visible matter alone, At such velocities these stars and clouds should have
long dispersed, unless pulled in by the gravitational field of an invisible material halo. On
larger scales, a similar phenomenon is observed in clusters of galaxies, as was pointed
out by Zwicky in the 1930s. The random motions of galaxies within a cluster tend to
disperse it, while the mutual gravitational pull would cause them to fall to the centre. Thus
balance is established, with the random velocities being related to the cluster’s mass (as
in the virial theorem that applies to a self-gravitating gas; Section 2.4). As it turns out,
the observed velocities (deduced from Doppler shifts) of cluster members exceed by far
those that correspond to the visible mass. In order to keep them confined to the cluster, a
mass exceeding their own by a factor of almost ten would be required. Hence the quest
for ‘dark’ matter.
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12.4 The initial mass function

Continual star formation results in a steady decrease in the population of massive,
luminous stars. As these stars have vanishingly short life spans on the galactic
timescale, their relative number is at each instant correlated with the fractional
amount of gas in a galaxy. Thus even if they were created with the same probability
as low-mass stars, massive stars would have become rarer in the course of galactic
evolution. All the more so, if the probability of formation of massive stars is
small relative to that of low-mass stars, as turns out to be the case. Assuming star
formation to be independent of galactic age or location, the number of stars formed
at a given time within a given volume, with masses in the range (M, M 4 dM).
is solely a function of M:

dN = d(M)dM. (12.6)

The so-called birth function (M) was derived by Salpeter as early as 1955 and
it has hardly changed since:

DO(M) x M >, (12.7)

The related initial mass function (M) is defined as follows: the amount of mass
locked up in stars with masses in the interval (M, M + dM), formed at a given
time within a given volume, is

MdN =§M)dM (12.8)

and combining relations (12.6)—(12.8), we have

M —1.35
) = 2
§E(M) x (M ) , (12.9)

The semi-empirical derivation of relation (12.7) was based on observations
of main-sequence star luminosities in the solar neighbourhood. It involved the
division of the luminosity range of main-sequence stars into intervals, counting
the total number of stars with luminosities in each interval. using the mass-
luminosity relation (1.6), and, finally, assuming that the duration of the main-
sequence phase was proportional to M /L. This assumption implies that stars
leave the main sequence as soon as they have burnt a fixed fraction of their mass,
as indicated by the stellar evolution theory. In spite of the enormous increase in
observational data since the early 1950s and the refinements of stellar evolution
theory, the conclusion remains that over a mass range spanning more than two
orders of magnitude, from ~0.3M, to ~60M, the birth function is of the form
S(M) x M~V with y & 1.5 4 0.3. An example based on main-sequence stars
of the galactic disc population around the Sun is given in Figure 12.5. There are
many theories that try to explain this empirical birth function, but so far none has
been generally accepted.
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Figure 12.5 The initial mass function of main-sequence stars in the solar neighbourhood.
The Salpeter slope is indicated by the straight line (data from N. C. Rana (1987), Astron.
Astrophys., 184).

We note that at the low-mass end the initial mass function deviates con-
siderably from the inverse power law (12.9) and becomes almost flat and even
decreasing with mass. The difficulties involved in observing the faint low-mass
stars and brown dwarfs and obtaining complete samples make the derivation of
a birth function in this range rather uncertain. However, it is already clear that
the total mass of objects with M < 0.3M, can account for less than 20% of the
total mass of stars with M < 0.3 M, Thus the solution to the missing mass prob-
lem should probably be sought elsewhere. We should also mention that recent
observations indicate a conspicuous change in slope for the initial mass function
around the transition mass between brown dwarfs and planets. This strengthens
the hypothesis that these two types of objects were formed by radically different
processes.

With the aid of the initial mass function, rough estimates may be derived for the
mass exchange between stars and their environment, and for stellar distributions
within a volume of the galaxy. Consider, for example, one generation of stars
formed at a given time in some part of the galaxy. The fractional amount of mass
returned to the galactic medium by this generation of stars may be computed as
follows. Let ¢ be the mass initially locked up in these stars, whose masses are in
the range My, = M <= My,,,.. Then

Mg M
¢ :f MdN =f E(M)YM. (12.10)
! M

'wllm‘. 'flllin
Let ) denote the fraction of initial mass that a star ejects in the course of its
evolution. As we have seen in Chapter 10, stars that end their lives in a supernova
explosion eject more than 80% of their mass. For the purpose of a rough estimate,
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we may assume that stars of initial mass above Mgy < 10M, return their entire
mass to the galactic medium. Stars of initial mass below Mygs =~ 0.7M; will
still be in the main-sequence phase, as we have seen in Section 9.2. These stars
have lost, therefore, only a negligible fraction of their initial mass. Stars in the
intermediate range Mys < M < Mgy may be taken to have turned instanta-
neously into white dwarfs, since the time elapsed between the main-sequence
phase and the white-dwarf phase is relatively short (see Sections 9.4-9.7).
These stars have thus cjected all but the remnant white dwarf’s mass (Mwp ~
0.6M). Consequently,

1 . M = Mgy
N (M —Mwyp)/M . Mys < M < Mgy (12.11)
0 d M < ,"Wh.-lg

and the mass returned by this generation of stars to the interstellar medium is

M M M J'W\.\."[)
1= [ EMNM)dM = f E§M)dM — f E(M)dM.
Ju Mys Mys 1
(12.12)
The fractional mass returned is obtained by dividing Equation (12.12) by
Equation (12.10),

*Minas ag—1.35 ! ) P Mgy ] 2:35.4'3
n "[-""f\h' M dM — AM\-\' D ‘]_,1.)«.\]&. M M

g [l pM=135d M

v Mmin

(12.13)

which amounts to ~ 1 /3, for M, = 0.1M, and My, = 60M .

Exercise 12.2: Test the sensitivity of the above estimate for /¢ to the stellar mass
range assumed, by repeating the calculations for all combinations of My, = 0.05
and 0.2M, and My, = 30 and 120M.

We may also estimate the number of white dwarfs relative to the number of
main-sequence stars in a population of stars formed at a given time, such as a
stellar cluster, All we need to know is the mass corresponding to the upper end

of the main sequence in the H-R diagram of the cluster — the mass of the turnoff

point My,. The number of main-sequence stars is then given by
My, My,
__-\."_\_13 = f dN = ] @(JM )l’l’M ( 1.2, 14]
Muin M in

The number of white dwarfs is obtained by assuming, as before, that the
transition from the end of the main-sequence state to the white-dwartf state is
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Figure 12.6 Ratio of number of white dwarfs to number of main-sequence stars for a
stellar ensemble of given age. where the age is given by the mass corresponding to the

main-sequence turnoff point in the H-R diagram (see Fig. 9.5).
instantaneous:

Msy »Msx
;'V\,\.'D = f dN = j QJ(M)dM [1215)
My, My,

Hence the ratio

Nwp My'™ — Mgy (12.16)

—1.35 —1.35
Nus Muin™ — M,

which amounts to only a few percent, is a function of My, or the cluster’s age, as
shown in Figure 12.6.

Exercise 12.3: Assume the brightness of a stellar cluster to be mainly determined

by the summed luminosities of its main-sequence stars. Calculate by what factor
would a cluster’s brightness decrease, as the turnoff point of its main sequence
moves down from 1.3M, to 0.85M,. '

A similar estimate of the number of supernovae (or, equivalently, neutron
stars) relative to that of main-sequence stars yields a lower ratio by more than a
factor of 10. We should keep in mind, however, that supernovae would be visible
only during the early evolution of the cluster, up to about the main-sequence life
span of a star of mass Mgy, and if no further star formation occurs, no stellar
explosions should be seen thereafter. Stellar statistics, which take into account
both variations due to different stellar masses and variations due to different ages,
involve far more complicated calculations and represent a separate field of study —
a very important one, considering that many of the tests of the stellar evolution
theory are of a statistical nature.
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Figure 12.7 Sketch of the stellar evolution cycle.

12.5 The global stellar evolution cycle

On large scales, the process of stellar evolution is a cyclic process: stars are
born out of gascous clouds within galaxies, and in the course of their lives
they return to the galactic medium a large fraction of the mass they have
temporarily trapped. This material blends with the interstellar matter and con-
tributes, in turn, to the formation of new generations of stars. This is sketched in
Figure 12.7.

The term ‘generation of stars’ is somewhat misleading, for we have seen that
stellar lifetimes differ by as much as four orders of magnitude. depending on the
initial mass. Thus a succession of a great many generations of massive stars may
coincide with only one single generation of low-mass stars. The different ways
by which stars return material to the interstellar medium are illustrated by the
images of Figure 12.8, where the shell ejected by a nova outburst (Section 11.6) is
shown in addition to the wind from a massive star (Section 9.9), another example
of a planetary nebula (Section 9.7), and the shell ejected by supernova SN1987A
(Section 10.3). We note the conspicuous similarity of these images, despite the
huge differences in length and time scales. The ejected material has been pro-

cessed, however, and its composition differs from the prevailing composition of

the galactic gas. Thus, later generations of stars have, at birth, increasingly larger
abundances of heavy elements (or metals). The survivors of the entire evolution
process are dense compact stars — white dwarfs, neutron stars, and. possibly,
black holes — as well as brown dwarfs and low-mass main-sequence stars, whose
main-sequence life spans exceed the present age of the universe. In the end, when
the entire gas reservoir will have been locked up in these small and mostly faint
stars, star formation will cease.
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Figure 12.8 Illustration of mass loss by images taken with NASA’s Hubble Space Tele-
scope: (a) nebula (Pistol) ejected by a massive star (estimated at ~100M ) extending
in radius to ~4ly (photograph by D. F. Figer, University of California at Los Angeles);
(b) mass ejected by SN1987A: the ring of gas, about 1.5y in diameter. was expelled
by the progenitor star some 2 x 10* yr before the supernova explosion. At its centre,

the glowing gas ejected in the explosion expands at a speed of 3000kms™'

(pho-
tograph by P. Garnavich, Harvard-Smithsonian CFA); (c¢) planetary nebula (Henize
1357), the youngest known so far, extending to a radius of less than 0.1y (pho-
tograph by M. Bobrowsky, Orbital Science Corp.); (d) mass shells ejected by nova
T Pyxidis, forming more than 2000 gaseous blobs, which extend to a diameter of
about 11y (photograph by M. Shara, R. Williams and D. Zurek, Space Telescope Sci-
ence Institute; R. Gilmozzi. European Southern Observatory; and D. Prialnik, Tel Aviv

University ).

The main evolutionary processes that take place on the galactic scale as a
result of individual stellar evolution may be summarized as follows:

1. The amount of free gas decreases. Nebulae and gas clouds become
sparse.

2

The galactic luminosity — made up of the individual stellar luminosities —
declines, as the relative number of massive stars decreases at the expense
of the growing proportion of compact, faint stars.

3. The composition becomes enriched in heavy elements, created in stars and
returned to the galaxy by the various processes of mass ejection.
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Figure 12.9 Relative contributions of different types of stars to the heavy clement content
of the interstellar medium (adapted from C. Chiosi & A. Maeder (1986), Ann. Rev. Astron.
Astrophys., 24).

Exercise 12.4: Let Y(7) be the fractional amount of gas in the Galaxy as a
function of time, satisfying the initial'c:ondition T(0) = 1. Assume the rate of
decrease of free gas as a result of star formation to be proportional to T2, Find
the function Y(7), if at present, ¢ = f,, the gaé constitutes 0.05 of the galactic
mass. At what time in the past (fraction of 1p) was the mass of free gas half the
entire mass? At what time was it one tenth of the entire mass? At what future
time will the gas mass have decreased to half its present value?

As galactic material is continually enriched in heavy elements, the relative abun-
dance of these elements in newly formed stars increases with time elapsed from
the formation of the galaxy. Despite their relatively low birth rate, it is the massive
stars that provide the overwhelming contribution to heavy element enrichment,
first because they eject a larger fraction of their initial mass than do low-mass
stars, secondly because this fraction constitutes a much larger amount of mass.
and thirdly because the mass is returned practically instantaneously. The contri-
butions of stars of different masses to interstellar helium and metal enrichment by
different processes are illustrated in Figure 12.9. These yields have to be weighted
by the initial mass function to properly derive the galactic chemical evolution.
The rate of heavy element enrichment of the galactic medium has been far
from constant. Most of the enrichment occurred at early times, and the enrichment
rate has markedly decreased with time. As an illustration, we note that the age of
the Sun is about one third of the age of the Galaxy. and its heavy element mass
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fraction (metallicity) Z is nearly 0.02. The metallicity of the youngest stars is about
0.04, that of the oldest, about 0.0003. Thus Z has increased a hundredfold during
the first two thirds of the galactic lifetime and only twofold during the last third.

Although the change in initial abundance is gradual, it has become cus-
tomary to divide stars into two populations, Population I (Pop 1, for short) and
Population Il (Pop 1I), according to composition and hence to age. The stars of Pop
[are young and metal rich, those of Pop Il are old and metal poor. If we reverse the
time arrow from the present backward, into the past, we first encounter the Pop I
stars and then those belonging to Pop II. This could be taken as the rationale for
ordering the populations. Thus old Pop [ stars are those stars formed in between
Pop I'and Pop II. And sometimes reference to Population 111 stars may be found,
meaning that we have to go further down the time arrow, passing the extreme Pop 11
stars, toward the very beginning of galactic evolution. On this time arrow Z
decreases, with older populations corresponding to lower Z values.

Exercise 12.5: Using dimensional analysis as in Section 7.4, but taking into
account the effect of heavy element abundance on the opacity law and the energy
generation rate, compare Pop 1 and Pop Il main-sequence stars in terms of
temperature, density and luminosity. Assume a Kramers opacity law of the form
K = koZpT "%, and an energy generation rate of the general form ¢ = goZpT".

However, the initial classification of stars into distinct populations, dating
back to 1944, when it was introduced by Baade, was based neither on initial
composition nor on age. but on the location of stars in the galaxy. A typical spiral
galaxy, such as the Milky Way, consists of a spherical distribution of stars, which
includes the central bulge and the galactic halo, and a flattened disc distribution,
which is not uniform, but divides into spiral arms. The disc stars made up Pop
[, while the stars in the central region of the galaxy and in the globular clusters
forming the galactic halo constituted Pop II. Location, age and composition are
thus interconnected. The galactic disc, which contains most of the free gas and
dust, is still harbouring star formation. Hence, not surprisingly, young stars are
abundant in the disc. The halo is a relic of the original distribution of matter in
the galaxy, before most of the material collapsed to form the disc. It contains the
old high-velocity stars and globular clusters that formed before the collapse of
the disc and retained their high kinetic energy. The H-R diagrams of the different
populations are consistent with the inference of their relative ages.

But even in the youngest stars the mass fraction of heavy elements amounts
to only a few percent. On the one hand, this is too little to affect a star’s evolution
considerably, although the evolutionary paths traced by stars of different metal-
licities in the H-R diagram do differ to some extent. On the other hand, the total
absolute mass of heavy elements in a star is rather considerable; in the Sun, for
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example, it exceeds the mass of the entire solar system, including planets, moons,
comets, asteroids and other star formation debris. From where we stand this can-
not be considered negligible. In fact, except for the giant planets, which contain
a significant amount of (primordial) gas, all the other bodies in the solar system
are made precisely of some of that small fraction of heavy elements present in
the protosolar nebula. And, as we recall that the source of these elements has
been nuclear burning, we come to the awesome conclusion that most atoms in our
bodies. the atoms in the air that we breathe, and, in short, the elements making
up every object around us, have belonged to a star at some time in the past and,
in all probability, have witnessed a gigantic stellar explosion.






And steadfast as Keats’ Eremite,

Not even stooping from its sphere,

It asks a little of us here.

It asks of us a certain height,

So when at times the mob is swayed
To carry praise or blame too far,

We may choose something like a star
To stay our eyes on and be staid.






Appendix A

The equation of radiative transfer

Consider a small cylinder of length d¢ and cross-section d 5 at a distance r from
the centre of a star, with its axis in the direction # with respect to the radius
vector. The projected length of the cylinder is thus dr = d€ cos6 (as shown in
Figure A.l). The radiation within the cylinder obeys energy conservation. We
define the intensity of radiation I(r,8) such that I(r,f)dw is the energy flux
(energy per unit area per unit time) moving inside a cone of directions defined by
the solid angle de = 27 sin 6d6 around the direction of . Since the radiation is
composed of photons of different frequencies and since interactions between mat-
ter and radiation depend on frequency, we consider the monochromatic intensity
{,(r. ) defined such that

!(1‘,9):/ 1,(r,8)dv, (A1)
0

and we apply energy conservation in each {requency.
The different contributions to the radiation energy during a time interval dt
are as follows:

I. The energy entering the cylinder at the bottom is
d Qi = 1,(r, 0)dwdSdt.
2. The energy leaving the cylinder at the top is
dQouw = —1,(r +dr. )YdwdSdt.

In fact, along the cylinder, the angle between the axis and the radial
direction decreases and there should be a difference d6 between the top and
the bottom. For simplicity, we neglect this difference, which is tantamount
to adopting the plane parallel approximation. (In the general case, the same
basic relations are reached as we shall obtain here, following the same line
of reasoning, but the mathematics is a little more complicated.)

251
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Figure A.1 Cylindrical volume element within a star: conservation of radiation energy

within it leads to the radiation transfer equation.

3. The absorbed radiation within the cylinder is

d QO = —kpplu(r.8)dwd Sdidt.

We distinguish between true absorption and absorption caused by scatter-
ing and label the opacity coefficients accordingly; thus «, = ky , + & ..

4. The emitted radiation by the mass within the cylinder is

dQem = pludewdSdide

where j, is the total radiation emitted per unit mass per unit time. We
include in this term radiation emitted by the mass within the cylinder,
Jem.vs as well as radiation scattered into the cylinder, j; .. The latter is
obtained by integrating « , /,(r. 8") over all directions ' from which pho-
tons are scattered into our cylinder, assuming that the scattering process
does not change the photon frequency. This is usually a complicated task.
In the simple isotropic case, that is, when the scattered radiation is emitted

equally into equal solid angles, j,, = k. | {[do' /4.

Conservation of energy requires

TdQ = 0.

and hence

| —1.(r+dr,0)4+ L(r.0) —x,pl(r,)dE + pj.dt|dSdwdt = 0. (A.2)

Substituting

il (r, ) al(r.0)
Lr+dr.0)—I.(r.0)= - : dr = dtcost
ar ar
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and dividing Equation (A.2) by d¢dSdwdt, we obtain the radiative transfer
equation in the form
1 31.(r.0)

r

Jo) I

cosf +u, I (r,0)— j, =0. (A.3)

Note that the scattering term j,, turns the transfer equation into a integro-
differential equation. In order to solve it, we have to evaluate jem .. itself a
function of 1,..

In thermodynamic equilibrium, the radiation field is given by the Planck
(blackbody) distribution

2’ |

( ) (_.l ch'.'_.-k! —

; (A4)
which is isotropic, and there is perfect balance between absorption and emission
of radiation (known as Kirchhoff’s law); we then have /,(r) = B,(T)and jop,., =
Ko B.(T). Instars, however, the radiation field is not perfectly isotropic, and hence
we have to consider the different contributions to the emission of radiation. It was
Einstein who recognized that these must be of two Kinds: spontaneous emission.
determined by the temperature, and induced (or stimulated) emission, which is
caused by the radiation field itself. The relationship between them and between
emission and absorption may be easily understood by considering a simple case
of two discrete energy levels 1 and 2, such that £5 = E| + hv. Let n; and n; be
the number densities of particles in the energy states £} and E», respectively. In
thermodynamic equilibrium a second condition is satisfied: particle densities are
related by Boltzmann’s formula

"2 T e e 82 _nurk
D (=B kT Sa a'H..RT‘ (AS)

1 g1 81

where the factors g, > represent the statistical weights of the energy states (essen-
tially, the number of states with different quantum numbers that correspond to
the same energy level). Transition of a particle from level 2 to level I involves
the emission of a photon of energy /v: similarly. the reverse transition occurs
by absorption of such a photon, as shown schematically in Figure A.2. The rate
of spontaneous emission is proportional to the number of particles in the high
energy state n-; the rate of induced emission, on the other hand, depends on both
n» and the radiation field B, (7). Finally, the rate of absorption is proportional
to the number of particles in the low energy state n; and to the radiation field.
Introducing the appropriate coefficients — A, for spontaneous emission, B»; for
induced emission and B, for absorption — and applying Kirchhoft’s law, we
obtain Einstein’s equation:

A3|Hj_—|- Bg]ﬂ"_}B“(T)Z B|3fI|Bl.(T). (A(})
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Figure A.2 Schematic representation of emission and absorption in a two energy-level
system.

where we identify on the right-hand side Bjon; =«, .. Multiplying by (gl L b
defining «, = 2hv?/¢? and substituting 1, from Equation (A.5), we have

A" — 1)+ g:By 10, = g1 Biaa,e™t. (A7)

This equation holds for any temperature, regardless of photon frequency: hence
temperature-dependent and temperature-independent terms must balance sepa-
rately. We thus obtain the Einstein relations between the three coefficients:

&242 = g1 Bpa, (A.82)
2By =g B (A.8b)

(the second follows from the first and Ay} = B a,), which leave only one inde-
pendent coefficient.

Now comes the crucial point of the discussion: these relations must hold
whether or not the system is in thermodynamic equilibrium. This is because they
are connected to the microscopic state of the system — the nature of individual
emitters-absorbers — whereas thermodynamic equilibrium is a macroscopic prop-
erty. Individual particles are unaware, as it were, of the general state of the system.
Consequently, for any radiation field intensity /, the emission is given by

; 81 , 81 81 i
Jemyv = Annz + Bynal, = —Bpoayny + =—Bpnal, = —Bpn —(a, + 1,).
82 g2 82 i
(A.9)
Substituting Equations (A.5) and (A.4) into Equation (A.9) yields
Jeimy =W~ BTy 4 aye T I, (A.10)

and it is easy to see that in the case of thermodynamic equilibrium this relation
reduces to jo . = Ky, Bu(T), because then [, = B,(T).
Defining a reduced absorption opacity coefficient by

i ) L—hv kT
k:.v = Ku.w“ =0 " )

; (A.11)
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and substituting expression (A.10) into Equation (A.3), we obtain the transfer

equation in the form
1 01,(r.0)
p o or

which can be solved for given opacity coefficients in all radiation frequencies.
To obtain a solution, we expand I, (r, #) in Legendre polynomials P,(cos6):

cos 0 + « [1.(r, 0) — By(T)] + k50 1,(r, 0) — js» =0,  (A.12)

1,r.0)= 1,001 )Py + 1, 1(r)Py(cos @) + 1, 2(r)Pa(cos ) + - - -, (A.13)

recalling that Py =1 and P, = cos6. Since matter and radiation are in local
thermodynamic equilibrium in stars (see Section 2.1), we know that the first
(isotropic) term in the expansion is none other than the Planck distribution B, (T').
Substituting it into the transfer equation (A.12) yields

1dB.(T 1dl,
1a ()P dl,

podr l p dr

cos@ Py + -+ iy Lo Py +x3 LaPr+ -

_!"Kh.s'B'.'(T) i J"f':s'.r;\:.lipl e == j:\.l' = 0.

We now use the recurrence relation of Legendre polynomials,

n+1
088 P, =———P,_ | + A
© 2n + 1 oy + 1 :
to obtain
| dB,(T) P n n+ | )
e P + =5 I 71)”— + —PH-'—
podr l e HX__; dr (En + 1 'Topd1 ]_
o0
+(K:,l' g K-‘i-l’)z LByt !{S,l'Bl.'(T) = ,fg_p =) {Al—l)

n=1
Equating coefficients of the corresponding polynomials leads to the following
series of equations:

11dl,, : s
T = "CS.L'Bl (T) — Jsou = U- (AIS]
3p dr
assuming isotropic scattering, that is, j; , independent of £,
1dB(T) 21dl,>
p dr S5p dr
21dL,,  31dl5

(kX 4 ko) =0, (A.16a)

e i o salia =10, A.16b
3p dr Tp dr ey HiswMva (A.160)

or, generally, forn = 1:
n ldl, n+1 1dl,,.
2n—1p dr 2n+3p dr

+ (o, + ko) =0, (A160)
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We may evaluate the ratio between successive terms of the expansion by
replacing d 1, ,_; by I, and dr by R (the stellar radius) in Equation (A.16¢)
and neglecting factors of the order of unity. Thus to order of magnitude, we have

—(Bu(T) + 1,2) = I (A.17a)
Kp
]
—([1'.1 +!|'_3)% {1-.2 (Al?b)
KkpR
and. generally, forn = 1,
—{‘(I'.H | + -’1:.n+| ) = Jf.l',a.'- (A.17¢)
kpR

Since the deviation from isotropy is small in stellar interiors, there is some ¢ < 1,
such that /., < eB.(T) for all n = 1. The question is how many terms of the
expansion should we retain. The following argument is due to Eddington. In al/
Equations (A.17¢) with n = 2 the left-hand side is smaller than ¢ B,(T)/(kpR).
neglecting factors of the order of unity. But

| R’

N e ]0_”].

kpR kM

for average opacities « and typical stellar densities and radii, and hence for I, »

and all subsequent coefficients we have
!1 T S I(J_][}E B](T]

We now repeat the argument using this result in relation (A.17¢) with n > 3 and
obtain /, -3 < 10 WeB(T) and again, [, ,=4 < 10 e B.(T), and so forth.
Asto I, 1, from relation (A.17a) it follows that it is of the order of 10" B, (T).
Clearly, the power series (A.13) converges very rapidly,
‘f—‘ ~ 1071,
=1

meaning that the deviation from isotropy is indeed very small and we may discard
all but the first two terms of the expansion. (Obviously, we cannot discard the
second term as well, for that would leave us with an isotropic radiation field
with no net flux.) This approximation is called the diffusion approximation. The
solution of the transfer equation (A.12) is thus

_ ) 1 dB.(T)
L(r,0)=BAT)+ 1, (r)costd = B(T) — — — — cosf,
(K, +&ksu)p  dr
(A.18)
where we have eliminated /,, | from Equation (A.16a). Finally,
dB.(T) dB.dT
= (A.19)

dr dT dr’
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For the theory of stellar structure, knowing /,(r, #) does not suffice: we are
interested in H(r) (introduced in Section 3.7) — the total radiation flux (in all
frequencies) in the radial direction. In order to eliminate the dependence on ¢,
we consider moments of the radiation intensity field /(r, #), which relate to the
physical quantities that we have already encountered. The flux H(r) is obviously
given by

H(."]=/“!’, 6)cosfdw.

Inserting Equation (A.18) into definition (A.1) and noting that | cos fdw = 0, we
have

4 dT (™ ] dB.(T)
- 3p dr o KX, +ug, dT

a.l

H(r)= dv. (A.20)
The radiation pressure Py, (introduced in Section 3.4) is due to the fact that each
photon carries a momentum hv/c. Hence the radiation flux in the ¢ direction
across a surface element 8§ transfers momentum of amount /(r, #)cos@/c in
the radial direction, incident on an area element ¢S cos # perpendicular to it. The
resulting pressure in the radial direction is therefore given by the next moment of
I(r . f):

L[ :
-‘Dr'.:d{\r) = — j I(r, H)C()S_ H(I(.t}.
-
leading, with Equation (A.18) and J cos? Bdw = 0. to

Pmd(f') = - TBP{T)GIU = ?({'T 2 (A.El)
¢Jo A )

Finally, differentiating P,y with respect to r.

dPry 47 dT (>~ dB.AT) :
= ———dv, (A.22)
fl!r 3(:' n‘:h" 0 (\f,]
and dividing Equation (A.20) by Equation (A.21), we obtain
c dPr'.nl
B = e S| (A.23)
Kp dr
where
o0 I dB.T)
1 J wr (=T e d dv
= "X 4B :; — (A.24)
K Jo Tt ‘dv

is called the Rosseland mean opacity, after its originator, Svein Rosseland. Sub-
stituting P,y from Equation (A.21), we finally obtain the diffusion equation for
radiation in the simple form:

H=————. (A.25)
3cp dr
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Itis the same as Equation (3.67), derived from simplistic arguments, but it includes
arigorous treatment of the interaction between matter and radiation, expressed by
k. which is the essence of the behaviour of stellar matter. We note that the harmonic
nature of the Rosseland mean gives highest weight to the lowest opacities. At the
same time, the weighting factor d B, /d T becomes small at very low and very high
frequencies: it peaks at v = 447/ h. In the Sun, for example, the corresponding
wavelength A = ¢/v is about 6000 A (within the visible range) at the surface,
where T ~ 6000K, and about 2.4 A (in the X-ray range) at the centre, where
T ~ 1.5 x 10" K. The optimal radiative transfer efficiency would be attained if
the lowest opacities occurred at frequencies near 4kT/ h. This, however, is not
necessarily the case.



Appendix B

The equation of state for
degenerate electrons

Consider the electrons in some volume of a star as constituting a gas that satisfies
the following assumptions: (a) the electrons are free, that is. interactions are
negligible both among them and between them and the ions: (b) the distribution
in space is homogeneous; (c) the distribution of velocities is isotropic; (d) the
entire system is in thermodynamic equilibrium, which enables the calculation of
all thermodynamic properties as functions of temperature 7 and density p for
a specified composition (see Section 2.1); (e) the atoms are completely ionized,
so that density and composition determine the electron number density n. (see
Equations (3.23) and (3.24)). We are interested in the equation of state of the
electrons, that is, their contribution to the pressure as a function of 7" and n.,
as well as the electron contribution to the internal energy, both quantities being
required for solving the equations of evolution of the stellar structure.

The concept of pressure implies transfer of momentum. Internal energy of
a free gas is the Kinetic energy of the particles — a direct function of momen-
tum. In fact, according to statistical mechanics, which provides the link between
macroscopic thermodynamic properties of a system and the microscopic state
of its constituent particles, any thermodynamic quantity may be derived from
the distribution of particle momenta in the three-dimensional momentum space.
By assumptions (b) and (¢), the momentum space may be regarded as spherical;
therefore, an element of space is d*p = 47 p>dp. The distribution function f
determines the number of electrons per unit volume that have momenta in the
interval (p, p + dp). corresponding to kinetic energy values e(p) in that interval,
hence regardless of direction. We denote this number by n(p),

n(p)dp = f(e(p).T. y)dmp’dp. (B.1)

Obviously, f may depend on temperature, which is one of the independent ther-
modynamic properties. The other parameter, which we have denoted by . is
meant to take account of restrictions imposed by quantum mechanics on the

259
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distribution of momenta, and we may expect it to depend on n., the other inde-
pendent property.
By definition. the electron number density is given by

He :] n(p)dp :] fle(p); T, y)dmpidp. (B.2)
0 0
The pressure exerted by the electron gas is obtained from the pressure integral (3.4)
P % [ v(pipn(pdp = % [ v(p)pfle(p); T, y)dnp’dp (B.3)
S J0O
and the specific internal energy, from the energy integral (3.42),
] e
= —] n(pre(pidp. (B.4)
P Jo

where the integral pu, 1s the energy density. The additional relations required in
order to perform the integrals are the relativistic formulae

elp) = mL.('j I."I] - (L) — 1 (B.5)
\ mec
1e(p) 2]~
de(p ) >\~ _
o . A N (’—) . (B.6)
dp M mec

The distribution of electrons over the six-dimensional phase space is a direct
consequence of the Pauli exclusion principle, which states that if an element
of space 47 p dpdV is divided into cells of volume 4°, then each cell can be
occupied by at most two electrons (with opposite spins). Particles that are subject
to this restriction are called fermions and they are governed by the Fermi-Dirac
distribution function

2 1

flep) T, ¥) =

R B
where Y may assume any value between —oc and +o2c. We note that f has a
maximum of 2/h”, reached in the limit ¥ — +oc, which expresses the Pauli
exclusion principle. In this limit. f(p) becomes a step function, which means
that electrons tend to occupy the lowest available energy (momentum) states. The
parameter 1 is thus known as the degeneracy parameter.

Substituting the distribution function (B.7) in the expressions for the electron-
number density, electron pressure and internal-energy density (B.2)—(B.4),
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we obtain
e ?TZ :‘ % (B.8)
= :% [,x% (B.9)
e =55 [ o (B.10)

Thus, the general procedure for obtaining the equation of state and related quan-
tities, given the temperature and the electron-number density, is as follows: first
i is determined using equation (B.8), and then the pressure is obtained from
(B.9) by substituting (B.6) for v(p), and the specific energy from (B.10), by
substituting (B.5) for €(p). Any other thermodynamic quantity of interest may
be calculated with the aid of P, and u.. In principle, this procedure appears sim-
ple and straightforward: in practice, as we shall see shortly. the calculations are
quite complicated, especially if analytical expressions are sought. so as to gain
some physical insight.

A general relation may already be derived between P, and pu.. which follows
from the equality

de(p)

d ‘ ; §
—le(p)p’] = po+ 3e(pip-. (B.11)
dp
connecting the numerators in the integrands of (B.9) and (B.10). It is thus easily
verified that

8t [ fle(p)pldp

In the non-relativistic limit, e(p) = p>/2m. and ﬁ[s(pr)p]] = %;JJ';'ZI':;IC._ so that
the left-hand side of (B.12) reduces to the form of (B.9), vielding

5P :
5 = 3(P. + puy) — pite = 5 Pe. (B.13)
In the extreme relativistic limit e(p) = pe and %[F(}J)pi] = 4p’c, so that the

left-hand side of (B.12) reduces to the form of (B.10). vielding

dpue = 3(P. + pute) — Pus= 3P, (B.14)

We note that these relations are independent of the value ol v, that is. unaffected
by the degree of degeneracy.

Clearly. integrals (B.8)—(B.10) do not have simple general expressions. Even
approximations are not entirely obvious because they may be of two distinct and
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independent kinds. These are related to the two different and independent effects
that determine the state of the electron gas, quantum-mechanical and relativistic,
each ranging from very weak to very strong.

Essentially, an approximation is obtained by expanding a function in terms of
a scaling dimensionless variable and therefore we would like to have an indepen-
dent variable for each effect. The natural free variables that define our system —
temperature and electron number density — are, unfortunately, not appropriate for
this task, for the strengths of both relativistic and quantum effects usually depend
on both variables. One such dimensionless scaling parameter is ¥ (T, n.), which
is clearly associated with quantum-mechanical effects. For relativistic effects we
must find a scaling parameter — that we shall denote by & — so that & — 0 in the
nonrelativistic limit v/c < 1, and &€ — oo in the extreme relativistic limit v — c.
Obviously. it will be a function of temperature and electron number density,
& = &(T, ng), but its definition may differ in different ¥ ranges. For example, a
natural relativistic measure is kT'/m,c* for scaling energy, which is equivalent to
E(T) = VmekT [ mec for scaling momentum, but when the strength of relativistic
effects depends mainly on the electron number density (a situation that we shall
shortly encounter), this scaling is not appropriate and a different one must be
sought. We shall return to the transition between different forms of & later on. The
parameter space spanned by [1/. £] covers all possible physical regimes.

Thus, the distribution function and the thermodynamic quantities derived
from it may be expressed in terms of & and v and asymptotic expansions in these
parameters may be obtained. The full expansions are by no means simpler or more
transparent than just evaluating integrals (B.8)~(B.10) numerically. The limiting
cases and first approximations that may be derived in this fashion are, however,
instructive.

The non-relativistic non-degenerate case: £ < 1 and — > |

In the nonrelativistic limit p & m.vand e ~ p>/2m.. In the limit — >> 1 (in fact
e > | suffices) we have e“/*" ¥ > [ for any value of € and of T, so that the
unity term may be neglected in the denominator of the Fermi-Dirac distribution
function. Itis therefore natural to introduce a new variable x = p//2m.kT forthe
integrals (B.8)—(B.10), and thus to scale relativistic effects by & = /m kT /mec.
As mentioned above, the first step towards obtaining P, is using (B.8) to derive
. Thus, substituting the new variable x, we may cast the integral in (B.8) in the
form [~ e x?dx = /7 /4. and obtain
I’ ne

g = : (B.15)

2 2mm LT)‘?

Note that the left-hand side of equation (B.15) is a very small number, which
means that we are in a regime of low density and relatively high temperature. An
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extremely high temperature, however, would be incompatible with § < 1. Using
the definition of & to eliminate 7" in (B.15), we obtain

v (hmec)® ne
- 2(27)3? ‘E
which means that the limit v — —oc and & — 0 strictly applies to very low

electron number densities.
Inserting (B.15) into the distribution function (B.7), we have

(B.16)

i _ Ne el kT
Flp: )= 7{27;”3}{1")3-*’3(' . (B.17)

which we immediately recognize as the Maxwell-Boltzmann distribution function
for an ideal gas. The pressure is obtained by

)
g o U e

=3 e 2 4z pldp,
: /ﬁ me 2umkT )32 pdp

which, after changing variables to x and substituting [;~ e~ x*dx = 3/7 /8,
yields

Py = kT, (B.18)
and it is easily verified that the energy density satisfies pu, = %Pc. as in the
general case (B.13). We have thus recovered the thermodynamics of an ideal
(nondegenerate) classical (nonrelativistic) gas, as given in Section 3.2.

The strongly-degenerate relativistic case: arbitrary & and i > |

For the ¥ >> 1 regime (here e¥ > 1 suffices), it is useful to define an energy ¢
by the requirement

B 2 (B.19)

kT
and write the distribution function (B.7) as
2 1
Jelp)y T . ¥) = W3 P 317
which stresses the high sensitivity of this function to the sign of [e(p)/eg — 1] in
the exponent. The shape of the distribution function is shown in Figure B.1.
Thus

I 1 fore < ¢, :

evlelpliao=l .1 0 fore > €.
The meaning of the distribution in this limit is that all energy states up to ¢, are
occupied, while all states beyond ¢, are empty, a state of degeneracy. In fact, the
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Figure B.l The Fermi-Dirac distribution function with respect to e(p)/eq. Increasingly
steeper curves correspond to increasing values of . as marked. Alternatively, for given
Y. they correspond to decreasing temperatures — in proportion to the reciprocals of
these numbers. Thus the deviation of the distribution function from a step-function is

proportional to k7.

limit (B.20) describes the state of extreme or complete degeneracy. thal we have
considered in Section 3.3.
We denote the momentum associated with ey by py,

€0 = mac? Ve"] n (ﬂ) 1. (B.21)

e

Parameters 1, €, (known as the Fermi energy) and py (known as the Fermi
momentum) arc interchangeable as measures of degeneracy. As v — o0, so are
e and pg. The simple limiting form of f from (B.20) — 2/ h? for p < py and zero
bevond py — leads to:

8x [ 8

pidp = — pg. (B.22)

He = —=
h“ 0 3:"?'1

and yields py(n.). Temperature ceases to play a role in this extreme regime.

In order to obtain the pressure and energy density, we express v(p) and €(p) in
terms of the dimensionless variable x = p/mec. Since p is limited, the relativistic
scaling parameter is readily defined by

&= py/mec. while 0=x <&, (B.23)
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Replacing p by xm.c in the corresponding integrals, we obtain the pressure and
energy density from

(B.24)

2 . A
Po 8 n':i(:rs /’q xdx
0

L 3
= — | wp)pdp = —= LT
= 3 ), vppdp 33 1+ 1272

£

8o M 5 8.-Tm§c‘5 g 5 1 9 o
Olle = 3 e(p)p=dp = — [(14+x7)""=1]x"dx. (B.25)
1 Jo I 0

The integral in (B.24), which we denote by F(&), is

| ol s TorEel
F(E)=116Q&% = 3)(E> + 1)'? + 3sinh &)~ 4
£ 3g? - )
>3+ for§ — o
(B.26)
and the integral in (B.25), which we denote by G(§), is
3g* 37 £” -
N "y e ‘ T for§ — 0
B B ol | i ol el I e V-8 . .
% —E - forE — 0.
(B.27)

Retaining only the first term in cach expansion series, we obtain the expressions
for electron pressure and internal energy density in the nonrelativistic and extreme
relativistic limits. as derived in Section 3.3:

2/3

B AN o . . 5
B = 2om. ny’ and pie = 5 Pe, for& — 0 (B.28)

g

he ( 3 ) e
Po=—|— n
8 \m

What is the physical meaning of these limiting cases? Combining definitions
(B.19). (B.21) and (B.23), we obtain a relation among the parameters that deter-
mine the regime we are considering (T, 1 and &) of the form:

S

and pite = 3P, for& — oc. (B.29)

2
e

V=5 (VﬁfIEE—l)‘ (B.30)

According to this relation, the nonrelativistic limit & — 0 together with strong
degeneracy i — oo implies 7 — 0. Thus, nonrelativistic complete degeneracy
strictly applies to a system at vanishing temperature. We shall return to this point
shortly. On the other hand, as £ increases, ¥ tends to infinity with it, regardless
of temperature.
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The nonrelativistic degenerate case: £ < | and arbitrary

In the nonrelativistic limit & — 0, it is possible to consider analytically the entire
range of the degeneracy parameter 1. This requires, however, the replacement of
p by € = p*/2m.. as the integration variable in equations (B.8)—(B.10) that yield
ne, P.and pue. Accordingly, v = /2¢/m, and dp = /m./2e de. In addition,

we define functions of the form

oo ",H d'r
F,() = —_ B.31)
¥) fﬂ % 71 (
which are known as Fermi-Dirac integrals. With the new integration variable, we
have
4 (2m,)*? ["“ e'?de 4 2m kT2 Fy () B.32)
”c = - T == : Fi'd £ b
h3 0 et/ kT —f | _{,!.3 L (
8 (2me)? [ €Y%de 8wkT (2mkT)/?
L f E e S Fiasl)  (B33)
R/ o e kT —r +1 ’ih? i

and again pu, = %P(._. [t is easily verified that
P i e (B.34)

The Fermi-Dirac integrals may be expanded in powers of 1 (or e¥) in the
limits v — —oc¢ and ¥ — o0, much as the functions of F(&) and G(&) in the
case considered above were expanded in powers of &. The derivation of these
expansions is quite complicated and we shall only give the results here:

G FE L oy o —oo

p— 3 42 | (B.35)
iv_,jf__ e \.-2'______ + .-+ fory = —o00

Fp~{ el
Ey:_i_%_{_ for ¢y — oc.

Retaining only the first terms in the limit ¥ — —o0, we recover the equation
of state of an ideal classical gas P. = n.kT. The opposite limit i — oo (while
§ — 0) we have already reached from a different direction. Although we attain
it here through a different approximation, the final result is of course the same as
(B.29). as can be easily verified. But here we gain additional insight. It is only
in the lowest approximation that the relation between P. and n. is independent
of temperature in the strong degeneracy limit. The second approximation, which
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we shall now attempt, will give us an idea on the effect of temperature on this
relation.
Using (B.32) with the strongly degenerate form of (B.35) in the lowest approx-
imation, we have
8T (2m kT)? L3
ne=——\"'°
3h? :
We now use (B.33) with the strongly degenerate form of (B.36) in the second
approximation to obtain

P hl 3 N 543 1 % 403-{2 ?'”Skl Tj (B 3?}
€ = = ne e — |. B.
20m. \m = (3/m)¥3 hY A3

L

When T and n, are such that the second term in the square brackets, which may
be regarded as a temperature-dependent correction, approaches unity, the electron
degeneracy will be lifted. We note that this criterion is similar — up to a numerical
factor of order unity — to (B.15), which estimated the effect of degeneracy from
the opposite limit, that is, when may a gas be considered ideal. Furthermore, it can
be easily verified that the ratio between the two definitions of £ at the extremes
of the yr range is also. not surprisingly, of this form.

We may interpret the criterion for degeneracy, as expressed by (B.15) or
(B.37) in yet another way. The average momentum of an electron in an ideal gas
is of the order of «/m.kT . and hence the corresponding de Broglie wavelength of
the c]ec,tmn 1\ b= h/y/m.kT. The average distance between electrons is énen
by d = u\ " Therefore, the right-hand side of (B.15) is of the order of (d/x)
and the correction term in (B.37), of the order of (d/4)*, while the ratio between
the two expressions for & is d /4. Quantum-mechanical effects become important
as the interparticle distance shrinks towards the de Broglie wavelength (¢ < A).
So long as particles are much farther apart than their wavelength (d > 1), the gas
may be considered ideal.

If we express the temperature in units of 10®K, denoting it 7, and the
density in units of 10" kgm (1 O“gcm“), denotlng it pg, and assume e ~ 2,
the correction term in (B.37)1s 1.7 x 10~ T /pg " This means that at densities
typical of dense stellar cores or white dwarfs, electrons will be degenerate even
at temperatures well in excess of 10* K, and the pressure will barely be affected
by changes in temperature.

The extreme-relativistic degenerate case: £ >> | and arbitrary 1/

In the extreme relativistic limit § — oc, we change variables again from ptoe =
pc, and substitute v = ¢ and dp = de/c. Using again the Fermi-Dirac integral



268

Appendix B The equation of state for degenerate electrons

0

Figure B.2 Schematic representation of the [, £ ] parameter space and the various approx-

imation domains.

notation, we obtain

kTN’
ne, = 8 e Fr(yr) (B.38)
8kT (KT’
Fe= 3 (E) F5(r) (B.39)

and, of course, pu, = 3P.. The expansion of the Fermi-Dirac integrals in the
¥ — oc himitis

F(y) = 59 + 30’y (B.40)

Fs(p) = 3yt + dny’ (B.41)

Retaining only the first terms in (B.40) and (B.41), eliminating 1 between (B.38)
and (B.40) and substituting the result in (B.39). we recover (B.29) —the expression
already obtained when arriving at this corner of the parameter space from the
perpendicular direction (increasing & at high ). Repeating the procedure used
for the nonrelativistic case above, we obtain the second approximation for P,

g h(‘(S 1/3 s . 8.‘-‘1’2 It F53 T 243 -
Tal\x) (3/7)%3 \ he e ' B

Here. however, the correction term is 6.6 x 107'%(Ty/py)*?, and thus completely
negligible for any temperature value (at which electrons still exist — see below).



Appendix B The equation of state for degenerate electrons

269

There remains the nondegenerate (or weakly degenerate) extreme-relativistic
case. In this regime, however, a complication arises, which causes some of the
basic assumptions that we made at the beginning of this treatment to break down.
The electrons can no longer be decoupled from the radiation field and the ion
sea in which they are embedded, and the electron number density is no longer
an independent parameter. The reason is that at the high temperatures implied by
g2 = kT /m.c” > 1, the radiation field in the presence of ions creates electron-
positron pairs, as discussed in Section 4.9. Thus the number density of electrons
changes as a function of temperature, being constrained by the requirement of
global charge neutrality (the charge density of ions plus that of positrons must
equal the electron charge density). More advanced physics is required in order
to deal with these processes. Fortunately, few stars, or more accurately. few
evolutionary phases reach this regime and survive it, for it is dynamically unstable,
as explained in Section 6.4.

We have now covered all sides of the [, &] parameter box, shown in Fig-
ure B.2, and we have identified the overlapping corners. The middle part - the
moderately degenerate and moderately relativistic regime — requires more com-
plicated numerical procedures and has no analytically transparent results: it is
thus beyond the scope of this text.
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Solutions to all the exercises

Exercise |.1: Consider a mass element Am containing 10 000 hydrogen atoms and let

the mass unit be the mass of a hydrogen atom. Then
Am = 10000 x 1+1000 x 448 x 16 4+4 x 1241 x 14+ 1 x 20,

according to the data given in the text (since elements heavier than neon are neglected, a

small error is introduced). Now, by definition,

10000 x 1

X = — =0.7037
Am
1000 < 4
VY = — =10.2815.
Am

and similarly, Z¢ = 0.0034, Zy = 0.0010. Zg = 0.0090, and Zyn, = 0.0014,

Exercise 1.2:

(a) Substituting p(r) in Equation (1.5) we have

i ] f q I 5
mir) = ] drr-p(r)dr = 4mp, {f redr= — f r4dr:|
1§ o R- 4]

_q (?'.{ ’.\‘_‘ )
=WPe\3 Tsr2)

(by M = m(R) = 87p. R"‘;"’lﬁ.
(c) By definition, g = ﬁ and substituting (b) for M, we obtain g = 0.4p..

Exercise 2.1:

(a) For a uniform density, p = g and
") dmrt M ( r )-‘
mir) = =M= .
3 ¢ R

270
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Substituting m(r) in the hydrostatic equation (2.14) and integrating from the
centre ( P = P.) to the surface (P = 0), we have

(" mr) IGM?2 GM?
Fe=0p 1r
0

—dr = = :
r2 87 R* 8 R4

(b) Using p(r), m(r) and M(R) from Exercise 1.2, we integrate Equation (2.14) to

pg ol =amget [ |1 r)z L sd i
BN G : pdr =4n ip; A _(E 3_5;‘?2)“‘

I5GM*  GM*
167 R* = 8T RY

obtain

Exercise 2.2: If we imagine the star compressed into a sphere of uniform density p.. the
new central pressure P! must exceed P, since by bringing the matter closer together we
increase the gravitational attraction between its parts, that is, the force to be balanced by
this pressure. The new central pressure is obtained, as in Exercise 2.1, by integrating the

hydrostatic equation (2.14), with m = 47rip./3, upto R = (3M /4w p.)'3, which yields
P, = 14n/3)'PGM*pl3.
In conclusion, P. < P/ leads to

P. < (47)'P0.347GM*7 p}°.

Exercise 2.3:

(a) Inserting m(r) = 47r*p5/3 and dm = 4wr’pdr into Equation (2.20) and per-
forming the integration, we obtain, after eliminating p.

3GM?
Q= —-—
5 R
whence & = 0.6.
(b) Using m(r) from Exercise 1.2 and dm = p(r)4wridr in Equation (2.20), we
obtain

=

Q= —4x Gl}‘{f (r_ = r_1) l.= (L) dardr = — = :
i 3 SR- R 7 R

-

whence o = 0.71.

Exercise 2.4: The rate of change of the energy. as given by Equation (2.43), is
E = —L. Assuming hydrostatic equilibrium, we have from the virial theorem E = %Q
(Equation (2.44)) with @ = —«GM?/R (Equation (2.27)). Hence

: 1N
E=-taGM’ (—) =—L.
: R
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Setting t = 0 and R = Ry at the beginning of contraction, we obtain by integration

1 1 21

— - — = ——,
R R(] ()"Gng
which yields

Ry/t aGM?

TGt +12 T T 2RL

Fort > r, R — —Ryt/t3.

Exercise 3.1: Foradegenerate electron gas to be considered perfect, the Coulomb energy
. . . . . gl

per particle, ec, must be smaller than the kinetic energy. in this case, pj/2m.. where pqg

L . . s {13 .

1s given by Equation (3.32). The average distance between electrons is n. ', where n. is

i + 143 b i
the electron number density. Hence e =~ e“n.' " /4w ey and the condition is

4. |3 4 203
e'n, h’ ?wl\) /3
dreg 2m. \ 87

Thus the electron number density must satisfy

‘{ g 3

¢ mMeae” 4 3

He > — ) 2 6x10¥m™.
9,71' .f-.'“JIIf“

Exercise 3.2: By definition (Equations (3.11) and (3.12)), Py, =P and Py =
(1 — )P, and 8 is assumed constant throughout the star. The specific energy of a (non-

relativistic) gas, whether ideal or degenerate, is given by Equation (3.44),

_3Pw _3,P

ffEilh =

2 p 27 p°

and the specific energy of radiation is given by Equation (3.47),

Pr:l[!
P

P
g = 3—2 = 3(1 — B)—.
2l

Hence
3 2 - B) P P 2 ]
Hpyy + g = (2 — - = — = o (Ugas + Urad)-
2 1 3 0 0 32 .H){ oa rad
Using the virial theorem in the form (2.23), we have
TP 2 2
Q==-3) —dn=———7 | (Ugay + tUpga)dit = ——U.,
Jop 2-p8). ' (2—p5)

Now, £ = U -+ £ and, substituting the relation between §2 and ¢/, we finally obtain

P B

which tends to zero when the radiation pressure predominates (8 — 0) and to the well-
known relations £ = /2 = —U, when radiation pressure is negligible (8 — 1). If the
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change in gravitational potential energy is AS. the change in total energy, which is the
energy radiated away (Equation (2.43)), is AE = (#/2)AQ, while the energy that serves
to heat the star is AU = —[(2 — B)/2]AQ. For § = |, the amounts are equal. As f8
decreases, the radiated energy fraction decreases.

Exercise 3.3: The hydrostatic equation (2.14) may be written in the form

dP B
dr hés

where we have used the definition of the local gravitational acceleration, g = Gm /r?.
Dividing both sides by xp and using the definition of optical depth dv = —xpdr. we
obtain the desired equation. Since the mass and thickness of the photosphere are negligible
compared with the stellar mass and radius, we may assume g to be constant throughout
the photosphere, g = G M /R*. Taking for the constant opacity its value kg at R, we may
integrate the hydrostatic equation in its new form, to obtain

& GM (*
KR dP= — dr.
) R= Js

The integral on the right-hand side is unity by definition; on the left-hand side, the pressure

vanishes far away from the star. Thus,

M
K!\"J}R:‘HR . P!\': =
Kpg R~
In Section 2.4 we obtained a lower limit for the central pressure of a star: P, > fh";\

Therefore the ratio Pg/ P, is at most

Pp  87R’

P.  kpM’

For the Sun, this means that the surface and central pressures are more than 11 orders of

magnitude apart.

Exercise 4.1: Consider a mass element Anr of helium, half of which turns into carbon and
half into oxygen, by nuclear processes that can be expressed as 3¢ — '*C and 4 —'°0.
The energy released in the first process is Qs, = 7.275 MeV (see text), while the energy
released in the second is given by adding to it the energy released by « capture on a
2C nucleus, 7.162 MeV (see text), amounting to Q4, = 14.437 MeV. The number of 120
nuclei produced is given by

124 O05Am

n - Ci=
12my

and, similarly,

0.5Am

It
0) = ;
ik ) 16my
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Hence the total energy released per unit mass is

. n("*C) Qx4 + n('°0) Quy _ Q30/24 4 Qua /32 — 73 % 10%Tkg",
Am my

Exercise 4.2: Using the results of Exercises 1.2 and 2.1, in which the same density
distribution is assumed. we have

I5M d B 15GM?
e = —— an e = ————.
ST 167 RY
Combining these results, and using the equation of state for an ideal gas (3.28), we obtain

the central temperature

_luGM
“T2R R’

(Ex.1)

where p = 0.61 for a solar composition (see Section 3.3). The assumption of non-
degeneracy implies that for the electrons, the ideal gas pressure (3.27) is higher than
the degeneracy pressure (3.34),

R 0\
_LIOCTC = Kl (P‘f') ) (Ex.2)
e He

where (e /= 1.17 for a solar composition (see Section 3.3). Using Equation (Ex.1), we
express g in terms of T, and M,

_15(7?, g
b=z uG ) M2

and insert the expression into inequality (Ex.2). We thus obtain an upper limit for 7.

given the stellar mass M:

A 2/3 ~2
% Sge) B G paps,
15 RK|

The desired lower limit for the stellar mass required for each nuclear burning process
is obtained by reversing this relation and substituting for 7. the appropriate threshold
temperatures given in Table 4.1.

Exercise 5.1: If we adopt r as the independent space variable, the Taylor expansion near
r = 0 for any function f(r)is

o (AN L LEREN . LN
f—-”“+(d,-)g+§(m)L,’“ +a(m)j o
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and we retain only the first nonvanishing term besides f.. For the mass m(r) we have
m. = 0 (boundary condition) and from Equation (5.2) on the left

{
(ﬂ) =4x(r’p). =0

dr

(dzm) g mfp)
~ | =4x |2rp +r"—
dr= /. ( dr ),

d*m dp ,d*p .
= 4) 2 "1‘ —_ g = 8-' Ce
(u’r*)C T( i rdr+} drz)c R

Therefore near the centre

0

: ]
mir) = J::Jr,(Jcr" .

as if the density were uniform and equal to the central value. For the pressure P(r) we
have from Equation (5.1) on the left and the result obtained for m(r)

(dP) ( Gm) (4:1’(_?,03:') ,
R ,O = = — :U
dr.J. P il 2 .

(dEP) - (dme Gdm Gm) 47 Gp?

i dr r? s T 3
Therefore near the centre

Plry=FP.— _%rr(?,ofrl.
For the luminosity F(r) we have F, = 0 (boundary condition) and from Equation (5.4)

on the left
d F 3.
— ) =4n(ripg) =10
dr /.

1’ F d 5
(‘f — | =dx|2rpg + :‘Qiq + r"pﬂ) =0
dr* /. dr dr /.

d*F :
e =4dn[2pq +r(...)+r°(...)]c = 8mpeqge.
i .

Therefore near the centre
Fir)= %npcqcrj‘.

For the temperature T'(r) we have from Equation (5.3) on the left and the result obtained
for F(r)

dT 3 (K,O F 1 (K,qu ) 0
e = — e o —i——t —F =
( dr /. l6rac \T*r?/, dae\, T2/

0’3'!‘) B 3 Kp d F)+ Fd (R‘,()) 1 keplqe
drr ), 16mac [ T3dr \r? r2dr \T3/) |~ dac T}
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Therefore near the centre

| keplge
T(-‘) — T._- IRRY, . 0 iO‘L.‘q pe
Sac J['L:1

Note that these relations hold regardless of the functional dependences P(p, T), g(p. T)
and «k(p, T).

Exercise 5.2:

(a)

(b)

For n = (), the Lane-Emden equation (5.17) becomes

o Ldd 3
7\ V) =5

Integrating, we obtain

L db -
§f— =i Eh 4 C,
d& L8
where C is an integration constant. Dividing by £* and integrating again, we obtain
the solution
0 2 C 4 p
=—g§" = £ + D,
where D is a second integration constant. Since we cannot accept solutions that are
singular at the origin, we must assume C = 0, and since @ = 1 at the origin (by
definition), ) = 1. The solution for n = 0 is therefore

o) =1 - g&°.

Obviously, & =£(8 = 0) = V6 and (df/dE);, = —£,/3 = —/2/3. Substituting
into Equation (5.20) and using Equation (5.18) to eliminate @, we obtain M =
47 R3p./3 (and Dy = 1), which shows that a n = 0 polytrope describes a config-
uration of uniform density.
For n =1 and a variable x defined as y = &#, the Lane-Emden equation (5.17)
becomes

d*x _

ETTA
whose general solution is

¥ = Csin(E — §),

where C and § are constants of integration. Hence

Csin(s — §)
am—— o
3
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We must assume § = (), for otherwise the solution is singular at the origin, and since
f# = 1 at the origin, C = 1. The solution for n = 1 is therefore
sin &

£

which has its first zero at & = 7 (and is monotonically decreasing in the interval

0(&) =

(0, 7r)). Differentiating, we obtain

(dﬁ‘) _(cos’q’_siné) ]
dg )\ & £ Jey

We now use Equations (5.18) and (5.20) to obtain M = 4R p./7 (noting that D) =

4

77 /3, consistent with the entry in Table 5.1).

Exercise 5.3: For given M and F.. we have from Equation (5.28)

pers | Bz "
Py \Bis

For given M, we obtain the ratio of radii R(n) from Equation (5.21) and Table 5.1

R(1.5) (Dis pe )[-"-‘_ (’D|_S ¥ Lpy" r509] 0.206 ]
R3) ~ \ Dy peis ~\ D (33 54.81 0.157 )

and therefore

R(3) = R(1.5).

Exercise 5.4: The central density is readily given by Equation (5.21): p. = 1.2 x
107 kg m~. In order to obtain the central pressure as a function of M and R, we eliminate
pe between Equations (5.21) and (5.28):
GM
T an ﬂ’l

The term in square brackets exceeds unity for all n and hence

HJ BH|'

[N

. GM* . GM?

T 4xRY T 8wRY
Thus inequality (2.18) is generally satisfied by polytropic models. For Capella, with

i

=3, P.=6.1x10%Nm 2

Exercise 5.5: The critical mass is obtained from the relativistic-degenerate equation of

state (3.36). Hence at the H‘[L”dl'LLﬂlrL both Equations (5.28) and (3.36) are satisfied, both
being of the form P, o pL ]“ql.ldtlll“ coefficients and isolating M, we obtain

152

T 82\« (dm)li2 C'},-J':i""'3 =

The term in square brackets reduces to 8_1_'1""'\;’ 1.5/32m.
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Exercise 5.6: In radiative equilibrium, the radiation pressure gradient is obtained from
Equations (5.3) and (3.40):

d Prog _ kp F
dr ¢ 4mr?’

(In the case of convection, this relation is still correct, provided the flux F on the right-
hand side is taken to be the radiative flux, rather than the total flux, of which the bulk is

due to convection.) Substituting into the hydrostatic equation (5.1) P = Pyys + Prag. We
obtain
d Py GM kpF GM K F
— == —==p— 1 =—=}.
dr re daric P dreGm

So long as condition (5.34) is satisfied, the gas pressure decreases outward. When it
is violated, the density is bound to increase outward, if the temperature is decreasing
outward. This would lead to instability (of the Rayleigh-Taylor type).

Exercise 5.7:
(a) Equation (5.24) for a n = 3 polytrope may be wrillen as

5 A M, )2
M2 = S g3
(T ()’
Where M3 is given in Table 5.1. Substituting K from Equation (5.45). we obtain
the quartic equation in the form

2

JM -
L= fi= ) ptgt,
B (M,) uf
where
M. — 4MR?

With @ = 87°k*/(15¢*h™) and R = k/my, we have

32
3V 10M he \
Mgt 3( ‘ ) = 18.3M,,.

1 473
B /
Gmy,

(b) The Chandrasekhar mass, given by Equation (5.31), may be expressed as

-

bg %
— . M,
8v'15

Mey =
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Exercise 6.1: In terms of the dimensionless variables 0 < y = P/P. < 1 and py/p. <
x = p/pe < 1, the equation of state reads:

XV = (po/ p)" X
1 — (po/p )7

that is, a one-parameter equation of the form
(1 —a)y =x"" —ax™,
where the dimensionless parameter & is defined by

o =(po/p)" 1.

Since P is solely a function of p, the adiabatic exponent is obtained by taking the derivative

P dp xdy Yix’ — ayrx?

e — = (Ex.3)
Pdp ydx xn —ax?

yil

It is easy to show that y, is a monotonically decreasing function of x:

zx?"l'i'}']_l]‘

sgnldy,/dx] = sgn[—a(y1 — y2)

therefore negative, and thus the minimum value of y, is obtained at the centre, where
x = |. Hence the stability condition (6.23), y, = 4/3, will be satisfied everywhere, if it
is satisfied for x = 1. Substituting x = 1 in Equation (Ex.3), we obtain the condition

3y —4 = a3y —4).

(a) Since a is positive, it follows that either y;. y» > 4/3 or 1, y2 < 4/3.

(b) Since @ < 1 and y» < yy. if yi. v2 > 4/3. the stability condition is satisfied
regardless of the value of «. However. if y, y» < 4/3, then o must satisfy:

4 — 3}/|

4-3y

& ) (4_3?/[)];’(]’1—}/1'
Pe 4 -3y

For example, taking y, = 2/3 and y» = 1/3, the restriction imposed is py/ 0. >
0.3.

o =

which means

Exercise 6.2: For an adiabatic process (§Q = 0), changes in energy are due to radial
perturbations &7, or 8V = 4mr28r. An adiabatic change in the internal energy U is thus
obtained by combining Equations (2.2) and (2.3):

Mg
al = —f P—{(5V)dm.
0 dm
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Since P vanishes at the surface and § V' at the centre, integration by parts yields

M ;- ”IP
sl = dor-dr—dm.
0 dm

A change in the gravitational potential energy is given by

M -
Y Gmd G

50 — _5/‘ smdm :j ,-1;; Srdm.
0 r re

Adding these expressions, we have

= A M ydP o Gmy
dFE =8U +69 = —dar — — — | Srdm (Ex.4)

Jo dm J=
and since &7 is arbitrary, it follows that the integrand vanishes with § E. This means that
hydrostatic equilibrium corresponds to an extremum (stationary point) of the total energy.

Stability requires it to be a minimum.

Note: This property of hydrostatic equilibrium may be used in numerical calcu-
lations of stellar models as an efficient way for obtaining a hydrostatic configuration,
given arbitrary intial conditions, as shown by Rakavy, Shaviv and Zinamon in 1967, The
procedure, known as ‘quasi-dynamic’, is to put the velocity, rather than the acceleration,
proportional to the force in the equation of motion (2.13), as if the star were embedded
in an external viscous medium. Using 7 to denote the quasi-time variable, so as not to
confuse it with the real time ¢, we have

where k is a positive constant. Multiplying both sides by dr/d7, integrating over the mass
and using (Ex.4) obtained above, we have

ka ar 'fd | dE
0 gr ) S g

Thus the total (static) energy decreases with quasi-time and hence integrating the quasi-
dynamic equation over quasi-time, will lead to a minimum of the energy, if such a
minimum exists, and therefore to a hydrostatic configuration. If a minimum does not
exist, it will mean that there is no stable hydrostatic configuration for the given entropy
distribution of the model star.

Exercise 6.3: According to Equation (3.60), the adiabatic exponent for a partially ionized
gas is a function of T and x. Since the expression is symmetrical with respect to x = 0.5,
it has an extremum at this value of x for any given temperature, and it may be easily

shown that this extremum is a minimum (3°y,/dx> = 0 there). We may now regard the
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minima as a continuous function of T

J/:l.nn'n(T) =

It may be shown that y, yin(T) decreases monotonically with increasing 7' (%#1 = 0).
The critical lower limit for stability will thus be obtained by setting ¥, min(7) = 4/3. This
results in a quadratic equation for the variable z = ¥ /kT:

4z — 122 - 63 =0,

which has only one positive root, corresponding to T = 2.75 x 10* K. Thus only below
this temperature may partially ionized hydrogen become dynamically unstable, the lower

the temperature, the larger the range of x corresponding to y, < 4/3.

Exercise 6.4: Adiabatic processes satisfy Equation (3.48):
_ Pdp

pp

|
du + Pd (—) =0 & du
P

from which relations may be derived between any two of the thermodynamic functions
P, p and T. For gas and radiation we define adiabatic exponents I'y and I'; by

1P d
£ :rli (Ex.5)
P y2l
dP B I's dT (Ex.6)
P I=17T" x

noting that both are equal to the y, of conditions (6.26) and (6.28) in the case of gas
without radiation. Now. for an ideal gas we have from Equations (3.28), (3.44) and (3.47)

IR aT?
= ;—T Fo—
2 M P

R
P =Py + Pog=—plT + if”.
I P :

and from Equations (3.11) and (3.12),

Pg.l\:ﬁP -Pr'.ld:(l _rB)P>
Hence
3R T R 3 PdT PdT Pdp
du=—-—dT + AT — —dp = =p—— + 12(1l = f)—— = 3(1 — B)— —.
21 I p- 22 p T p 1 pop

which, substituted into the condition for adiabaticity, leads to

24 =218 dT

dp
— =4 -38—. X.
3 T ( B) , (Ex.7)
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For the pressure we have

dT dp dT
dP = P.i T + P ,\— +4;P,—.d?
leading to
dP dr
P_ — (4 ﬂqﬁ)_+ﬁ_ (Ex.8)

Eliminating d7/ T between Equations (Ex.7) and (Ex.8), we obtain

dP 204 —3p) dp
P | 24-218 P

Comparing this result with Equation (Ex.5). we have

r 32 — 248 — 382
YT 4218

Similarly, by eliminating dp/p between Equations (Ex.7) and (Ex.8) and comparing to

Equation (Ex.6), we obtain

_32-248 - 3p2
T 24188382
For 8 = 1 (pure gas), I'y = I'y = 5/3; for f = 0 (pure radiation), Iy = I's = 4/3; for
,6—3 I'y = 1.43, while I'> = 1.35.

Note: The adiabatic exponent I'y for matter and radiation was introduced by Edding-
ton in 1918: I'y, as well as a further adiabatic exponent I's, which relates T and p, were
later mtrodu(,ed by Chandrasekhar.

Exercise 6.5: Lct M, be the mass of the convective core. The temperature gradient at its
boundary is given on the one hand by the adiabatic gradient (as in the core),

dT v, —=1TdP _ y.— 1T GMp

dr Va Pdr Vo P2
after substituting the pressure gradient from the hydrostatic equation, and on the other
hand by the radiative diffusion equation (5.3),
dT 3 kp F
dr  dacTY4mr?
Continuity of dT /dr (imposed by the continuity of the radiative flux) requires equality
of the right-hand sides of these equations:
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Since there are no energy sources outside the core, we may take F* = L. Substituting

| 4
3“ r _ Prad

= = [==§,
P P P
dividing by M, and rearranging terms, we obtain
M. Va il

M " Ay, — 1)1 — B)4ncGM’
Now, if k¥ is constant up to the surface, then 47¢GM /K is the Eddington luminosity
Leqq. and if B is constant, we have from (5.42) L/Lgqg = 1 — B, which yields the desired
expression for the core mass fraction. Note that the ratio depends indirectly on M through
the adiabatic exponent, which depends on S, where f = B(M).

Exercise 7.1: Inserting relation (7.36) into Equation (7.28) on the right, we obtain

—4 10—2n

P. o M> (M‘_‘) ] P, o« M=,

22/19

We have P, oc M*'7 for n = 4, (that is, P, increases with M), whereas P, o« M for

n = 16 (that is, P, decreases with increasing stellar mass).
Inserting relation (7.36) into Equation (7.33), we obtain

T, o M#,

which yields T, o« M*7 forn = 4and T, M*1 for n = 16. Note the weak dependence
of T, on M corresponding to stars that burn hydrogen by the CNO cycle, which means
that the main sequence of these stars may be taken to represent a line of constant central

temperature.

Exercise 7.2: The effective temperature of a star of known L and R is obtained from
Equation (1.3):

L =47 R°c TS,

Using relation (7.35) for the luminosity at the lower end of the main sequence.

A"—‘min _ Mrmin )3
L © ﬂ’!@

G

and relation (7.36) for the radius (calibrated to the solar radius, with n = 4),

3/7

i: Mmin o
RU M.:Z:.

3 6/7
lwmin ; 2 wfmm .I 4
L_—:_\ ( M’.B, ) =dx R,;_ ( M- ) UTc]’f.min'

we obtain
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Substituting Tefr = [ Lo /(4 R20)]"* ~ 5800 K, and My, & 0.1M.,, we have

- M. 15/28
’(ut'i'. min = ?1'1'[,:;'; ( n{;:n) ~ 1700 K.

Exercise 7.3: First, we write the condition L < 47c¢GM [k, as

L 47cGMy M

1. @ h K L 0] E '

Next, we calibrate relation (7.35) between luminosity and mass:

L (M .
Lo \My) '

Substituting it into the previous relation, we obtain an upper limit for the mass of main-

sequence stars

M |amcGM,
g [2EEOHS L gep,
J"l(f:'l"’ \' Ky I o)

assuming «; is the electron scattering opacity k.o (Equation (3.64)). Using the mass-

luminosity relation, we obtain the corresponding upper limit for the luminosity of main-

sequence stars: L = 5.8 x 10° L. The radius of a 180M,, star may be obtained from

the calibrated relation (7.36), taking n = 16. appropriate to the upper main sequence.

The effective temperature results from L = 47 R’o T, as in Exercise 7.2, which yields
Ten =37 % 107 K.

Exercise 7.4: Some of the relations between starred quantities (Equations (7.28), (7.29)
and (7.33)) are independent of the opacity or the nuclear energy generation laws. These
are

_ GM? B M T Gu M (Ex.9)

From the Kramers opacity law and n =4 we obtain two additional relations, using
Equations (7.31) and (7.32):

5 ac Tf'ﬁRf (Ex.10)
.= —— B
Ko M

F, = qop. Tj M. (Ex.11)
Substituting relations (Ex.9), we have

Iw."\.ﬁ Mh
F, x — and F, x —
RU“ R

which, combined, yield a relation between radius and mass in the form

R, oc M3,
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This, in turn, enables the derivation of a mass-luminosity relation, as well as a radius-
luminosity relation. With the aid of the latter, the main-sequence slope may be derived as

in the text. Thus,

L ox ,M§'4ﬁ

log L = 4.12log T, + constant.

In conclusion, different opacity laws result in different main-sequence slopes (even assum-
ing the same 1), 4.12 for a Kramers opacity law, as compared to 5.6 [or a constant opacity
(Equation (7.39)).

Exercise 7.5: We substitute relations (Ex.9) into Equations (Ex.10) and (Ex.11) to obtain

MY . 5 MOyt
JL, 0.4 T dan « X R? 3
Combined. these relations result in
M3
R, o PRlE

Eliminating R between this relation and one of the relations for F above, we obtain a

mass-luminosity relation that includes the effect of .
L o M:_‘,-'lr(\ru?.?_."_

Reversing this relation to obtain M (L, 1¢) and inserting the resultinto the relation R(M. @),

we may derive R(L. 1), which, combined with L oc R*T2,, yields

log L =4.121og Ty — 1.18 log it + constant.

[+

Thus. with increasing Y at the expense of X, if a star maintains its luminosity, its effective

temperature will decrease and hence the star will move to the right in the H-R diagram.

Exercise 7.6:

(a) Assume an amount of mass ém is burnt during a time interval 87 (and added to the
core). The nuclear energy supplied is Q dm: this energy is radiated by the star ata
rate L. and hence Q dm = L §t. Therefore the rate of core growth is M, = L/Q.
Since L and Q are constants, and M. = 0 atr = 0, we get by integration

I
M.(1) = 3" (Ex.12)

The envelope loses mass at its inner boundary at the same rate as the core gains

(b
mass due to nuclear burning. It also loses mass at its outer boundary — at the
mass loss rate of the star. Thus

. . : L 1
Mi=-M4+M=———ul=—-L|— 3
+ | 0 o (Q +&')
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Integrating and using the initial condition M. = M; at 1 = 0, we have
1
J'WUU} = A—’f[] —Ll=4a]t (Ex.13)
Q
(c) The core mass attained when the envelope mass is exhausted is obtained by
setting M.(t) = 0 and eliminating ¢ between Equations (Ex.12) and (Ex.13),
M
MU = - : =
1 +aQ
(d) For the star to become a white dwarf this core mass must satisfy M. < My,
which imposes an upper limit on the initial mass of the star:

MU = .I'W(_‘h{l + (,I"Q) — My = 9 Mg,

Exercise 8.1: The equation of state for the gas is
e
Pg:l:; = _JO"'U
1L

and the constant temperature (d7T /dr = 0) implies F = 0. Thus substituting v = vy in
Equation (8.20). we have

XRTy GM
25 ~ = 0
e ya
and hence
GMpu
ry = ;
2RT,

The isothermal sound speed is given by
v, = \R_Tn / ;}.f
while the escape velocity at the critical point is
Vese = / 2GM /1.
Substituting the expression above for r., we obtain

1
1 = =1
Uy 3 Vesc

Exercise 8.2:

(a) For a polytropic pressure (implying vanishing radiation pressure), we have with
the aid of Equation (8.18),

dr ' dr ! Bdr - vdr r

B A0 L, B
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and substituting it in the momentum equation, we obtain

( - pP\dy (2yp GM
V—— | —=v - :
p ) dr or rr )

which is the same as Equation (8.20), if v, is defined as /¥ P/p.
(b) With the substitution

1 dP dp?~' 4 P
dP _ vy 40" _ (V )

y=1p

,{)F y =1 dr  dr

the momentum cquation (8.153)

dv 1dP  GM
v— + =0

dr pdr r?

may be integrated to yield

= A = constant.

On the other hand, the energy equation (8.16) reads

) + F = constant.

(1 s, 5P GM
JUT+
= 2p r

Combining these equations, we obtain

. [ P (5 12 )} ;
MIAF+—| = — — + [ = constant.
p\2 y-—-1,

The term in parentheses is (3y — 5)/2(y — 1) and vanishes for y = 5/3. In this
case, since M and A are constants, it follows that F = constant, which means
that the flow does not absorb nor release heat, that is, the flow is adiabatic.

Exercise 8.3: The wind emanated by the Sun crosses any spherical surface centred on the
Sun (just as the radiation emitted by the Sun does); otherwise matter would accumulate at
some place; hence m = constant. Conservation of mass (in spherical symmetry) requires
that an amount of mass dm crossing a spherical surface of radius r during a time interval
5t equal the density at » multiplied by the volume of this mass, 8V = 4mr28r. Since
8r = vét, where v is the (radial) velocity of the wind, we have at any distance r

dm = 4J'rr2pv5r.
Dividing by 41, we obtain
m = 4mwr’pu.

As the contribution of electrons to the mass (density) is negligible, we may assume the
wind density to be p & nymy, where n;, is the proton number density. The measurements
at Earth (r = 1 AU) thus yield m &~ 1.3 x 10 kgs™ ! =2 x 1074 M, yr™'.
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Exercise 8.4:

(a) The mass-loss timescale may be estimated by M,-"M (Equation (2.55)). The
thermal timescale is given by Equation (2.59). 7y, & GM?/RL. Using Equation
(8.31) for M, we obtain

M 1 ¢c GM* 1 ¢

Tl = = = ——— e — N ——— Ty,

M ¢uv.. RL D Vese
Generally, v, << ¢ and certainly ¢, << ¢ therefore we may conclude that
Tm—1 2> Tih.

(b) The energy required for removing an amount of mass dm from the surface of a star
is equal to the gravitational binding energy of this element, § Eyroy = GMSm /R
and if the mass is removed during a time interval &z, then the rare of cnergy
supply (6 E gy /81) s

where M was substituted from Equation (8.31). As argued in (a), E‘gmv < L.
(c) From estimate (2.61), 1, =~ FM(’EXL, where € amounts to a few times 0.001.
Using the result of (a), we have

w11 GM

Taie @ Vsic €R
Substituting on the right-hand side GM /R = vZ,_/2, we obtain

Tim—1

I v,
Twe ¢
If veoe < 0.001¢ (as is mostly the case) and if ¢ is not a too small fraction (as,
indeed. observations indicate), then 7, < Thue.

]
2e

Exercise 8.5: In Section 7.4 we have seen that, for main-sequence stars, global quantities
may be expressed as power laws of the stellar mass. These may be easily reverted to power
laws of the luminosity. Thus

L ooc M — M o LY

R oc M = R ou &
A parametrization of the mass-loss rate of the form (8.31) would result in

; LR )
M o [l te: 1)/ )
oM
Using the results of Section 7.4, we have «; = 3 (relation (7.35)) and a, = (n — 1)/
(n 4+ 3) (relation (7.36)), whence

ka o ](.‘n—.‘w.-"(.'in-t—‘?)
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We note that this is very close to a linear dependence, particularly for massive stars, which

burn hydrogen by means of the CNO cycle (n = 10).

Exercise 9.1:

(a) Assume n helium nuclei are produced in the Sun per unit time, of which n, are

(b)

(c)

produced by the p — p I chain, n» by the p — p 1l chain and n3 by the p — p
11 chain. Thus n = n| + n, + i3 and the branching ratios are n; /n (1 <i < 3),
respectively. The neutrino fluxes intercepted at Earth, f,.; (1 <7 < 3)—listed in
the second column of Table 9.3 — are a fraction ¢ = (4w d?) ' (whered = 1 AU)
of those produced per unit time in the Sun. In the production of a helium nucleus
by the p — p 1 chain. two p — p neutrinos are emitted; by the p — p II chain,
one p — p neutrino and one "Be neutrino, and by the p — p Il chain, one p — p
neutrino and one *B neutrino (see Section 4.3). Therefore

o1 =iy + 12+ n3)
Joo=an;
Joz=an;

ha+ fiz+ fus=2an.

Eliminating n; from these relations we obtain the branching ratios:

mo_ S = haztes g es (p—ph
i Furt foottis
2 2l 0.15 (p—plh)
oy SN b S ) ¥ =B
" for+ fuz+ fus £=4

2f
”_3:#%2x o= (p— plI).

n fl 17 f\'.f o .fl'.j

The average energy carried by each neutrino type, @, ; is listed in the last column
of Table 9.3. The neutrino luminosity of the Sun is given by the total neutrino

energy flux at Earth, multiplied by 47 d*:
Ly=Amd’(fi 1@+ FoOvatFia0ua) =89 %1015~ =0.023L 4.

If the branching ratios of the p — p chain were not known, then the neutrino
energy lost for each helium nucleus produced would vary between a minimum
value of 2 x 0.263 MeV (corresponding to the p — p [ chain) and a maximum
value of (0.263 +7.2) MeV (corresponding to the p — p 1l chain). The net
energy released in the production of a helium nucleus (that would ultimately

be radiated by the Sun) would range between Q. = 26.73 —2 % 0.263 =
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26.20MeV and Qi = 26.73 — 0,263 — 7.2 = 19.27 MeV. Since the luminos-
ity of the Sun is known, the number of helium nuclei that should be produced
per unit time in order to supply it can be calculated in each case. The number of

neutrinos emitted is twice as much. Therefore

Main = 2—— = 1.84 x 10" 57!
[‘f;'." i

Tmax = 2 =250 x 10",
anin

Exercise 9.2: First, we integrate Equation (5.2) in order to obtain the core mass M;:

R, ) P 4R}
M = drre | pe — (pec — p1) - dr = T(gpc + 1) (Ex.14)
(1

Next, we integrate Equation (5.2) in order to obtain the mass outside the core:
RO (R Ry . In X |
M—-M, = f 431’.*“',01Mdr =4m R{p| 7R" —=1. (Ex.15)
J L—{5) () 2
Dividing Equation (Ex.15) by Equation (Ex.14) and substituting x, = p./p; and v, =

M /M, we have
—— =Ly =D+ 1)+ 1
ET LRt 3t 3

Now, since R, < R.we may neglect (R, /R)" with respect to 1 in the denominator on the
left-hand side; hence exponentiating, we obtain

R

2 x eln=D2u43s1s.

R,
which yields R/R, = 3 x 10* for x, = 10 and y; = 7.5. Thus, if the core radius is of the
order of a white dwarf’s, R| ~0.01 R, the resulting stellar radius is ~ 300 R, illustrating
the possibility of having a compact core and a very extended envelope.

Exercise 9.3:

(a) In the outer layer of a white dwarf we have by Equation (9.36) P = P(T). We
may thus write the equation of hydrostatic equilibrium (9.32) as

dPdT GM

arar ~ "2

Using the ideal gas equation of state (appropriate to this layer), we substitute
o = (/RN P/T) 1o obtain

dinPdT  nuGM

dinT dr ~ R 2~

(Ex.16)



Appendix C Solutions to all the exercises

From Equation (9.36) we have
dIn P 17
dinT _ 4’
and hence, integrating Equation (Ex.16) and using the boundary condition
T(R) =0, we obtain the required relation (9.42).
(b) We may write this relation for T, = T, = T (r},) in the form

R T 4 GM R —ry

(Ex.17)

w S 17 R b

The left-hand side represents (roughly) the ion energy per unit mass, P/p. The
term G M /R on the right-hand side is, according to the virial theorem, the total
energy per unit mass (or P/p). Since for degenerate electrons, P = P, > P,
we must have

R—r,«<nm<R.

(c

Since we have shown that £ = R — r, < R, then r, & R and we may write
Equation (Ex.17) as

Hioe s OO, = T. o £

C1TR R? ¢
Using relation (9.39) between L and T, we obtain £ L*7, and hence

/7
{ I 2 2/
e (__l) = 1007 ~ 3.7.
£a L

Exercise 10.1: The equation of motion for free fall (a motion governed by the gravitational
field without any — or with negligible — opposition exerted by pressure) is, according to
Equation (2.12),

Gm

.i:['ﬁf‘ f) = —m

Multiplying both sides by r(m, 1), we obtain

[%f‘z(ﬂt‘ 0= Gmll/rim, 0],
or, since m and ¢ are independent variables,

[%i‘z(m, t)—Gm/rim, )] =0.
Integrating, we have

%f‘z(_m, ty—Gm/rim, 1) = —C,

where —C is an integration constant (independent of time). If the collapse starts from
rest. thatis, #(m. 0) = O everywhere, then C = Gm/r(m. 0). We choose C = 0. implying
collapse from a very extended initial configuration. All solutions will converge with

time to that corresponding to C = 0, since the term Gm /r(m. t), which increases with
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time, will eventually become dominant. For a uniform density, m = 47 r(m,t) p, where

p = plt). and hence

~ 8aGpl(t) , .
= fr‘(m, t). (Ex.18)

Therefore
Fim, 1)y = —/8xGplt)/3rim, 1),
where we have chosen the negative root, appropriate to collapse. This shows that at any

given time the velocity changes linearly with distance from the centre.

Note: The same equation of motion applies to the universe (in the Newtonian
approach) and describes its expansion — when the positive root of Equation (Ex.18) is
chosen. The resulting linear dependence of velocity on distance — describing the relative
motion of galaxies — is known as the Hubble law, which was first discovered from
observations.

Exercise 10.2: We proceed as in Exercise 10.] to obtain the first integral of the equation

e - (1 1 )
str=Gm|—-——),
: roor

where r = r(m. 1) and ry = r(m, 0). From the condition of uniform initial density. which

of motion.

we denote by py. we have

4

i
m = T![]ﬂ[].

Substituting m in the former relation, we obtain
-

4 I/2
; ST Gparg (ro ' 72 1€
} —_[f(?‘_l) _ (Ex.19)

where we have chosen the negative root to describe the collapse. In order to solve this
equation, we introduce a new variable, x(m. 1), defined by
bl '8
cos“x = —,
o

noting that x = 0 at r = 0. We also define a constant K = /8xGpy/3. 1t is easy to see

that Equation (Ex.19) becomes
¥cos’x = ',K

which may be directly integrated to yield
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Now, the solution x(t). or r/ry, is the same for all 1, meaning that any part of the core will

take the same amount of time to contract to a given fraction of its former radial distance

from the centre. The density will thus remain uniform. It is noteworthy that the time of

collapse is finite: when r(m. 1) = 0. x = 7/2 and t = /2K (which is of the order of the
dynamical timescale 1//Gpg). Hence the solution has a singularity, the density becoming

infinite at t = 7 /2K.

Exercise 10.3: Let V(1) denote the number of **Ni nuclei, initially Ny = | M., /56my =
2.15 x 107, and N,(t), the number of **Co nuclei, initially 0. The characteristic decay

time is obtained from the half-life time by T = t;,2/In2, which yields 7, = 8.8 days for

%®Ni and 1, = 111 days for *°*Co. Using the mass-excess table (Appendix D), we obtain
energy release in the amount Q; = 2.136 MeV for **Ni — *°Co and 0, = 4.564 MeV
for *°Co — *°Fe . The rate of decay of *°Ni is given by N; = —N, /1 leading with the
initial condition to Ny(r) = Nge "', The rate of change of WCo — by build-up from the

decay of **Ni and its own decay — is given by
N> = Ny/1i — Na/ta,
leading with the corresponding initial condition to the solution
Nao(t) = No(e /™ — e ")y /(12 — 1)
The luminosity. resulting from the decay of both **Ni and **Co, is given by
L) =N{(1)Q /1) + N2(1) Q2 /1.

Substituting the expressions for the numbers of nuclei, we obtain

L(t) = . e [I—i—Ql(TE_II)(L 172 1):[

and inserting parameter values.,

L(t) =25 x 10%e™/7[1 4 0.184(e' %/ — 1)] L.

Exercise I1.1: Using Equations (11.2), we may express d in terms of d,:

M
d = {Jr| + ()’3 = d| +.{h 1’! = d|{_M| 1 JM:}.’;I}W:‘
M-

)

Substituting the result in the equation of motion for the first star, Equation (11.3)-left, we
obtain an equation of the form (11.4). where (M| 4+ M>) in the numerator is replaced by
M3 /(M) + M>)*. The same procedure may be applied to the second star.

Since the stars and the centre of mass (focal point of the orbits) are always aligned,

both stars pass at the same time through pericentre (shortest distance from the centre) and

through apocentre (longest distance from the centre). In each case — as at every point of

the stars™ orbits — their respective distances from the centre relate as the inverse mass ratio
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(by Equation (11.2)-left). Denoting by a; and a» the respective semi-major axes and by
¢) and e, the eccentricities, we thus have

ar(l —ep) _ M-
a»(1 — ea) - M,

(J[(l +e) N M-

ar(l 4+ e3) E

Equating the left-hand sides of these equations, we obtain ¢ = 3.

Exercise |1.2: Let M be the total mass of the system, M = M| + M>, and a the separation.
Denoting by «, and a, the distances of the two stars from the centre of mass, respectively,
we have by Equations (11.2)a = a| + az.a,/a = M>/M anda;fa = M, /M. Letwbe the
common angular velocity of the stars (which is constant for circular orbits); @ = 27 /P,
Denoting by v, and v, the velocities of the two stars, respectively, we have v, ; = vy sini
and v, » = v sini. In addition,

2Ty 2 2mas 2
= — and =
v w [ t
and hence
M- a| i [
M| [t} U2 Va2

which provides one relation between the desired masses and observables. Another relation
is obtained from the equations of motion of the two stars,

G M"] .-’Wg

3 G} f" 1"-’1
Miw a, = — —

.
q and Myw a> = -
as as

which we may add to obtain:

. GM
e = ———
ax
(Kepler’'s third law). Substituting @ = a) +a>» = vy /o + v2/w = (v, + v,2)/(@sini),

we have

P gt

.IM| + .I’W:{ = - =
276G sint

Exercise 11.3:

(a) The Roche-lobe radius of M, is given by Equation (11.25) in the form

M- I3
L= 0.5a . .
M ] + gnrfj
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Conservative mass transfer means that (M, + M») = constant, and hence taking
the logarithmic time derivative of this relation, we obtain

. a 1 M, a 1 M,

r.oa i % My a 3M

since M, = —M,. For the first term on the right-hand side we use Equation
(11.32), which reads

a =21 ]A'W|
a 1 My’

i 12 ., M,
— = e i .
L 3 ! M’g

Shrinkage of the Roche lobe means /. < 0, which requires the term in parentheses

to obtain

on the right-hand side to be negative, since M, is positive. Thus the condition on
the mass ratiois ¢ > 2.
3
(b) Assuming a relation between mass and radius of the form R o« M~"/", we have
Rg ] .'wz | M]

St 8 s L
R_‘{ n Mz n J"fz

Clearly. if ¢ is such that its Roche lobe shrinks (the condition found above), the

star will keep overflowing its Roche lobe while losing mass. If the Roche lobe

expands, on the other hand, then the lobe radius must increase at a slower rate

than the rate of growth of the stellar radius. If initially R, = ry, the requirement
R

- =
. Rj

yields ¢ = (5/3 — 1/n)/2 as the condition for the donor star to continue over-
flowing its Roche lobe, which is less restrictive than g = %

Exercise 11.4: Applying to the white-dwarf centre the equation of state for degenerate
maltter to first order in temperature (B.37), we have

P A

a !
5/3 C
P = ﬁpl\ (] + 4;..3)

e
where
he 3ty S;P?Ekj (mppe)*?
= A o = e
Smg (myg e 6h* (3r)lA

and p¢,. 2= 2. Substituting this expression into Equation (5.28) that gives the central pressure
in hydrostatic equilibrium with B, 5 = 0.206, we obtain a relation between p,. T, and M,
of the form

-

T o
.BPJ""’ +af = = }/M“-"R.

C
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where y = (477)'/70.206G. Taking the time derivative, we obtain

SO, o R

B (p7  aT2\ dp. T.dle 7y, _i3dM
dt pe dt 3 dr -’

20, 3 e
Since « is a very small number, deriving from the small correction to the degenerate
equation of state due to temperature, the coefficient of the density derivative on the left-
hand side is positive for (almost) any temperature and density values. The terms on the
right-hand side have opposite signs, since both d 7. /dr and d M /dt are negative. Since T,
changes rapidly with time at the beginning and very slowly thereafter (see Section 9.8),
while the mass decreases at a constant rate, the left-hand side will change sign from
positive to negative at some point and thus the density will go through a maximum.
We note, however, that for a sufficiently high rate of mass loss, the second term on the
right-hand side will always dominate and the central density will decrease monotonically.
On the other hand, without mass loss, the central density will increase steadily with
decreasing temperature, tending asymptotically to the value (7.13), which depends solely

on the stellar mass.

Exercise 11.5:

(a) Assume awhite dwarf of mass M and radius R(M ) has an outer layer of solar com-
position and of mass Am < M (and negligible thickness). The energy required
to expel this layer is equal to the gravitational binding energy GM Am/R(M). If
@ is the energy released per unit mass of burnt hydrogen (from Section 4.3,
Q =~ 6 x 10" Jke™"), and the hydrogen mass fraction in the outer layer is
X 2 0.7, then the amount of hydrogen mass burnt is fAmX .., satislying

GMAm

= fAmX. 0.
RO famXeqd

(b) The R(M) relationship (5.29) for white dwarfs, appropriate to a nonrelativistic
equation of state, that is, for M <= My, may be calibrated with the aid of the

provided data:
R M\
0.01R,  \ Mo '

Combining these results, we have

. GM., M\ M\
0.01R. X0 \ M, W

Note that for typical white dwarf masses this fraction is very small, despite the

strong gravitational field that must be overcome.
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Exercise 12.1: Consider a cloud of mass equal to the Jeans mass M, and temperature T'.
According to Equation (12.4), its radius is
a (LG M,
~3 RT

The rate of gravitational energy release in collapse may be estimated by the potential

(Ex.20)

gravitational energy, of the order of G M /R (Equation (2.27)), divided by the free-fall or
dynamical time (Equation (2.56)). Thus,

512
J

1/2

: -5/2
El_'l';r. ~ o B
; R

GM} (2GM,
R3
Since the radiation temperature is lower than the gas temperature 7, the rate at which

energy is radiated at the cloud’s surface, or the cloud’s luminosity L. may be taken as
2 .
L =ednRaT?,

where € < 1. As the radiated energy is supplied by the gravitational energy released in
collapse, we have

5/2 B

€4n R T* = av2G > M) R~ (Ex.21)

Substituting Equation (Ex.20) into Equation (Ex.21) yields

M~ {4,0(7?,;“ )WJ} ik

c2GaR | 2

Since € = I, taking € = 1 on the right-hand side provides an approximate lower limit
My ~56x 103 TV*M,.

Exercise 12.2: From Equation (12.13) we have

T max a5

no_ ”‘”".Gi!"‘-“' . M‘“'"ﬁ) _ fw\\"l)(MM_‘lj'ﬁ . f""fs,\!"ﬁ)[]]““
C ) ‘M[;:['lniﬁ - !‘41;;[&.\5
Substituting Myis = 0.7M, Mgy = 10M, and Mwp = 0.6M . we obtain
no_ 0.89( My / Mo 035 _ |
¢ - ("}anx,-"J}"—’)f,m"‘)[]--j‘5 — 1
which yields for My, = 30M,:
!
EI =023 (Mun = 0.05Mo)

while for M.« = 120M:

=040 (M = 0.20M,),

2:().26 (Muin = 0.05M,) 5:045 (Muin = 0.20Mo).

In conclusion, the ratio 1/¢ is far more sensitive to M, than to M ...

Exercise 12.3: As we have seen in Section 1.4, and again in Section 7.4, the luminosity of

main-sequence stars is a function of the stellar mass in the form of a power law, L o« M".
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If the cluster’s luminosity L¢ is the sum of the luminosities of its main-sequence stars,
which have masses in the range M, = M < Mp. then

My My ‘
Lc = f L(M)dN = f L(M)YD(M)dM o / M 2B aM.
M M, Muin

min Tmin

The relative change in L¢ from L, say. to L¢ 5, as the main-sequence turnoff point
decreases from My, | = 1.3M, to My, » = 0.85M, is given by

My ' 5y i v—1.
Lea  Jug M72PdM - (Mo /M) ™' ¥ =1 (Mm\g) L

Le -"w1]1. 1

sl Mv=2354M a (fl"flp_l,-ffwzninljllnl"ﬂ)s =]

Moin

Thus the cluster’s luminosity decreases by a factor of ~2, if we adopt v = 3, and by a
factor of ~5,if v = 5.

Exercise 12.4: The function Y (r) satisfies the equation
YT =—aY

where « is a constant to be determined from the given data. Integrating and using the
initial condition T(0) = 1, we have

1
— — 1 = wt.
T

Substituting Y(7,) = T, = 0.05, we may eliminate « to obtain

i

T=——r —
T+ L0 =T,)

Substituting T = 0.5 yields ¢ /#, = 0.053, meaning that when the Galaxy was ~5% of its
present age, the gas content amounted to half the galactic mass. It decreased to a tenth of
the galactic mass when the Galaxy reached about half its present age. Decreasing further,
it will reach half its present mass (that is, T = 0.025) when the Galaxy will be about
twice its present age.

Exercise 12.5: Substituting the opacity law and the nuclear energy generation rate in
Equations (7.31) and (7.32). we obtain as in Exercise 7.4,
ac T]R?

& p.M

F.=q0Zp, T M.
Using relations (Ex.9) and retaining the dependence on Z. we have

M‘IS.S ) Z:W”_H
F, « S—— and F, o ——
Z RU.S Rn+3
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which, combined. yield the dependence of radius on mass and heavy element content in
the form

2in+2.5 —3.5)/(n+2.5
R, oc Z* {n Jjw[” S)fn+2 J.

Substituting this relation back into either of the relations for F above, we derive the

dependence of the luminosity L on Z, for a given mass:
L x Z—[f.l+3.5},.-"t'n +2.5)
Similarly, substitution of R(Z) in relations (Ex.9) yields
T, Z—?_._.-r_n+3.5] and Py X 7 6/(n -2..’!5‘

Thus, for main-sequence stars of the same mass but different Z, the higher-Z star will have
lower internal temperatures and densities and a lower luminosity. Hence, it will spend
a longer ime as a main-sequence star. Our conclusion is based on highly simplifying
assumptions; nevertheless, it is generally true that Pop [ stars have considerably longer
main-sequence lifetimes than Pop II stars.



Appendix D

Physical and astronomical
constants and conversion factors

Table D.I Fundamental constants

Units
Constant Svabol Value SI cos
Speed of light ¢ 2.99792458 105 ms! 10" ems !
Permeability Iy 4 10°7C?N&? |
Permittivity £q 1/dm 107 /e CP N~ m™? |
Gravitational G 6.67259 10" mikg 572 [0 %em'e 's?
Planck h 6.6260755 10 #Js 10" ergs
Boltzmann k 1.380658 16~ LR 10" erg K!
Stefan-Boltzmann a 5.67051 103 Im2 s~ K~ 10 epaeti==g- Kt
Radiation a 7.5646 10=1 T m=? K% 10" P ergem™ K~
Wien 2.897756 10~ mK 10 "emK
Avogadro Ny 6.0221367 10* mol ™! 107 mol !
Atomic mass unit my 1.6605402 107" kg 10 g
Ideal gas R 8.314510 10° J kg 'K 107 ergg ' K
Electron charge e 1.60217733 107" C 10" esu
Electron mass M, 9. 1093897 10~ kg 10 *g
Proton mass m, 1.6726231 107 ke 10 Hg
Neutron mass iy, 1.6749286 1077 kg 1072 g
Angstrom A 1 10 "'m 10~%em
Note: a =4a/c. my = 1/Ny. R = k/my. Fundamental constants are from E.R.Cohen and

B.N. Taylor, (1987), Rev. Mod. Phys. 39, p. 1121; CODATA Bulletin (1986), 63 (Nov.): Physics
Today (1995), Part 2. BGY (Aug. ).
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Table D.2 Astronomical constants

Units
Constant Symbol — Value SI cgs
Solar mass M 1.9891  10%"kg 107 g
Solar radius R 6.9598  10°m 10" cm
Solar luminosity L 38515 10%Js ' 10¥ergs!
Year (solar) vr 3.1558  107s 107s
Light-year ly 9463  10%m 107 cm
Parsec pe 3.086  10°m 10" cm
Astronomical Unit AU 1496 10" m 10" em
Earth mass M. 5976 10%kg 107 ¢
Earth radius R 6.378 10°m 10% ¢m

Note: Astronomical constants are {rom C. Caso et al., (1998),
European Physical Journal, C3, p.1.

Table D.3 Energy conversion factors

Units erg eV g cm ! K

erg | 1.60217733(-12) 6.6260755(-27) 1.9864475(-16)  1.380658(-16)
eV 6.2415064(11) 1 4.1356692(-15) 1.23984244(-4) R.617385(-5)
5 1.50918897(26) 2.41798836(14) 1 2.99792458(10) 2.083674(10)
cm ' 5.0341125(15)  8.0655410(3) 3.335640952(-11) 1 6.950387(-1)
K 7.242924(15) 1.160445(4) 4.799216(-11) 1.438769 1

Note: Powers of 10 are given in parentheses. The units of energy are related as follows:

1] = 107 erg:

lerg = 1/eeV = l/hs

= 1/(hc¢)em™' = 1/k K. Energy conversion factors

are from E.R.Cohen & B.N.Taylor, Rev. Mod. Phys. 59, p.1121 (1987); CODATA Bulletin,
63 (Nov. 1986); Physics Today, Part 2, BGY (Aug. 1995). Values within the same column are

equiv

alent.
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Table D.4 Mass excesses, asterisks indicating unstable isotopes.

Z Element A AM (MeV) Z Element A AM(MeV)
0 n 1 8.071 13 Al 26* —12.210
1 H 1 7.289 27 —17.197

D 2 13.136 14 Si 28 —21.493

2 He 3 14931 29 —21.895

4 2.425 30 —24.433

3 Li 6 14.086 15 P 31 —24.441

7 14.908 16 S 3 —19.045

4 Be 9 11.348 32 —26.016

5 B 10 12.051 33 —26.586

I 8.668 34 =29.932

6 & 12 0 17 Cl 35 —29.013

13 3.125 37 —31.761

14 3.020 18 Ar 37" —30.948

4 N 13" 5.345 40 —35.039

14 2.863 19 K 39 —33.806

15 0.101 40 —33.534

8 0 15* 2.855 25 Mn 55 —57.708

16 —4.737 26 Fe 56 —60.601

17 -0.809 i Co 56" —56.037

I8 —{(.782 59 —62.224

9 F 17+ 1.951 28 Ni 56° —53.901

19 —1.487 58 —60.223

10 Ne 20 —7.042 60 —64.470
21 =—3,732 31 Ga 69 —69.322

22 —8.024 71 —70.139

11 Na 23 —9.530 32 Ge 70 —70.561
12 Mg 237 —5.473 Fti b -69.906
24 -13.933 72 —72.583

25 -13.193 73 =71.295

26 -16.215 74 -73.423

Note: Published by I. K. Tuli, National Nuclear Data Center, Brookhaven National Laboratory.
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